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CHAPTER 5

The Control Volume and Mass
Conservation

5.1 Introduction

This chapter presents a discussion on the control volume and will be focused on the
conservation of the mass. When the fluid system moves or changes, one wants to find
or predict the velocities in the system. The main target of such analysis is to find
the value of certain variables. This kind of analysis is reasonable and it referred to in
the literature as the Lagrangian Analysis. This name is in honored J. L. Langrange
(1736-1813) who formulated the equations of motion for the moving fluid particles.

Even though this system looks reasonable, the Lagrangian system turned out to be
difficult to solve and to analyze. This method applied and used in very few cases. The
main difficulty lies in the fact that every particle has to be traced to its original state.
Leonard Euler (1707-1783) suggested an alternative approach. In Euler's approach the
focus is on a defined point or a defined volume. This methods is referred as Eulerian
method.

The Eulerian method fo-

. RN
cuses on a defined area or loca- e 0\
tion to find the needed informa- v \\\75‘9’“ ‘ ‘
tion. The use of the Eulerian ‘ [ |0
methods leads to a set differenti- N
ation equations that is referred to AN o //‘\3;”::%*

as Navier—Stokes equations which
are commonly used. These dif-
ferential equations will be used in
the later part of this book. Ad-

Fig. -5.1. Control volume and system before and after
motion.
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148 CHAPTER 5. MASS CONSERVATION

ditionally, the Eulerian system leads to integral equations which are the focus of this
part of the book. The Eulerian method plays well with the physical intuition of most
people. This methods has its limitations and for some cases the Lagrangian is preferred
(and sometimes the only possibility). Therefore a limited discussion on the Lagrangian
system will be presented (later version).

Lagrangian equations are associated with the system while the Eulerian equation
are associated with the control volume. The difference between the system and the
control volume is shown in Figure 5.1. The green lines in Figure 5.1 represent the
system. The red dotted lines are the control volume. At certain time the system and
the control volume are identical location. After a certain time, some of the mass in the
system exited the control volume which are marked “a” in Figure 5.1. The material
that remained in the control volume is marked as “b"”. At the same time, the control

w_n

gains some material which is marked as “c”.

5.2 Control Volume

The Eulerian method requires to define a control volume (some time more than one).
The control volume is a defined volume that was discussed earlier. The control volume
is differentiated into two categories of control volumes, non—deformable and deformable.

Non—deformable control volume is a control volume which is fixed in
space relatively to an one coordinate system. This coordinate system may
be in a relative motion to another (almost absolute) coordinate system.

Deformable control volume is a volume having part of all of its bound-
aries in motion during the process at hand.

In the case where no mass crosses the bound-
aries, the control volume is a system. Every control
volume is the focus of the certain interest and will
be dealt with the basic equations, mass, momen-
tum, energy, entropy etc.

Two examples of control volume are pre-
sented to illustrate difference between a deformable
control volume and non—deformable control vol-
ume. Flow in conduits can be analyzed by looking
in a control volume between two locations. The
coordinate system could be fixed to the conduit.
The control volume chosen is non-deformable con-
trol volume. The control volume should be chosen so that the analysis should be simple
and dealt with as less as possible issues which are not in question. When a piston
pushing gases a good choice of control volume is a deformable control volume that is a
head the piston inside the cylinder as shown in Figure 5.2.

Fig. -5.2. Control volume of a moving
piston with in and out flow.
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5.3 Continuity Equation

In this chapter and the next three chapters, the conservation equations will be applied
to the control volume. In this chapter, the mass conservation will be discussed. The
system mass change is

Dmsys D
Dt Dt ),

sys

pdV =0 (5.1)

The system mass after some time, according Figure 5.1, is made of
Mgys = Me.y. + Mmqg — Mg (52)

The change of the system mass is by definition is zero. The change with time (time
derivative of equation (5.2)) results in

0= Dmsys _ dme.y. n dmg _ dme.
Dt dt dt dt

(5.3)

The first term in equation (5.3) is the derivative of the mass in the control volume and
at any given time is

dme.,. (1) d
GMev. i) _ & d 4
dt dt /M.p v (5-4)

and is a function of the time.

The interface of the control volume can move.
The actual velocity of the fluid leaving the control vol- B
ume is the relative velocity (see Figure 5.3). The rela- \
tive velocity is

Control Volum

— — =

U.=U; - Uy (5.5)
Where Uy is the liquid velocity and Uy, is the boundary  Fig. -5.3. Schematics of
velocity (see Figure 5.3). The velocity component that velocities at the interface.
is perpendicular to the surface is

N
U =—n-U, =U, cosf (5.6)

Where 71 is an unit vector perpendicular to the surface. The convention of direction
is taken positive if flow out the control volume and negative if the flow is into the
control volume. The mass flow out of the control volume is the system mass that is
not included in the control volume. Thus, the flow out is

dm
9 = s UpndA 5.7
= /S X (5.7)
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It has to be emphasized that the density is taken at the surface thus the subscript s.
In the same manner, the flow rate in is

_ / po UnndA (5.8)

.1

dmb
dt
It can be noticed that the two equations (5.8) and (5.7) are similar and can be combined,
taking the positive or negative value of U,.,, with integration of the entire system as

dmg dmy

_tmy Uy dA 5.9
at  dt /Swp (5.9)

applying negative value to keep the convention. Substituting equation (5.9) into
equation (5.3) results in

i/ pst:—/ pUpn dA (5.10)
dt c.v. S

cv

Equation (5.10) is essentially accounting of the mass. Again notice the negative sign in
surface integral. The negative sign is because flow out marked positive which reduces
of the mass (negative derivative) in the control volume. The change of mass change
inside the control volume is net flow in or out of the control system.

Fig. -5.4. Schematics of flow in in pipe with varying density as a function time for example
5.1.

The next example is provided to illustrate this concept.
Example 5.1:

The density changes in a pipe, due to temperature variation and other reasons, can be
approximated as
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The conduit shown in Figure 5.4 length is L and its area is A. Express the mass flow
in and/or out, and the mass in the conduit as function of time. Wrkite the expression
for the mass change in the pipe.

SOLUTION

Here it is very convenient to choose a non-deformable control volume that is inside the
conduit dV is chosen as m R? dz. Using equation (5.10), the flow out (or in) is

p(t)
av

d d T\ 2 t\——
el -2 1-— = - 2
T /m,.””( 7) °°S<to>”R -

The density is not a function of radius, 7 and angle, 6 and they can be taken out the

integral as
d d x\2 t
e av =7 R2 S (1 - 7) a
i pdV =7 R il /C'v' 00 7) cos i T

which results in

A
~>d [* 2 ¢ 2L t
Flow Out = 7 R? —/ Po (1 — E) cos —dzr = _mh Lpo sin [ —
dt J, L to 310 to

The flow out is a function of length, L, and time, t, and is the change of the mass in
the control volume.

End Solution

5.3.1 Non Deformable Control Volume

When the control volume is fixed with time, the derivative in equation (5.10) can enter
the integral since the boundaries are fixed in time and hence,

—— Continuity with Fixed b.c. |——

d
/ —'odV:—/ pUpn dA (5.11)
dt Sewn.

CRUN

Equation (5.11) is simpler than equation (5.10).

5.3.2 Constant Density Fluids

Further simplifications of equations (5.10) can be obtained by assuming constant density
and the equation (5.10) become conservation of the volume.
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5.3.2.1 Non Deformable Control Volume

For this case the volume is constant therefore the mass is constant, and hence the mass
change of the control volume is zero. Hence, the net flow (in and out) is zero. This
condition can be written mathematically as

O

q
J _>/ VindA =0 (5.12)

or in a more explicit form as

—‘ Steady State Continuity ~7

/deA / Vi dA =0 (5.13)
Szn out

Notice that the density does not play a role in this equation since it is canceled out.
Physically, the meaning is that volume flow rate in and the volume flow rate out have
to equal.

5.3.2.2 Deformable Control Volume

The left hand side of question (5.10) can be examined further to develop a simpler
equation by using the extend Leibniz integral rule for a constant density and result in

thus, =0
/—/%

—/ pdV = / dV+p/ ﬁ-UbdA:p/ Upn dA (5.14)
dt Se.v. Se.v.

c.v

where U, is the boundary velocity and Uy, is the normal component of the boundary
velocity.

Steady State Continuity Deformable

/ Upn dA :/ Uy dA (5.15)
SC.’U. SC,W,

The meaning of the equation (5.15) is the net growth (or decrease) of the Control
volume is by net volume flow into it. Example 5.2 illustrates this point.

Example 5.2:

Liquid fills a bucket as shown in Figure 5.5. The average velocity of the liquid at the
exit of the filling pipe is U, and cross section of the pipe is A,. The liquid fills a
bucket with cross section area of A and instantaneous height is h. Find the height as
a function of the other parameters. Assume that the density is constant and at the
boundary interface A; = 0.7 A,. And where A; is the area of jet when touching the
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Fig. -5.5. Filling of the bucket and choices of the deformable control volumes for example 5.2.

liquid boundary in bucket. The last assumption is result of the energy equation (with
some influence of momentum equation). The relationship is function of the distance of
the pipe from the boundary of the liquid. However, this effect can be neglected for this
range which this problem. In reality, the ratio is determined by height of the pipe from
the liquid surface in the bucket. Calculate the bucket liquid interface velocity.

SOLUTION

This problem requires two deformable control volumes. The first control is around the
jet and second is around the liquid in the bucket. In this analysis, several assumptions
must be made. First, no liquid leaves the jet and enters the air. Second, the liquid in
the bucket has a straight surface. This assumption is a strong assumption for certain
conditions but it will be not discussed here since it is advance topic. Third, there are
no evaporation or condensation processes. Fourth, the air effects are negligible. The
control volume around the jet is deformable because the length of the jet shrinks with
the time. The mass conservation of the liquid in the bucket is

boundary change flow in

/UbndA :/ U dA

where Uy, is the perpendicular component of velocity of the boundary. Substituting
the known values for U,., results in

rn

—
/ UbdAZ/ (Uj-i-Ub)dA
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The integration can be carried when the area of jet is assumed to be known as
Uy A=A; (U;+U) (5.11.a)

To find the jet velocity, U;, the second control volume around the jet is used as the

following
flow flow boundary

in out change
A 2 (5.11.b)
UpAp—A; (Uy +U;) = —A; Uy
The above two equations (5.11.a) and (5.11.b) are enough to solve for the two unknowns.
Substituting the first equation, (5.11.a) into (5.11.b) and using the ratio of A; = 0.7 4,

results
UpAy — Uy A=—-07A4,U, (5.1l.c)

The solution of equation (5.11.c) is

Ap

V=074,

It is interesting that many individuals intuitively will suggest that the solution is U, A, /A.
When examining solution there are two limits. The first limit is when A4, = A/0.7 which
is

The physical meaning is that surface is filled instantly. The other limit is that and
A,/A — 0 then

which is the result for the “intuitive” solution. It also interesting to point out that if
the filling was from other surface (not the top surface), e.g. the side, the velocity will
be Uy = Up, in the limiting case and not infinity. The reason for this difference is that
the liquid already fill the bucket and has not to move into bucket.

End Solution

Example 5.3:
Balloon is attached to a rigid supply in which is supplied by a constant the mass rate,
m;. Calculate the velocity of the balloon boundaries assuming constant density.

SOLUTION

The applicable equation is

/ UbndA:/ Urn, dA

The entrance is fixed, thus the relative velocity, U, is

U — —U, @ the valve
rn 0 every else
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Assume equal distribution of the velocity in balloon surface and that the center of the
balloon is moving, thus the velocity has the following form

Uy=U,z+ Uy, 7

Where z is unit coordinate in x direction and U, is the velocity of the center and where
7 is unit coordinate in radius from the center of the balloon and Uy, is the velocity in
that direction. The right side of equation (5.15) is the net change due to the boundary
is

center movement  net boundary change

/ (Uz:i:+Ubrf)~ﬁdA:/ (Uzi)~ﬁdA+/ Uy 7) - HdA
Se.w. Sc.wv. Se.w.

The first integral is zero because it is like movement of solid body and also yield this
value mathematically (excises for mathematical oriented student). The second integral
(notice 72 = 7) yields

/ (Upr 7) - ndA = 4701 Uy,
Sc.v.

Substituting into the general equation yields

A

—~
p 4dmri Uy, =pUpAp =my

Hence,
m;
U = —-———
br pdmr?

The center velocity is (also) exactly Uy,-. The total velocity of boundary is

m;

U, = T+7

k padmr? ( )

It can be noticed that the velocity at the opposite to the connection to the rigid pipe
which is double of the center velocity.

End Solution

5.3.2.3 One-Dimensional Control Volume

Additional simplification of the continuity equation is of one dimensional flow. This
simplification provides very useful description for many fluid flow phenomena. The
main assumption made in this model is that the proprieties in the across section are
only function of = coordinate . This assumptions leads

d
d A
/ p2 Us dA — / U dA = — p(x) A(x) dzx (5.16)
As A dt Jv (a)
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When the density can be considered constant equation (5.16) is reduced to

Ay Ay dt

For steady state but with variations of the velocity and variation of the density reduces
equation (5.16) to become

A2 Al

For steady state and uniform density and velocity equation (5.18) reduces further to
P1 A1 U1 =p2A2 UQ (519)

For incompressible flow (constant density), continuity equation is at its minimum form
of

Ui Ay = Ay Us (5.20)

The next example is of semi one—dimensional example to illustrate equation (5.16).

Fig. -5.6. Height of the liquid for example 5.4.

Example 5.4:

Liquid flows into tank in a constant mass flow rate of a. The mass flow rate out is
function of the height. First assume that q,,+ = bh second Assume as oyt = bVh.
For the first case, determine the height, h as function of the time. Is there a critical
value and then if exist find the critical value of the system parameters. Assume that
the height at time zero is hg. What happen if the hg =07
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SOLUTION

The control volume for both cases is the same and it is around the liquid in the tank.
It can be noticed that control volume satisfy the demand of one dimensional since the
flow is only function of x coordinate. For case one the right hand side term in equation

(5.16) is
pdt/ hdaz—pL@

Substituting into equation equation (5.16) is

flow out  flow in

dh A~
L—= bh — "my
1Y dt 1 %
solution is ) ) ]
homogeneous solution  private solution
— —
mt bl t byt
h = e + Cc1 e pL

The solution has the homogeneous solution (solution without the m;) and the solution
of the m; part. The solution can rearranged to a new form (a discussion why this form
is preferred will be provided in dimensional chapter).

hb by byt
—loe o +c€7F
my
With the initial condition that at h(t = 0) = hg the constant coefficient can be found
as

hob hob
0 —l—e=c=1- 21
mq m;
which the solution is
B et [ tuh) e
mi m;

It can be observed that if 1 = h;;bbl is the critical point of this solution. If the term ho by
is larger than one then the solution reduced to a negative number. However, negatlve
number for height is not possible and the height solution approach zero. If the reverse
case appeared, the height will increase. Essentially, the critical ratio state if the flow in
is larger or lower than the flow out determine the condition of the height.

For second case, the governing equation (5.16) is

flow out flow in
dh ’ > A
pL — = bVvh - m;

with the general solution of

Vhb 1)
. mi pL
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The constant is obtained when the initial condition that at h(t = 0) = hg and it left as
exercise for the reader.

End Solution

5.4 Reynolds Transport Theorem

It can be noticed that the same derivations carried for the density can be carried for
other intensive properties such as specific entropy, specific enthalpy. Suppose that g is
intensive property (which can be a scalar or a vector) undergoes change with time. The
change of accumulative property will be then

D d
— dV = — d rndA 21
Dt/sysfp dt/m_fp V+/mpr (5.21)

This theorem named after Reynolds, Osborne, (1842-1912) which is actually a three
dimensional generalization of Leibniz integral rule!. To make the previous derivation
clearer, the Reynolds Transport Theorem will be reproofed and discussed. The ideas
are the similar but extended some what.

Leibniz integral rule? is an one dimensional and it is defined as

d z2(y)
dy

dxl

z2(y)
f(m,y)dx:/ gdx+f($2,y)@—f(x1,y)— (5.22)

2 () O dy dy

Initially, a proof will be provided and the physical meaning will be explained. Assume
that there is a function that satisfy the following

Gl = | " Flay y) da (5.23)

Notice that lower boundary of the integral is missing and is only the upper limit of the
function is present®. For its derivative of equation (5.23) is

0G

flay) =5 (5:24)

differentiating (chain rule duv = uwdv 4+ vdu) by part of left hand side of the Leibniz
integral rule (it can be shown which are identical) is

d [G(za,y) — Glz1,y)] 8G1d oG 2 6G3d oG :
r2,Y) — G(T1,Y Z2 T
= —— 4+ — _— 5.25

1These papers can be read on-line at http://www.archive.org/details/papersonmechanicOlreynrich.

2This material is not necessarily but is added her for completeness. This author find material just
given so no questions will be asked.

3There was a suggestion to insert arbitrary constant which will be canceled and will a provide
rigorous proof. This is engineering book and thus, the exact mathematical proof is not the concern
here. Nevertheless, if there will be a demand for such, it will be provided.
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The terms 2 and 4 in equation (5.25) are actually (the x5 is treated as a different
variable)

z2(y)
/ of@y) 4, (5.26)
z1(y) ay
The first term (1) in equation (5.25) is
oG dl‘g dl‘g
el -2 b
o = flaay) o (5.27)

The same can be said for the third term (3). Thus this explanation is a proof the
Leibniz rule.

The above “proof” is mathematical in nature and physical explanation is also
provided. Suppose that a fluid is flowing in a conduit. The intensive property, f is in-
vestigated or the accumulative property, F. The interesting information that commonly
needed is the change of the accumulative property, F', with time. The change with time
is

DF D

pr_ D d 2
Df = Di Syspf 4 (5.28)

For one dimensional situation the change with time is

DF D

If two limiting points (for the one dimensional) are moving with a different coordinate

system, the mass will be different and it will not be a system. This limiting condition
is the control volume for which some of the mass will leave or enter. Since the change
is very short (differential), the flow in (or out) will be the velocity of fluid minus the
boundary at z1, U,, = U; — U,. The same can be said for the other side. The
accumulative flow of the property in, F', is then

F dztl
Fy = fl P Urn (530)

The accumulative flow of the property out, F, is then

dao
Fy at

A=~
Fout = f2p Urn (531)
The change with time of the accumulative property, F', between the boundaries is

%/ p(z) f A(z) dA (5.32)
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When put together it brings back the Leibniz integral rule. Since the time variable,
t, is arbitrary and it can be replaced by any letter. The above discussion is one of the
physical meaning the Leibniz rule.

Reynolds Transport theorem is a generalization of the Leibniz rule and thus the
same arguments are used. The only difference is that the velocity has three components
and only the perpendicular component enters into the calculations.

% Reynolds Transport 1

[
J

d
fﬂdvzﬁ/ fpdV+/ £ pUpm dA (5.33)
Cc.V Sc.v.

D
DI s

5.5 Examples For Mass Conservation

Several examples are provided to illustrate the topic.

Example 5.5:

Liquid enters a circular pipe with a linear velocity profile as a function of the radius
with maximum velocity of Up,,,.. After magical mixing, the velocity became uniform.
Write the equation which describes the velocity at the entrance. What is the magical
averaged velocity at the exit? Assume no—slip condition.

SOLUTION

The velocity profile is linear with radius. Additionally, later a discussion on relationship
between velocity at interface to solid also referred as the (no) slip condition will be
provided. This assumption is good for most cases with very few exceptions. It will
be assumed that the velocity at the interface is zero. Thus, the boundary condition is
U(r=R)=0and U(r =0) = Upaz Therefore the velocity profile is

U(r) = Unas (1 - %)

Where R is radius and r is the working radius (for the integration). The magical
averaged velocity is obtained using the equation (5.13). For which

R
/ Uma:}c (1 - 1) 2wrdr = Uave 7TR2 (5Va)
0 R
The integration of the equation (5.V.a) is
R2
Umam ™ ? = Ugue T R2 (5Vb)
The solution of equation (b) results in average velocity as
Umax

Ua'ue - (5VC)

6

End Solution
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Uo

Fig. -5.7. Boundary Layer control mass.

Example 5.6:

Experiments have shown that a layer of liquid that attached itself to the surface and it
is referred to as boundary layer. The assumption is that fluid attaches itself to surface.
The slowed liquid is slowing the layer above it. The boundary layer is growing with x
because the boundary effect is penetrating further into fluid. A common boundary layer
analysis uses the Reynolds transform theorem. In this case, calculate the relationship
of the mass transfer across the control volume. For simplicity assume slowed fluid has
a linear velocity profile. Then assume parabolic velocity profile as

=243 ()]

and calculate the mass transfer across the control volume. Compare the two different
velocity profiles affecting on the mass transfer.

SOLUTION

Assuming the velocity profile is linear thus, (to satisfy the boundary condition) it will

be
Uoy

The chosen control volume is rectangular of L x d. Where § is the height of the
boundary layer at exit point of the flow as shown in Figure 5.7. The control volume has
three surfaces that mass can cross, the left, right, and upper. No mass can cross the
lower surface (solid boundary). The situation is steady state and thus using equation
(5.13) results in

x direction

in out Yy direction
—_—N— —— ——N—

5 5 L
/ Uody—/ %dy:/ Uzdzx
0 0 0

It can be noticed that the convention used in this chapter of “in” as negative is not
“followed.” The integral simply multiply by negative one. The above integrals on the
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right hand side can be combined as

/06U0(1—g) dy:/OLU:rdx

(5 L
UL = / Uxdx
0

the integration results in

2

or for parabolic profile

5 s 5 L
Yy Yy -
/OUody /OUOLS+<6> ]dy/o Uxdx

or

the integration results in

L
@:/ Uxdx
2 0

End Solution

Example 5.7:

Air flows into a jet engine at 5kg/sec while fuel flow into the jet is at 0.1kg/sec.
The burned gases leaves at the exhaust which has cross area 0.1 m? with velocity of
500m/sec. What is the density of the gases at the exhaust?

SOLUTION

The mass conservation equation (5.13) is used. Thus, the flow out is ( 5 + 0.1 )
5.1kg/sec The density is

m 5.1kg/sec 3
=—= =1.02
P= A0 ~ 0.01m? 500 m/sec 02kg/m

End Solution

The mass (volume) flow rate is given by direct quantity like z kg/sec. However
sometime, the mass (or the volume) is given by indirect quantity such as the effect of
flow. The next example deal with such reversed mass flow rate.

Example 5.8:

The tank is filled by two valves which one filled tank in 3 hours and the second by 6
hours. The tank also has three emptying valves of 5 hours, 7 hours, and 8 hours. The
tank is 3/4 fulls, calculate the time for tank reach empty or full state when all the valves
are open. Is there a combination of valves that make the tank at steady state?
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SOLUTION

Easier measurement of valve flow rate can be expressed as fraction of the tank per hour.
For example valve of 3 hours can be converted to 1/3 tank per hour. Thus, mass flow
rate in is

My = 1/34+1/6 = 1/2tank/hour
The mass flow rate out is

131
Hout = 1 1 1/8 = —
Mout /54+1/7+1/8 530

Thus, if all the valves are open the tank will be filled. The time to completely filled the

tank is
1

70

1 131 159

2 280

hour

The rest is under construction.

End Solution

Example 5.9:

Inflated cylinder is supplied in its center with constant mass flow. Assume that the gas
mass is supplied in uniformed way of m; [kg/m/sec]. Assume that the cylinder inflated
uniformly and pressure inside the cylinder is uniform. The gas inside the cylinder obeys
the ideal gas law. The pressure inside the cylinder is linearly proportional to the volume.
For simplicity, assume that the process is isothermal. Calculate the cylinder boundaries
velocity.

SOLUTION
The applicable equation is

increase pressure boundary velocity in or out flow rate

d
/ Pav o+ / pUpdV = / pUrn dA
V.., dt Sen. Seou.

Every term in the above equation is analyzed but first the equation of state and volume
to pressure relationship have to be provided.

P

P=RT

and relationship between the volume and pressure is

P=frR>
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Where R, is the instantaneous cylinder radius. Combining the above two equations
results in

_ fnR?

~ RT
Where f is a coefficient with the right dimension. It also can be noticed that boundary
velocity is related to the radius in the following form

dR,
U =
T

The first term requires to find the derivative of density with respect to time which is

U,
) b
dp _d (fmR>\ _2f7R. dR.
dt dt\ RT ) RT dt
Thus the first term is
dp 2 frR, A a2
p 7 He " Ite
LAy = U, dv =-2_—""-°17
/v dt /v RT ° SRT °

The integral can be carried when U, is independent of the R.* The second term is

p

2 4 3p 2
fTR, —~ fm™ R,
dA = 27R, = | I —=-
\/Sc.v.pUb RT Ub TR, RT Ub
substituting in the governing equation obtained the form of
f? RCS 4 fn? RC?’ _
rT bt TgRpp Ur=m
The boundary velocity is then
m; 3mi RT
Uy = 2p3 3
7f’/T RC 7f'/T2 Rc
3RT

End Solution

Example 5.10:

A balloon is attached to a rigid supply and is supplied by a constant mass rate, m;.
Assume that gas obeys the ideal gas law. Assume that balloon volume is a linear function
of the pressure inside the balloon such as P = f, V.. Where f, is a coefficient describing
the balloon physical characters. Calculate the velocity of the balloon boundaries under
the assumption of isothermal process.

4The proof of this idea is based on the chain differentiation similar to Leibniz rule. When the
derivative of the second part is dU/dR. = 0.
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SOLUTION

The question is more complicated than Example 5.10. The ideal gas law is

P
P=RT
The relationship between the pressure and volume is
4 fom Ry
p=jv =l

The combining of the ideal gas law with the relationship between the pressure and

volume results 5
o 4f, 7Ry

3RT
The applicable equation is

d
/ idv+/ p(Ucf:—l—Ubf)dA:/ pU,p dA
v, dt Sew. Sew.

The right hand side of the above equation is

/ pUrn dA = m;
Se.v.

The density change is

U,
) b
@7 12fv7TRb @
dt  RT dt
The first term is
#f(r) .
—_—
12 o R 16 f, T2 Ry
I T g A dp = v T
/o BT Updmrodr SRT Uy

The second term is

A
4 f,mRp3 4f, 7R > 8f, 7R’
/;LLLUMA:J:LL%4ﬂw:4L24L%
4+ 3RT 3RT 3RT

Subsisting the two equations of the applicable equation results

U, — > ittt
’ 8fv7r2Rb5

Notice that first term is used to increase the pressure and second the change of the
boundary.
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End Solution

Open Question: Answer must be received by April 15, 2010

The best solution of the following question will win 18 U.S. dollars and your name
will be associated with the solution in this book.

Example 5.11:

Solve example 5.10 under the assumption that the process is isentropic. Also assume
that the relationship between the pressure and the volume is P = f, V2. What are the
units of the coefficient f, in this problem? What are the units of the coefficient in the
previous problem?

5.6 The Details Picture — Velocity Area Relationship

The integral approach is intended to deal
with the “big" picture. Indeed the method

is used in this part of the book for this

purpose. However, there is very little writ- A
ten about the usability of this approach to

provide way to calculate the average quan-

tities in the control system. Sometimes hy
it is desirable to find the averaged veloc-
ity or velocity distribution inside a control
volume. There is no general way to pro-
vide these quantities. Therefore an exam-
ple will be provided to demonstrate the use
of this approach.

Fig. -5.8. Control volume usage to calculate
local averaged velocity in three coordinates.
Consider a container filled with lig-
uid on which one exit opened and the liquid flows out as shown in Figure 5.8. The
velocity has three components in each of the coordinates under the assumption that
flow is uniform and the surface is straight®. The integral approached is used to calculate
the averaged velocity of each to the components. To relate the velocity in the z direc-
tion with the flow rate out or the exit the velocity mass balance is constructed. A similar
control volume construction to find the velocity of the boundary velocity (height) can
be carried out. The control volume is bounded by the container wall including the exit
of the flow. The upper boundary is surface parallel to upper surface but at Z distance
from the bottom. The mass balance reads

/@dv+/UbnpdA+/UmpdA:o (5.34)
v dt A A

5The liquid surface is not straight for this kind of problem. However, under certain conditions it is
reasonable to assume straight surface which have been done for this problem.
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For constant density (conservation of volume) equation® and (h > 2) reduces to

/ U pdA =0 (5.35)
A

In the container case for uniform velocity equation 5.35 becomes
Ae
A
It can be noticed that the boundary is not moving and the mass inside does not change

this control volume. The velocity U, is the averaged velocity downward.
The x component of velocity is ob-

U.A=U, A, = U, = — 2T, (5.36)

tained by using a different control volume. roteree Ax T oo
The control volume is shown in Figure 5.9. '/

The boundary are the container far from A —\’

the flow exit with blue line projection into Y w Y

page (area) shown in the Figure 5.9. The l_ A

mass conservation for constant density of Ue €

this control volume is
Fig. -5.9. Control volume and system before

— / Upn pdA + / UmnpdA=0 and after the motion.
A A
(5.37)

Usage of control volume not included in the previous analysis provides the velocity at
the upper boundary which is the same as the velocity at y direction. Substituting into
(5.37) results in

Ae
/ —UepdA+/ Uy pdA =0 (5.38)
Az~ A A

yz

Where A, is the area shown the Figure under this label. The area A, referred to
area into the page in Figure 5.9 under the blow line. Because averaged velocities and
constant density are used transformed equation (5.38) into

Ay

A, _ /—’yH
IAI Us4+U, Y(z)h=0 (5.39)
Where Y () is the length of the (blue) line of the boundary. It can be notice that the
velocity, U, is generally increasing with = because A, increase with x.

The calculations for the y directions are similar to the one done for x direction.
The only difference is that the velocity has two different directions. One zone is right
to the exit with flow to the left and one zone to left with averaged velocity to right.
If the volumes on the left and the right are symmetrical the averaged velocity will be
zero.

5The point where (z = h) the boundary term is substituted the flow in term.
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Example 5.12:
Calculate the velocity, U, for a cross section of circular shape (cylinder).
SOLUTION A’i
Y(X) x Y

The relationship for this geometry needed to be ex- o S
pressed. The length of the line Y (x) is

5 ,

Y(z)=2r/1— (1 - f) (5.XIl.a) Uel A
T
This relationship also can be expressed in the term of Fig. -5.10. Circular cross section
«a as for finding U, and various cross
Y (z) =2r sina (5.XI1.b)  sections.

Since this expression is simpler it will be adapted. When the relationship between
radius angle and x are

x=r(l—-sina) (5.Xll.c)
The area A, is expressed in term of « as
1
A, = (a - 2,sin(2a)) r? (5.XI1.d)
Thus the velocity, U, is
Ae 1 . 2 .
o a—ism(2oz) r“U.+Uz2r sinah =0 (5.XIl.e)
1 .
y, = Aer (0= 5 sin2)) (5.XILf)
Ah sin a

Averaged velocity is defined as

7=+ / Uds (5.XILg)
SJs

Where here S represent some length. The same way it can be represented for angle
calculations. The value dS is rcos . Integrating the velocity for the entire container
and dividing by the angle, a provides the averaged velocity.

- L [TAcr (o — 3 sin(2a))

z = 5 Uerd 5.XlIl.h

2r Jo Ah tan o raa ( )
which results in ( 1) A

N T — r .

= e 5.XILi

7, = T Ay, (5X114)

End Solution

Example 5.13:
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Calculate the velocity, U, for a cross

169

Fig. -5.11. y velocity for a circular

section of circular shape (cylinder). What X@
is the averaged velocity if only half sec- =
tion is used. State your assumptions /
and how it similar to the previous ex- Ay~
ample.

SOLUTION shape

The flow out in the x direction is zero because symmetrical reasons. That is the flow
field is a mirror images. Thus, every point has different velocity with the same value in

the opposite direction.

The flow in half of the cylinder either the right or the left has non zero averaged
velocity. The calculations are similar to those in the previous to example 5.12. The
main concept that must be recognized is the half of the flow must have come from one
side and the other come from the other side. Thus, equation (5.39) modified to be

Ay.
Ao, _ —
ij Us4+U, Y(x)h=0

The integral is the same as before but the upper limit is only to 7/2

— 1 ["? A r (a— 3 sin(2a))
e = 2 " U.rd
u 27‘/0 Ah tan o Uerda

which results in
— (m—=2)A.r
Vs = 8 Ahw

End Solution

(5.40)
(5.XI11.2)
(5.XI11.b)

5.7 More Examples for Mass Conservation

Typical question about the relative velocity that appeared in many fluid mechanics

exams is the following.

Example 5.14:
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A boat travels at speed of 10m/sec upstream in a Ua = 3im/sec
river that flows at a speed of 5m/s. The inboard
engine uses a pump to suck in water at the front
Ain = 0.2m? and eject it through the back of the
boat with exist area of Ay, = 0.05m2. The water
absolute velocity leaving the back is 50m/sec, what Fig. -5.12. Schematic of the
are the relative velocities entering and leaving the boat for example 5.14

boat and the pumping rate?

SOLUTION

The boat is assumed (implicitly is stated) to be steady state and the density is constant.
However, the calculation have to be made in the frame of reference moving with the
boat. The relative jet discharge velocity is

U

Tout

=50 — (10 4+ 5) = 35[m/sec]
The volume flow rate is then
Qout = Aout Ur,,, = 35 x 0.05 = 1.75m? /sec

The flow rate at entrance is the same as the exit thus,

Apwt 005,
U, = A, Ur,.. = 0735 = 8.75m/sec

End Solution

Example 5.15:

Liquid A enters a mixing device depicted in at 0.1 [kg/s]. In same time liquid B enter
the mixing device with a different specific density at 0.05 [kg/s]. The density of liquid A
is 1000[kg/m?] and liquid B is 800[kg/m?]. The results of the mixing is a homogeneous
mixture. Assume incompressible process. Find the average leaving velocity and density
of the mixture leaving through the 20 [cm] diameter pipe. If the mixing device volume
is decreasing (as a piston pushing into the chamber) at rate of .002 [m?/s], what is the
exit velocity? State your assumptions.

SOLUTION

In the first scenario, the flow is steady state and equation (5.11) is applicable
ma +mp = Qmiz Pmiz —>= 0.1+ 0.05 = 0.15[m) (5.XV.a)

Thus in this case, since the flow is incompressible flow, the total volume flow in is equal
to volume flow out as

L . a4 ma 010 0.05
= miz —>= —— T T TAAN onn
@at+Qp=0Q oa T oa 1000 800
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Thus the mixture density is

ma+mp

L = —— = 3
PA PB
The averaged velocity is then
ma N mp
~ Qmic _ pa | pp 1625 (5.XV.c)
Unie = 4o = Troor2 -~ g /el

In the case that a piston is pushing the exit density could be changed and fluctuated
depending on the location of the piston. However, if the assumption of well mixed is
still holding the exit density should not affected. The term that should be added to the
governing equation the change of the volume. So governing equation is (5.15).

—Qb pmix n out

— 5.XV.d
Upn A pp = 14 + B — Timia ( )

That is the mixture device is with an uniform density

—0.002[m/ sec| 923.7[kg/m®] = 0.1 + 0.05 — Mt (5.XV.e)

Meziz = 1.9974[kg/ 5]

End Solution

Example 5.16:

A syringe apparatus is being use to withdrawn blood”. If the piston is withdrawn at
0.01 [m/s]. At that stage air leaks in around the piston at the rate 0.000001 [m3/s].
What is the average velocity of blood into syringe (at the tip)? The syringe radios is
0.005[m] and the tip radius is 0.0003 [m].

SOLUTION

The situation is unsteady state (in the instinctive c.v. and coordinates) since the mass
in the control volume (the syringe volume is not constant). The chose of the control
volume and coordinate system determine the amount of work. This part of the solution is
art. There are several possible control volumes that can be used to solve the problem.
The two “instinctive control volumes” are the blood with the air and the the whole
volume between the tip and syringe plunger (piston). The first choice seem reasonable

"The author still remember his elementary teacher that was so appalled by the discussion on blood
piping which students in an engineering school were doing. He gave a speech about how inhuman these
engineering students are. | hope that no one will have teachers like him. Yet, it can be observed that
bioengineering is “cool” today while in 40 years ago is a disgusting field.
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since it provides relationship of the total to specific material. In that case, control
volume is the volume syringe tip to the edge of the blood. The second part of the
control volume is the air. For this case, the equation (5.15) is applicable and can be
written as

Utip Atip})b/: Uy As% (5XV|a)

In the air side the same equation can used. There several coordinate systems that
can used, attached to plunger, attached to the blood edge, stationary. Notice that
change of the volume do not enter into the calculations because the density of the air
is assumed to be constant. In stationary coordinates two boundaries are moving and
thus

in/out
—— (5.XVL.b)
Uplunger As Pa — Ub As Pb = paQin

moving b.c.

In the case, the choice is coordinates moving with the plunger, the relative plunger
velocity is zero while the blood edge boundary velocity is Upunger — Up. The air
governing equation is

blood b. velocity in/out
—~= (5.XVl.c)

/_,% .
(Uplunger - Ub) As Pb = Pan
In the case of coordinates are attached to the blood edge similar equation is obtained.

At this stage, there are two unknowns, Uy and Uy, and two equations. Using equations
(5.XVl.a) and (5.XVl.c) results in

Pa an
Uy=U, unger —
’ plung 0 Ag py
Pa Win (5XV|d)
U, unger — AS
Ub As ( plung As Pb )

Usip = —2—2 =
P
Atip Atip

End Solution

Example 5.17:

The apparatus depicted in Figure 7? is referred in the literature sometime as the water—
Jet pump. In this device, the water (or another liquid) is pumped throw the inner pipe
at high velocity. The outside pipe is lower pressure which suck the water (other liquid)
into device. Later the two stream are mixed. In this question the what is the mixed
stream averaged velocity with Uy = 4.0m/s] and Us = 0.5[m/s]. The cross section
inside and outside radii ratio is r1/ro = 0.2. Calculate the mixing averaged velocity.

SOLUTION

The situation is steady state and which density of the liquid is irrelevant (because it is
the same at the inside and outside).

U1 A1+U2A2 :U3A3 (5XV||3)
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The velocity is A3 = Ay + As and thus

DAt A (1 - ) (5XVILD)

Us A3 Az

End Solution
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