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CHAPTER 5

The Control Volume and Mass

Conservation

5.1 Introduction

This chapter presents a discussion on the control volume and will be focused on the
conservation of the mass. When the fluid system moves or changes, one wants to find
or predict the velocities in the system. The main target of such analysis is to find
the value of certain variables. This kind of analysis is reasonable and it referred to in
the literature as the Lagrangian Analysis. This name is in honored J. L. Langrange
(1736–1813) who formulated the equations of motion for the moving fluid particles.

Even though this system looks reasonable, the Lagrangian system turned out to be
difficult to solve and to analyze. This method applied and used in very few cases. The
main difficulty lies in the fact that every particle has to be traced to its original state.
Leonard Euler (1707–1783) suggested an alternative approach. In Euler’s approach the
focus is on a defined point or a defined volume. This methods is referred as Eulerian
method.

system

control
volume

c

a

b

Fig. -5.1. Control volume and system before and after

motion.

The Eulerian method fo-
cuses on a defined area or loca-
tion to find the needed informa-
tion. The use of the Eulerian
methods leads to a set differenti-
ation equations that is referred to
as Navier–Stokes equations which
are commonly used. These dif-
ferential equations will be used in
the later part of this book. Ad-
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120 CHAPTER 5. MASS CONSERVATION

ditionally, the Eulerian system leads to integral equations which are the focus of this
part of the book. The Eulerian method plays well with the physical intuition of most
people. This methods has its limitations and for some cases the Lagrangian is preferred
(and sometimes the only possibility). Therefore a limited discussion on the Lagrangian
system will be presented (later version).

Lagrangian equations are associated with the system while the Eulerian equation
are associated with the control volume. The difference between the system and the
control volume is shown in Figure 5.1. The green lines in Figure 5.1 represent the
system. The red dotted lines are the control volume. At certain time the system and
the control volume are identical location. After a certain time, some of the mass in the
system exited the control volume which are marked “a” in Figure 5.1. The material
that remained in the control volume is marked as “b”. At the same time, the control
gains some material which is marked as “c”.

5.2 Control Volume

The Eulerian method requires to define a control volume (some time more than one).
The control volume is a defined volume that was discussed earlier. The control volume
is differentiated into two categories of control volumes, non–deformable and deformable.

Non–deformable control volume is a control volume which is fixed in
space relatively to an one coordinate system. This coordinate system may
be in a relative motion to another (almost absolute) coordinate system.

Deformable control volume is a volume having part of all of its bound-
aries in motion during the process at hand.

Fig. -5.2. Control volume of a moving

piston with in and out flow.

In the case where no mass crosses the bound-
aries, the control volume is a system. Every control
volume is the focus of the certain interest and will
be dealt with the basic equations, mass, momen-
tum, energy, entropy etc.

Two examples of control volume are pre-
sented to illustrate difference between a deformable
control volume and non–deformable control vol-
ume. Flow in conduits can be analyzed by looking
in a control volume between two locations. The
coordinate system could be fixed to the conduit.
The control volume chosen is non-deformable con-
trol volume. The control volume should be chosen so that the analysis should be simple
and dealt with as less as possible issues which are not in question. When a piston
pushing gases a good choice of control volume is a deformable control volume that is a
head the piston inside the cylinder as shown in Figure 5.2.
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5.3 Continuity Equation

In this chapter and the next three chapters, the conservation equations will be applied
to the control volume. In this chapter, the mass conservation will be discussed. The
system mass change is

D msys

Dt
=

D

Dt

∫

Vsys

ρdV = 0 (5.1)

The system mass after some time, according Figure 5.1, is made of

msys = mc.v. + ma − mc (5.2)

The change of the system mass is by definition is zero. The change with time (time
derivative of equation (5.2)) results in

0 =
D msys

Dt
=

d mc.v.

dt
+

dma

dt
−

dmc

dt
(5.3)

The first term in equation (5.3) is the derivative of the mass in the control volume and
at any given time is

d mc.v.(t)

dt
=

d

dt

∫

Vc.v.

ρ dV (5.4)

and is a function of the time.
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Fig. -5.3. Schematics of

velocities at the interface.

The interface of the control volume can move.
The actual velocity of the fluid leaving the control vol-
ume is the relative velocity (see Figure 5.3). The rela-
tive velocity is

−→
Ur =

−→
Uf −

−→
Ub (5.5)

Where Uf is the liquid velocity and Ub is the boundary
velocity (see Figure 5.3). The velocity component that
is perpendicular to the surface is

Urn = −n̂ ·
−→
Ur = Ur cos θ (5.6)

Where n̂ is an unit vector perpendicular to the surface. The convention of direction
is taken positive if flow out the control volume and negative if the flow is into the
control volume. The mass flow out of the control volume is the system mass that is
not included in the control volume. Thus, the flow out is

d ma

dt
=

∫

Scv

ρs UrndA (5.7)
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It has to be emphasized that the density is taken at the surface thus the subscript s.
In the same manner, the flow rate in is

dmb

dt
=

∫

Sc.v.

ρs UrndA (5.8)

It can be noticed that the two equations (5.8) and (5.7) are similar and can be combined,
taking the positive or negative value of Urn with integration of the entire system as

dma

dt
−

dmb

dt
=

∫

Scv

ρs Urn dA (5.9)

applying negative value to keep the convention. Substituting equation (5.9) into
equation (5.3) results in

d

dt

∫

c.v.

ρsdV = −

∫

Scv

ρUrn dA (5.10)

Equation (5.10) is essentially accounting of the mass. Again notice the negative sign
in surface integral. The negative sign is because flow out marked positive which reduces
of the mass (negative derivative) in the control volume. The change of mass change
inside the control volume is net flow in or out of the control system.

L

X
dx

Fig. -5.4. Schematics of flow in in pipe with varying density as a function time for example

5.1.

The next example is provided to illustrate this concept.

Example 5.1:

The density changes in a pipe, due to temperature variation and other reasons, can be
approximated as

ρ(x, t)

ρ0
=

(

1 −
x

L

)2

cos
t

t0
.
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The conduit shown in Figure 5.4 length is L and its area is A. Express the mass flow
in and/or out, and the mass in the conduit as function of time. Write the expression
for the mass change in the pipe.

Solution

Here it is very convenient to choose a non-deformable control volume that is inside the
conduit dV is chosen as π R2 dx. Using equation (5.10), the flow out (or in) is

d

dt

∫

c.v.

ρdV =
d

dt

∫

c.v.

ρ(t)
︷ ︸︸ ︷

ρ0

(

1 −
x

L

)2

cos

(
t

t0

)
dV

︷ ︸︸ ︷

π R2 dx

The density is not a function of radius, r and angle, θ and they can be taken out the
integral as

d

dt

∫

c.v.

ρdV = π R2 d

dt

∫

c.v.

ρ0

(

1 −
x

L

)2

cos

(
t

t0

)

dx

which results in

Flow Out =

A
︷︸︸︷

π R2 d

dt

∫ L

0

ρ0

(

1 −
x

L

)2

cos
t

t0
dx = −

π R2 L ρ0

3 t0
sin

(
t

t0

)

The flow out is a function of length, L, and time, t, and is the change of the mass in
the control volume.

End Solution

5.3.1 Non Deformable Control Volume

When the control volume is fixed with time, the derivative in equation (5.10) can enter
the integral since the boundaries are fixed in time and hence,

∫

Vc.v.

d ρ

dt
dV = −

∫

Sc.v.

ρUrn dA

(5.11)

Equation (5.11) is simpler than equation (5.10).

5.3.2 Constant Density Fluids

Further simplifications of equations (5.10) can be obtained by assuming constant density
and the equation (5.10) become conservation of the volume.
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5.3.2.1 Non Deformable Control Volume

For this case the volume is constant therefore the mass is constant, and hence the mass
change of the control volume is zero. Hence, the net flow (in and out) is zero. This
condition can be written mathematically as

=0
︷︸︸︷

d
∫

dt
−→

∫

Sc.v.

VrndA = 0 (5.12)

or in a more explicit form as

∫

Sin

Vrn dA =

∫

Sout

Vrn dA = 0

(5.13)

Notice that the density does not play a role in this equation since it is canceled out.
Physically, the meaning is that volume flow rate in and the volume flow rate out have
to equal.

5.3.2.2 Deformable Control Volume

The left hand side of question (5.10) can be examined further to develop a simpler
equation by using the extend Leibniz integral rule for a constant density and result in

d

dt

∫

c.v.

ρ dV =

thus, =0
︷ ︸︸ ︷

∫

c.v.

=0
︷︸︸︷

d ρ

dt
dV +ρ

∫

Sc.v.

n̂ · Ub dA = ρ

∫

Sc.v.

Ubn dA (5.14)

where Ub is the boundary velocity and Ubn is the normal component of the boundary
velocity.

∫

Sc.v.

Ubn dA =

∫

Sc.v.

Urn dA

(5.15)

The meaning of the equation (5.15) is the net growth (or decrease) of the Control
volume is by net volume flow into it. Example 5.2 illustrates this point.

Example 5.2:

Liquid fills a bucket as shown in Figure 5.5. The average velocity of the liquid at the
exit of the filling pipe is Up and cross section of the pipe is Ap. The liquid fills a
bucket with cross section area of A and instantaneous height is h. Find the height as
a function of the other parameters. Assume that the density is constant and at the
boundary interface Aj = 0.7 Ap. And where Aj is the area of jet when touching the
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h

AUb

Up

Ap

UjAj

Fig. -5.5. Filling of the bucket and choices of the deformable control volumes for example 5.2.

liquid boundary in bucket. The last assumption is result of the energy equation (with
some influence of momentum equation). The relationship is function of the distance of
the pipe from the boundary of the liquid. However, this effect can be neglected for this
range which this problem. In reality, the ratio is determined by height of the pipe from
the liquid surface in the bucket. Calculate the bucket liquid interface velocity.

Solution

This problem requires two deformable control volumes. The first control is around the
jet and second is around the liquid in the bucket. In this analysis, several assumptions
must be made. First, no liquid leaves the jet and enters the air. Second, the liquid in
the bucket has a straight surface. This assumption is a strong assumption for certain
conditions but it will be not discussed here since it is advance topic. Third, there are
no evaporation or condensation processes. Fourth, the air effects are negligible. The
control volume around the jet is deformable because the length of the jet shrinks with
the time. The mass conservation of the liquid in the bucket is

boundary change
︷ ︸︸ ︷∫

c.v.

Ubn dA =

flow in
︷ ︸︸ ︷∫

c.v.

Urn dA

where Ubn is the perpendicular component of velocity of the boundary. Substituting
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the known values for Urn results in

∫

c.v.

Ub dA =

∫

c.v.

Urn
︷ ︸︸ ︷

(Uj + Ub) dA

The integration can be carried when the area of jet is assumed to be known as

Ub A = Aj (Uj + Ub) (5.II.a)

To find the jet velocity, Uj , the second control volume around the jet is used as the
following

flow
in

︷ ︸︸ ︷

Up Ap −

flow
out

︷ ︸︸ ︷

Aj (Ub + Uj) =

boundary
change
︷ ︸︸ ︷

−Aj Ub

(5.II.b)

The above two equations (5.II.a) and (5.II.b) are enough to solve for the two unknowns.
Substituting the first equation, (5.II.a) into (5.II.b) and using the ratio of Aj = 0.7 Ap

results

Up Ap − Ub A = −0.7 Ap Ub (5.II.c)

The solution of equation (5.II.c) is

Ub =
Ap

A − 0.7 Ap

It is interesting that many individuals intuitively will suggest that the solution is UbAp/A.
When examining solution there are two limits. The first limit is when Ap = A/0.7 which
is

Ub =
Ap

0
= ∞

The physical meaning is that surface is filled instantly. The other limit is that and
Ap/A −→ 0 then

Ub =
Ap

A

which is the result for the “intuitive” solution. It also interesting to point out that if
the filling was from other surface (not the top surface), e.g. the side, the velocity will
be Ub = Up in the limiting case and not infinity. The reason for this difference is that
the liquid already fill the bucket and has not to move into bucket.

End Solution

Example 5.3:

Balloon is attached to a rigid supply in which is supplied by a constant the mass rate,
mi. Calculate the velocity of the balloon boundaries assuming constant density.

Solution
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The applicable equation is

∫

c.v.

Ubn dA =

∫

c.v.

Urn dA

The entrance is fixed, thus the relative velocity, Urn is

Urn =

{
−Up @ the valve

0 every else

Assume equal distribution of the velocity in balloon surface and that the center of the
balloon is moving, thus the velocity has the following form

Ub = Ux x̂ + Ubr r̂

Where x̂ is unit coordinate in x direction and Ux is the velocity of the center and where
r̂ is unit coordinate in radius from the center of the balloon and Ubr is the velocity in
that direction. The right side of equation (5.15) is the net change due to the boundary
is

∫

Sc.v.

(Ux x̂ + Ubr r̂) · n̂ dA =

center movement
︷ ︸︸ ︷∫

Sc.v.

(Ux x̂) · n̂ dA +

net boundary change
︷ ︸︸ ︷∫

Sc.v.

(Ubr r̂) · n̂ dA

The first integral is zero because it is like movement of solid body and also yield this
value mathematically (excises for mathematical oriented student). The second integral
(notice n̂ = r̂) yields

∫

Sc.v.

(Ubr r̂) · n̂ dA = 4 π r2 Ubr

Substituting into the general equation yields

ρ

A
︷ ︸︸ ︷

4 π r2 Ubr = ρUp Ap = mi

Hence,

Ubr =
mi

ρ 4 π r2

The center velocity is (also) exactly Ubr. The total velocity of boundary is

Ut =
mi

ρ 4 π r2
(x̂ + r̂)

It can be noticed that the velocity at the opposite to the connection to the rigid pipe
which is double of the center velocity.

End Solution
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5.3.2.3 One–Dimensional Control Volume

Additional simplification of the continuity equation is of one dimensional flow. This
simplification provides very useful description for many fluid flow phenomena. The
main assumption made in this model is that the proprieties in the across section are
only function of x coordinate . This assumptions leads

∫

A2

ρ2 U2 dA −

∫

A1

ρ1 U1 dA =
d

dt

∫

V (x)

ρ(x)

dV
︷ ︸︸ ︷

A(x) dx (5.16)

When the density can be considered constant equation (5.16) is reduced to
∫

A2

U2 dA −

∫

A1

U1 dA =
d

dt

∫

A(x)dx (5.17)

For steady state but with variations of the velocity and variation of the density reduces
equation (5.16) to become

∫

A2

ρ2 U2 dA =

∫

A1

ρ1 U1 dA (5.18)

For steady state and uniform density and velocity equation (5.18) reduces further to

ρ1 A1 U1 = ρ2 A2 U2 (5.19)

For incompressible flow (constant density), continuity equation is at its minimum form
of

U1 A1 = A2 U2 (5.20)

The next example is of semi one–dimensional example to illustrate equation (5.16).

Example 5.4:

Liquid flows into tank in a constant mass flow rate of a. The mass flow rate out is
function of the height. First assume that qout = b h second Assume as qout = b

√
h.

For the first case, determine the height, h as function of the time. Is there a critical
value and then if exist find the critical value of the system parameters. Assume that
the height at time zero is h0. What happen if the h0 = 0?

Solution

The control volume for both cases is the same and it is around the liquid in the tank.
It can be noticed that control volume satisfy the demand of one dimensional since the
flow is only function of x coordinate. For case one the right hand side term in equation
(5.16) is

ρ
d

dt

∫ L

0

h dx = ρL
dh

dt
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h
min

Fig. -5.6. Height of the liquid for example 5.4.

Substituting into equation equation (5.16) is

ρL
dh

d t
=

flow out
︷︸︸︷

b1 h −

flow in
︷︸︸︷
mi

solution is

h =

homogeneous solution
︷ ︸︸ ︷

mi

b1
e

−
b1 t

ρ L +

private solution
︷ ︸︸ ︷

c1e
b1 t

ρ L

The solution has the homogeneous solution (solution without the mi) and the solution
of the mi part. The solution can rearranged to a new form (a discussion why this form
is preferred will be provided in dimensional chapter).

h b1

m1
= e

−
b1 t

ρ L + ce
b1 t

ρ L

With the initial condition that at h(t = 0) = h0 the constant coefficient can be found
as

h0 b1

m1
= 1 − c =⇒ c = 1 −

h0 b1

mi

which the solution is

h b1

m1
= e

−
b1 t

ρ L +

[

1 −
h0 b1

mi

]

e
b1 t

ρ L

It can be observed that if 1 = h0 b1
mi

is the critical point of this solution. If the term h0 b1
mi

is larger than one then the solution reduced to a negative number. However, negative



130 CHAPTER 5. MASS CONSERVATION

number for height is not possible and the height solution approach zero. If the reverse
case appeared, the height will increase. Essentially, the critical ratio state if the flow in
is larger or lower than the flow out determine the condition of the height.

For second case, the governing equation (5.16) is

ρL
dh

d t
=

flow out
︷︸︸︷

b
√

h −

flow in
︷︸︸︷
mi

with the general solution of

ln

[(√
h b

mi

− 1

)

mi

ρ L

]

+

√
h b

mi

− 1 = (t + c)

√
h b

2 ρL

The constant is obtained when the initial condition that at h(t = 0) = h0 and it left as
exercise for the reader.

End Solution

5.4 Reynolds Transport Theorem

It can be noticed that the same derivativations carried for the density can be carried
for other intensive properties such as specific entropy, specific enthalpy. Suppose that
g is intensive property (which can be a scalar or a vector) undergoes change with time.
The change of accumulative property will be then

D

Dt

∫

sys

f ρdV =
d

dt

∫

c.v.

f ρdV +

∫

c.v

f ρ UrndA (5.21)

This theorem named after Reynolds, Osborne, (1842-1912) which is actually a three
dimensional generalization of Leibniz integral rule1. To make the previous derivation
clearer, the Reynolds Transport Theorem will be reproofed and discussed. The ideas
are the similar but extended some what.

Leibniz integral rule2 is an one dimensional and it is defined as

d

dy

∫ x2(y)

x1(y)

f(x, y) dx =

∫ x2(y)

x1(y)

∂f

∂y
dx + f(x2, y)

dx2

dy
− f(x1, y)

dx1

dy
(5.22)

Initially, a proof will be provided and the physical meaning will be explained. Assume
that there is a function that satisfy the following

G(x, y) =

∫ x

f (α, y) dα (5.23)

1These papers can be read on-line at http://www.archive.org/details/papersonmechanic01reynrich.
2This material is not necessarily but is added her for completeness. This author find material just

given so no questions will be asked.
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Notice that lower boundary of the integral is missing and is only the upper limit of the
function is present3. For its derivative of equation (5.23) is

f(x, y) =
∂G

∂x
(5.24)

differentiating (chain rule d uv = u dv + v du) by part of left hand side of the Leibniz
integral rule (it can be shown which are identical) is

d [G(x2, y) − G(x1, y)]

dy
=

1
︷ ︸︸ ︷

∂G

∂x2

dx2

dy
+

2
︷ ︸︸ ︷

∂G

∂y
(x2, y)−

3
︷ ︸︸ ︷

∂G

∂x1

dx1

dy
−

4
︷ ︸︸ ︷

∂G

∂y
(x1, y) (5.25)

The terms 2 and 4 in equation (5.25) are actually (the x2 is treated as a different
variable)

∫ x2(y)

x1(y)

∂ f(x, y)

∂y
dx (5.26)

The first term (1) in equation (5.25) is

∂G

∂x2

dx2

dy
= f(x2, y)

dx2

dy
(5.27)

The same can be said for the third term (3). Thus this explanation is a proof the
Leibniz rule.

The above “proof” is mathematical in nature and physical explanation is also
provided. Suppose that a fluid is flowing in a conduit. The intensive property, f is in-
vestigated or the accumulative property, F . The interesting information that commonly
needed is the change of the accumulative property, F , with time. The change with time
is

DF

Dt
=

D

Dt

∫

sys

ρ f dV (5.28)

For one dimensional situation the change with time is

DF

Dt
=

D

Dt

∫

sys

ρ f A(x)dx (5.29)

If two limiting points (for the one dimensional) are moving with a different coordinate
system, the mass will be different and it will not be a system. This limiting condition
is the control volume for which some of the mass will leave or enter. Since the change
is very short (differential), the flow in (or out) will be the velocity of fluid minus the

3There was a suggestion to insert arbitrary constant which will be canceled and will a provide
rigorous proof. This is engineering book and thus, the exact mathematical proof is not the concern
here. Nevertheless, if there will be a demand for such, it will be provided.
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boundary at x1, Urn = U1 − Ub. The same can be said for the other side. The
accumulative flow of the property in, F , is then

Fin =

F1

︷︸︸︷

f1 ρ

dx1

dt
︷︸︸︷

Urn (5.30)

The accumulative flow of the property out, F , is then

Fout =

F2

︷︸︸︷

f2 ρ

dx2

dt
︷︸︸︷

Urn (5.31)

The change with time of the accumulative property, F , between the boundaries is

d

dt

∫

c.v.

ρ(x) f A(x) dA (5.32)

When put together it brings back the Leibniz integral rule. Since the time variable,
t, is arbitrary and it can be replaced by any letter. The above discussion is one of the
physical meaning the Leibniz rule.

Reynolds Transport theorem is a generalization of the Leibniz rule and thus the
same arguments are used. The only difference is that the velocity has three components
and only the perpendicular component enters into the calculations.

D

DT

∫

sys

f ρdV =
d

dt

∫

c.v

f ρ dV +

∫

Sc.v.

f ρ Urn dA (5.33)

5.5 Examples For Mass Conservation

Several examples are provided to illustrate the topic.

Example 5.5:

Liquid enters a circular pipe with a linear velocity profile as a function of the radius
with maximum velocity of Umax. After magical mixing, the velocity became uniform.
Write the equation which describes the velocity at the entrance. What is the magical
averaged velocity at the exit? Assume no–slip condition.

Solution

The velocity profile is linear with radius. Additionally, later a discussion on relationship
between velocity at interface to solid also referred as the (no) slip condition will be
provided. This assumption is good for most cases with very few exceptions. It will
be assumed that the velocity at the interface is zero. Thus, the boundary condition is
U(r = R) = 0 and U(r = 0) = Umax Therefore the velocity profile is

U(r) = Umax

(

1 −
r

R

)
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Where R is radius and r is the working radius (for the integration). The magical
averaged velocity is obtained using the equation (5.13). For which

∫ R

0

Umax

(

1 −
r

R

)

2 π r dr = Uave π R2 (5.V.a)

The integration of the equation (5.V.a) is

Umax π
R2

6
= Uave π R2 (5.V.b)

The solution of equation (b) results in average velocity as

Uave =
Umax

6
(5.V.c)

End Solution

(2)(1)

U0

Edge of B
oundry Layer

L

Fig. -5.7. Boundary Layer control mass.

Example 5.6:

Experiments have shown that a layer of liquid that attached itself to the surface and it
is referred to as boundary layer. The assumption is that fluid attaches itself to surface.
The slowed liquid is slowing the layer above it. The boundary layer is growing with x
because the boundary effect is penetrating further into fluid. A common boundary layer
analysis uses the Reynolds transform theorem. In this case, calculate the relationship
of the mass transfer across the control volume. For simplicity assume slowed fluid has
a linear velocity profile. Then assume parabolic velocity profile as

Ux(y) = 2 U0

[
y

δ
+

1

2

(y

δ

)2
]

and calculate the mass transfer across the control volume. Compare the two different
velocity profiles affecting on the mass transfer.

Solution
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Assuming the velocity profile is linear thus, (to satisfy the boundary condition) it will
be

Ux(y) =
U0 y

δ

The chosen control volume is rectangular of L × δ. Where δ is the height of the
boundary layer at exit point of the flow as shown in Figure 5.7. The control volume has
three surfaces that mass can cross, the left, right, and upper. No mass can cross the
lower surface (solid boundary). The situation is steady state and thus using equation
(5.13) results in

x direction
︷ ︸︸ ︷

in
︷ ︸︸ ︷
∫ δ

0

U0 dy−

out
︷ ︸︸ ︷
∫ δ

0

U0 y

δ
dy =

y direction
︷ ︸︸ ︷
∫ L

0

Uxdx

It can be noticed that the convention used in this chapter of “in” as negative is not
“followed.” The integral simply multiply by negative one. The above integrals on the
right hand side can be combined as

∫ δ

0

U0

(

1 −
y

δ

)

dy =

∫ L

0

Uxdx

the integration results in

U0 δ

2
=

∫ L

0

Uxdx

or for parabolic profile

∫ δ

0

U0 dy −

∫ δ

0

U0

[
y

δ
+

(y

δ

)2
]

dy =

∫ L

0

Uxdx

or
∫ δ

0

U0

[

1 −
y

δ
−

(y

δ

)2
]

dy = U0

the integration results in

U0 δ

2
=

∫ L

0

Uxdx

End Solution

Example 5.7:

Air flows into a jet engine at 5 kg/sec while fuel flow into the jet is at 0.1 kg/sec.
The burned gases leaves at the exhaust which has cross area 0.1 m2 with velocity of
500 m/sec. What is the density of the gases at the exhaust?

Solution



5.5. EXAMPLES FOR MASS CONSERVATION 135

The mass conservation equation (5.13) is used. Thus, the flow out is ( 5 + 0.1 )
5.1 kg/sec The density is

ρ =
ṁ

A U
=

5.1 kg/sec

0.01 m2 500 m/sec
= 1.02kg/m3

End Solution

The mass (volume) flow rate is given by direct quantity like x kg/sec. However
sometime, the mass (or the volume) is given by indirect quantity such as the effect of
flow. The next example deal with such reversed mass flow rate.

Example 5.8:

The tank is filled by two valves which one filled tank in 3 hours and the second by 6
hours. The tank also has three emptying valves of 5 hours, 7 hours, and 8 hours. The
tank is 3/4 fulls, calculate the time for tank reach empty or full state when all the valves
are open. Is there a combination of valves that make the tank at steady state?

Solution

Easier measurement of valve flow rate can be expressed as fraction of the tank per hour.
For example valve of 3 hours can be converted to 1/3 tank per hour. Thus, mass flow
rate in is

ṁin = 1/3 + 1/6 = 1/2tank/hour

The mass flow rate out is

ṁout = 1/5 + 1/7 + 1/8 =
131

280

Thus, if all the valves are open the tank will be filled. The time to completely filled the
tank is

1

4
1

2
−

131

280

=
70

159
hour

The rest is under construction.
End Solution

Example 5.9:

Inflated cylinder is supplied in its center with constant mass flow. Assume that the gas
mass is supplied in uniformed way of mi [kg/m/sec]. Assume that the cylinder inflated
uniformly and pressure inside the cylinder is uniform. The gas inside the cylinder obeys
the ideal gas law. The pressure inside the cylinder is linearly proportional to the volume.
For simplicity, assume that the process is isothermal. Calculate the cylinder boundaries
velocity.

Solution
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The applicable equation is

increase pressure
︷ ︸︸ ︷∫

Vc.v

dρ

dt
dV +

boundary velocity
︷ ︸︸ ︷∫

Sc.v.

ρUbdV =

in or out flow rate
︷ ︸︸ ︷∫

Sc.v.

ρUrn dA

Every term in the above equation is analyzed but first the equation of state and volume
to pressure relationship have to be provided.

ρ =
P

R T

and relationship between the volume and pressure is

P = f π Rc
2

Where Rc is the instantaneous cylinder radius. Combining the above two equations
results in

ρ =
f π Rc

2

R T

Where f is a coefficient with the right dimension. It also can be noticed that boundary
velocity is related to the radius in the following form

Ub =
dRc

dt

The first term requires to find the derivative of density with respect to time which is

dρ

dt
=

d

dt

(
f π Rc

2

R T

)

=
2 f π Rc

R T

Ub
︷︸︸︷

dRc

dt

Thus the first term is

∫

Vc.v

dρ

dt

2 π Rc
︷︸︸︷

dV =

∫

Vc.v

2 f π Rc

R T
Ub

2 π Rc dRc
︷︸︸︷

dV =
4 f π2 Rc

3

3 R T
Ub

The integral can be carried when Ub is independent of the Rc
4 The second term is

∫

Sc.v.

ρUbdA =

ρ
︷ ︸︸ ︷

f π Rc
2

R T
Ub

A
︷ ︸︸ ︷

2 πRc =

(
f π3 Rc

2

R T

)

Ub

substituting in the governing equation obtained the form of

f π2 Rc
3

R T
Ub +

4 f π2 Rc
3

3 R T
Ub = mi

4The proof of this idea is based on the chain differentiation similar to Leibniz rule. When the
derivative of the second part is dUb/dRc = 0.
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The boundary velocity is then

Ub =
mi

7 f π2 Rc
3

3 R T

G =
3 mi R T

7 f π2 Rc
3

End Solution

Example 5.10:

A balloon is attached to a rigid supply and is supplied by a constant mass rate, mi.
Assume that gas obeys the ideal gas law. Assume that balloon volume is a linear function
of the pressure inside the balloon such as P = fv V . Where fv is a coefficient describing
the balloon physical characters. Calculate the velocity of the balloon boundaries under
the assumption of isothermal process.

Solution

The question is more complicated than Example 5.10. The ideal gas law is

ρ =
P

R T

The relationship between the pressure and volume is

P = fv V =
4 fv π Rb

3

3

The combining of the ideal gas law with the relationship between the pressure and
volume results

ρ =
4 fv π Rb

3

3 R T

The applicable equation is
∫

Vc.v

dρ

dt
dV +

∫

Sc.v.

ρ (Uc x̂ + Ubr̂) dA =

∫

Sc.v.

ρUrn dA

The right hand side of the above equation is
∫

Sc.v.

ρUrn dA = mi

The density change is

dρ

dt
=

12 fv π Rb
2

R T

Ub
︷︸︸︷

dRb

dt

The first term is

∫ Rb

0

6=f(r)
︷ ︸︸ ︷

12 fv π Rb
2

R T
Ub

dV
︷ ︸︸ ︷

4 π r2 dr =
16 fv π2 Rb

5

3 R T
Ub
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The second term is

∫

A

4 fv π Rb
3

3 R T
Ub dA =

4 fv π Rb
3

3 R T
Ub

A
︷ ︸︸ ︷

4 π Rb
2 =

8 fv π2 Rb
5

3 R T
Ub

Subsisting the two equations of the applicable equation results

Ub =
1

8

mi R T

fv π2 Rb
5

Notice that first term is used to increase the pressure and second the change of the
boundary.

End Solution

Open Question: Answer must be received by April 15, 2010

The best solution of the following question will win 18 U.S. dollars and your name
will be associated with the solution in this book.

Example 5.11:

Solve example 5.10 under the assumption that the process is isentropic. Also assume
that the relationship between the pressure and the volume is P = fv V 2. What are the
units of the coefficient fv in this problem? What are the units of the coefficient in the
previous problem?

5.6 More Example for Mass Conservation

Typical question about the relative velocity that appeared in many fluid mechanics
exams is the following.

Example 5.12:
A boat travels at speed of 10m/sec up-
stream in a river that flows at a speed of
5m/s. The inboard engine uses a pump to
suck in water at the front Ain = 0.2 m2 and
eject it through the back of the boot with
exist area of Aout = 0.05 m2. The water ab-
solute velocity leaving the back is 50m/sec,
what are the relative velocities entering and
leaving the boat and the pumping rate?

Ub = 10[m/sec]Uo = 50[m/sec]

Us = 5[m/sec]

Solution

The boat is assumed (implicitly is stated) to be steady state and the density is constant.
However, the calculation have to be made in the frame of reference moving with the
boat. The relative jet discharge velocity is

Urout
= 50 − (10 + 5) = 35[m/sec]
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The volume flow rate is then

Qout = Aout Urout
= 35 × 0.05 = 1.75m3/sec

The flow rate at entrance is the same as the exit thus,

Urin
=

Aout

Ain

Urout
=

0.05

0.2
35 = 8.75m/sec

End Solution
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