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CHAPTER 3

Review of Mechanics

This author would like to express his gratitute to Dan
Olsen (former Minneapolis city Engineer) and his friend
Richard Hackbarth.

This chapter provides a review of important definitions and concepts from Me-
chanics (statics and dynamics). These concepts and definitions will be used in this book
and a review is needed.

3.1 Center of Mass

The center of mass is divided into two sections, first, center of the mass and two, center
of area (two—dimensional body with equal distribution mass).

3.1.1 Center of the Mass

In many engineering problems, the center of mass is required to make the calculations.
This concept is derived from the fact that a body has a center of mass/gravity which
interacts with other bodies and that this force acts on the center (equivalent force). It
turns out that this concept is very useful in calculating rotations, moment of inertia,
etc. The center of mass doesn't depend on the coordinate system and on the way it is
calculated. The physical meaning of the center of mass is that if a straight line force
acts on the body in away through the center of gravity, the body will not rotate. In
other words, if a body will be held by one point it will be enough to hold the body
in the direction of the center of mass. Note, if the body isn't be held through the
center of mass, then a moment in addtional to force is required (to prevent the body
for rotating). It is convenient to use the Cartesian system to explain this concept.
Suppose that the body has a distribution of the mass (density, rho) as a function
of the location. The density “normally” defined as mass per volume. Here, the the
line density is referred to density mass per unit length in the z direction.
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42 CHAPTER 3. REVIEW OF MECHANICS

In  coordinate, the center will be defined
as

dm
_*l x plx
S R CTACEY

Here, the dV element has finite dimen- av
sions in y—z plane and infinitesimal dimen-
sion in x direction see Figure 3.1. Also, the x
mass, m is the total mass of the object. It
can be noticed that center of mass in the Fjg. -3.1. Description of how the center of mass
x—direction isn't affected by the distribu- s calculated.
tion in the y nor by z directions. In same
fashion the center of mass can be defined
in the other directions as following

where z; is the direction of either, x, y or z. The density, p(x;) is the line density as
function of x;. Thus, even for solid and uniform density the line density is a function
of the geometry.

3.1.2 Center of Area

In the previous case, the body was a three
dimensional shape. There are cases where
the body can be approximated as a two-
dimensional shape because the body is
with a thin with uniform density. Consider
a uniform thin body with constant thick-
ness shown in Figure 3.2 which has density,
p. Thus, equation (3.1) can be transfered
into

Fig. -3.2. Thin body center of mass/area

1 / ,_d/m? ( ) schematic.
T=—— [ x ptd 3.3
A p )y
\%

The density, p and the thickness, ¢, are constant and can be canceled. Thus equation
(3.3) can be transfered into

(3.4)
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when the integral now over only the area as oppose over the volume.

Finding the centeroid location should be done in the most convenient coordinate
system since the location is coordinate independent.

3.2 Moment of Inertia

As it was divided for the body center of mass, the moment of inertia is divided into
moment of inertia of mass and area.

3.2.1 Moment of Inertia for Mass

The moment of inertia turns out to be an essential part for the calculations of ro-
tating bodies. Furthermore, it turns out that the moment of inertia has much wider
applicability. Moment of inertia of mass is defined as

I,,rm:/ pridm (3.5)

If the density is constant then equation (3.5) can be transformed into

Ly = p / r2dV (3.6)
14

The moment of inertia is independent of the coordinate system used for the calculation,
but dependent on the location of axis of rotation relative to the body. Some people
define the radius of gyration as an equivalent concepts for the center of mass concept
and which means if all the mass were to locate in the one point/distance and to obtain
the same of moment of inertia.

I,
= - 3-7
" m (37)

The body has a different moment of inertia for every coordinate/axis and they are

Lz = [y ra?dm = [, (y* + 2%) dm
Ly = [, ry2dm = [, (2% + 2%)dm (3.8)
L. = [,r.2dm = [, (2 +y*)dm
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3.2.2 Moment of Inertia for Area
3.2.2.1 General Discussion

For body with thickness, ¢t and uniform density the following can be written

moment of

inertia  for
area
Imm:/ r?dm = pt /rsz (3.9
m A

The moment of inertia about axis is 2 can be defined as

Imwm
I, = / r?dA = =2 (3.10)
A pt

where r is distance of dA from the axis  and t is the thickness.
Any point distance can be calculated from

axis x as
x=\y?+ 22 (3.11)
Thus, equation (3.10) can be written as v

Lo = / (y* +2%) dA (3.12)

In the same fashion for other two coordi-
nates as

= :172 22 .
Iyyf/A( +2%) dA (3.13)

Fig. -3.3. The schematic that explains the sum-
mation of moment of inertia.

IL.= / (z* +4%) dA (3.14)

3.2.2.2 The Parallel Axis Theorem

The moment of inertial can be calculated for any axis. The knowledge about one axis
can help calculating the moment of inertia for a parallel axis. Let I, the moment of
inertia about axis xx which is at the center of mass/area.

The moment of inertia for axis z is

I = /ArIQdA - /A (v°+2")aa= /A ((y+Ay)° + (2 +82)°| a4 (3.15)
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equation (3.15) can be expended as

Ipo =0

45

Lo :/A(y2+z2)dA+2/A(yAy+zAz) dA+/A<(Ay)2+(Az)2> dA (3.16)

The first term in equation (3.16) on the right hand side is the moment of inertia about
axis x and the second them is zero. The second therm is zero because it integral of
center about center thus is zero. The third term is a new term and can be written as

constant

/A((Ay)2+(Az)2) dA—M/sz_T2A

2 A
) —

(3.17)
A

Hence, the relationship between the moment of inertia at zz and parallel axis

ror,
T x IS

Ly =T +1° A

(3.18)

The moment of inertia of several ar-
eas is the sum of moment inertia of each
area see Figure 3.4 and therefore,

n
wa = § I;cxi
=1

(3.19)

If the same areas are similar thus

Lo =Y Tog; =1 ILpa; (3.20)
i=1

Equation (3.20) is very useful in the
calculation of the moment of inertia utiliz-
ing the moment of inertia of known bod-
ies. For example, the moment of inertial
of half a circle is half of whole circle for
axis a the center of circle. The moment of
inertia can then move the center of area.
of the

Fig. -3.4. The schematic to explain the sum-
mation of moment of inertia.

Fig. -3.5. Cylinder with the element for calcu-
lation moment of inertia.



46 CHAPTER 3. REVIEW OF MECHANICS
3.2.3 Examples of Moment of Inertia

Example 3.1:

Calculate the moment of inertia for the mass of the cylinder about center axis which
height of h and radius, o, as shown in Figure 3.5. The material is with an uniform
density and homogeneous.

SOLUTION

The element can be calculated using cylindrical coordinate. Here the convenient element
is a shell of thickness dr which shown in Figure 3.5 as

av
70 — 4 1 1
I.=p [ rPdm=p r2 hQWTdT:thﬂ'TL:*phﬂ’l‘o4:*m7“o2
v 0 4 2

2
T = 7%77’”’02 = Tio
m V2

End Solution

The radius of gyration is

Example 3.2:
Calculate the moment of inertia of the rectangular shape shown in Figure 3.6 around x
coordinate.

SOLUTION y

The moment of inertia is calculated utilizing

equation (3.12) as following b
2 “o 44
a b 0
Ipo :/ y? 422 | dA z/ 2dr = L2
A 0 3

Fig. -3.6. Description of rectangular in x—y
plane for calculation of moment of inertia.
This value will be used in later exampls.

End Solution

Example 3.3:

To study the assumption of zero thickness, consider a simple shape to see the effects of
this assumption. Calculate the moment of inertia about the center of mass of a square
shape with a thickness, t compare the results to a square shape with zero thickness.

SOLUTION
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The moment of inertia of transverse slice about y/ (see Figure mech:fig:squareEll) is

Alyom =p dy —5

The transformation into from local axis x
. ’ .
to center axis, © can be done as following

SL a

dI = pd E-ﬁ- 2 b
z'mlm_p Y 12 \Z N a/
r2 A

(3.22)

The total moment of inertia can be ob-
tained by integration of equation (3.22) to
write as

12

t/2 b 3 bt2 Sb
Izzm:p/ <a+22ba)dz—pta +a
—t/2

Comparison with the thin body results in

Lo pt

Ipo
t AN
~~ba3

T (3.21)

dz

B

Fig. -3.7. A square element for the calcula-
tions of inertia of two-dimensional to three—
dimensional deviations.

5 (3.23)

ba® 1

Iizm  t2ba+bad

It can be noticed right away that
equation (3.24) indicates that ratio ap-
proaches one when thickness ratio is ap-
proaches zero, Iz, (t — 0) — 1. Ad-
ditionally it can be noticed that the ratio
a?/t? is the only contributor to the error!.
The results are present in Figure 3.8. |
can be noticed that the error is significant
very fast even for small values of t/a while
the with of the box, b has no effect on the
error.

Example 3.4:

End Solution

= E (3.24)

Fig. -3.8. The ratio of the moment of inertia of
two-dimensional to three—dimensional.

Calculate the center of area and moment of inertia of the parabola, y = ax?, shown in

Figure 3.9.

1This ratio is a dimensionless number that commonly has no special name. This author suggests

to call this ratio as the B number.
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SOLUTION

For y = b the value of x = \/b/«. First
the area inside the parabola calculated as

dA/2
Vo ————" 234-1) (b\?
A= /0 (b - ag?)dg = =5 <a> | il

The center of area can be calculated uti-
lizing equation (3.4). The center of every
Fig. -3.9. Description of parabola for calcula-

. _ 2
element is at, (a 52 + %) the element | ) 8
tion of moment of inertia and center of area.

area is used before and therefore

Zc

- dA
1 VR h—a)\ 5 3ab
xc—z/o (“f+z><b‘a“df—15a_5
(3.25)

The moment of inertia of the area about the center can be found using in equation
(3.25) can be done in two steps first calculate the moment of inertia in this coordinate
system and then move the coordinate system to center. Utilizing equation (3.12) and
doing the integration from 0 to maximum y provides

dA
b /
2b7 2
I,.,=4 2 ,/é d¢ =
v /0 ¢ a ¢ 7V«
Utilizing equation (3.18)
I, A (Az=z.)?

x x

—_——

—N— 3 >
o _AAm2_4b7/2_3a—1 b\? [ 3ab
e e TV 3 o 15a—5

or after working the details results in

Vb (200° — 14?)
35 /a

End Solution

Ia:m =

Example 3.5:

Calculate the momenet of inertia of strait angle traingle about
its y axis as shown in the Figure on the right. Assume that
base is a and the hieght is h. What is the moment when a
simetrical traingle is attached on left. What is the moment
when a simetrical traingle is attached on bottom. What is the
moment inertia when a — 0. What is the moment inertia
when h — 0.
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SOLUTION
The right adge line equaiton can be calcualted as

- 1-3)
T
a

or

Now using the monent of inertia of rectangule on the side (y) coordinate (see example

(3.2)

3 4
a®h

For two triangles attached to each other the moment of iniria will be sum as “5
The rest is under construction.

/ha (1_%)3‘@_@
0

End Solution

3.2.4 Product of Inertia

In addition to the moment of inertia, the product of inertia is commonly used. Here
only the product of the area is defined and discussed. The product of inertia defined as

A
For example, the product of inertia for x and y axises is
I, = / zydA (3.27)
A

Product of inertia can be positive or negative value as oppose the moment of
inertia. The calculation of the product of inertia isn't different much for the calculation
of the moment of inertia. The units of the product of inertia are the same as for moment
of inertia.

Transfer of Axis Theorem
Same as for moment of inertia there is also similar theorem.

Loy = /Ax Y dA = /A(x + AZ) (y + Ay)dA (3.28)

expanding equation (3.28) results in

0 0

I«ry A A Az Ay A

——
I, :/xydA+/ acAydA+/ AxydA+/ Az AydA (3.29)
A A A A
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The final form is
Iy, =1Ly +AzAyA (3.30)
There are several relationships should be mentioned

Symmetrical area has zero product of inertia.

Example 3.6: .
Calculate the product of inertia of straight edge triangle.

SOLUTION \
The equation of the line is :

a
y=3"° ta Fig. -3.10. Product of iner-
tia for triangle.
The product of inertia at the center is zero. The total prod-
uct of inertia is

Az Ay A
NN et
7 04 a b ab _a2b2
Ty 3 3 2 ) 18

End Solution

3.2.5 Principal Axes of Inertia
The inertia matrix or inertia tensor is

Ix:r _Izy _Izz
—I I, -1, (3.32)

yr

_Iz;E _Izy Izz

In linear algebra it was shown that for some angle equation (3.32) can be transform
into

Liy 0 0
0 Iy, 0 (3.33)
0 0 I,

System which creates equation (3.33) referred as principle system.
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3.3 Newton’'s Laws of Motion

These laws can be summarized in two statements one, for every action by body A on
Body B there is opposite reaction by body B on body A. Two, which can expressed in
mathematical form as

D(mU
ZF: % (3.34)

It can be noted that D replaces the traditional d since the addtional meaning
which be added. Yet, it can be treated as the regular derivative. This law apply to any
body and any body can “broken” into many small bodies which connected to each other.
These small “bodies” when became small enough equation (3.34) can be transformed

to a continuous form as
D (pU
Y F :/ DeU) (3.35)
v Dt

The external forces are equal to internal forces the forces between the “small” bodies
are cancel each other. Yet this examination provides a tool to study what happened in
the fluid during operation of the forces.

Since the derivative with respect to time is independent of the volume, the deriva-
tive can be taken out of the integral and the alternative form can be written as

D
F=— udv 3.36
SF-p [0 (3.36)
The velocity, U is a derivative of the location with respect to time, thus,
D2
F=— .
> e /V prdV (3.37)

where 7 is the location of the particles from the origin.

The external forces are typically divided into two categories: body forces and
surface forces. The body forces are forces that act from a distance like magnetic field
or gravity. The surface forces are forces that act on the surface of the body (pressure,
stresses). The same as in the dynamic class, the system acceleration called the inter-
nal forces. The acceleration is divided into three categories: Centrifugal, wx(r X w),
Angular, r x w, Coriolis, 2 (U, x w). The radial velocity is denoted as U,

3.4 Angular Momentum and Torque
The angular momentum of body, dm, is defined as
L=rx Udn (3.38)

The angular momentum of the entire system is calculated by integration (summation)
of all the particles in the system as

L= / v Udm (3.39)
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The change with time of angular momentum is called torque, in analogous to the
momentum change of time which is the force.

_DL_D

T,
Dt Dt

(r x Udm) (3.40)

where T, is the torque. The torque of entire system is

DL D
T, .= Dt~ i) (r x Udm) (3.41)

It can be noticed (well, it can be proved utilizing vector mechanics) that

= (rx &) _ D
Dt Dt’  Dt?

To understand these equations a bit better, consider a particle moving in x-y plane.
A force is acting on the particle in the same plane (x—y) plane. The velocity can be
written as U = ui + 7 and the location from the origin can be written as r = T+ yJ.
The force can be written, in the same fashion, as F = F,i + F, j. Utilizing equation
(3.38) provides

D(er)

T, =
Dt

(3.42)

ik A
L=rxU=| 2 y 0 | =(@v-—yuk (3.43)
u v 0
Utilizing equation (3.40) to calculate the torque as
ik A
T, =rxF= x y 0 |=@F,—yF)k (3.44)
F, F, 0

Since the torque is a derivative with respect to the time of the angular momentum it
is also can be written as

zFy —yF, = [(zv — yu) dm) (3.45)

D
Dt
The torque is a vector and the various components can be represented as
A D
Tm:zoﬁ mI‘><Uclm (3.46)
In the same way the component in y and z can be obtained.

3.4.1 Tables of geometries

Th following tables present several moment of inertias of commonly used geometries.
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Table -3.1. Moments of Inertia for various plane surfaces about their center of gravity (full

shapes)
Shape Picture Ter Y I
Name description o e x
b a ab®
Z2.Z2 b il
Rectangle 5773 a 1
a
. a ab ab?
Triangle 3 5 36
b 7 b2 bt
Circl — —_— —
ircle 5 1 o
Ellinse bb T ab Ab?
P 22 64
6a—2
—— X N 3_ 2
y = ax? mats (;)% ”(2‘;:\/514”
Parabola
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Table -3.2. Moment of inertia for various plane surfaces about their center of gravity

Shape Picture
xCl (&
Name description Y A Loa
r
4r Tr?

Quadrant T e - P (E—k)
of Circle || 3+

Ellipsoidal §—b WTCLb ab®(H—a)
Quadrant &

Half of b ?‘f_b ”T‘”’ ()
Elliptic T ab T

L
gircular 0 2ar? | = (a—1sin2a)
ector
-——— g —— —
XX 2rsin«
_ I ’ 5=
. 3 a 2 r sin 2 o
Circular srene 2ar
Sector = (at1 sin2a)




