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160 CHAPTER 6. MOMENTUM CONSERVATION

good engineering logic. Liquid is ¯lling the lower part of the rocket tank. The upper
part of the rocket tank is ¯lled with compressed gas. Select the control volume in such a
way that provides the ability to ¯nd the rocket acceleration. What is the instantaneous
velocity of the rocket at time zero? Develop the expression for the pressure (assuming
no friction with the walls). Develop expression for rocket velocity. Assume that the gas
is obeying the perfect gas model. What are the parameters that e®ect the problem.

Example 6.8:
A rocket is ¯lled with only compressed gas. At a speci¯c moment the valve is opened
and the rocket is allowed to °y. What is the minimum pressure that make the rocket
°y. What are the parameters that e®ect the rocket velocity.



CHAPTER 7

Multi{Phase Flow

7.1 Introduction
Traditionally, the topic of multi{phase °ow is ignored in an introductory class on °uid
mechanics. For many engineers, this class will be the only opportunity to be exposed
to this topic. The knowledge in this topic without any doubts, is required for many
engineering problems. Calculations of many kinds of °ow deals with more than one
phase or material °ow1. The author believes that the trends and e®ects of multiphase
°ow could and should be introduced and considered by engineers. In the past, books
on multiphase °ow were written more as a literature review or heavy on the mathe-
matics. It is recognized that multiphase °ow is still evolving. In fact, there is not a
consensus to the exact map of many °ow regimes. This book attempts to describe
these issues as a fundamentals of physical aspects and less as a literature review. This
chapter provides information that is more or less in consensus2. Additionally, the nature
of multiphase °ow requires solving many equations. Thus, in many books the repre-
sentations is by writing the whole set governing equations. Here, it is believed that the
interactions/calculations requires a full year class and hence, only the trends and simple
calculations are described.

7.2 History
The study of multi{phase °ow started for practical purposes after World War II. Initially
the models were using simple assumptions. For simple models,there are two possibilities
(1) the °uids/materials are °owing in well homogeneous mixed (where the main problem

1An example, there was a Ph.D. working for the government who analyzed ¯ling cavity with liquid
metal (aluminum), who did not consider the °ow as two{phase °ow and ignoring the air. As result,
his analysis is in the twilight zone not in the real world.

2Or when the scienti¯c principles simply dictate.
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162 CHAPTER 7. MULTI{PHASE FLOW

to ¯nd the viscosity), (2) the °uids/materials are °owing separately where the actual
total loss pressure can be correlated based on the separate pressure loss of each of
the material. If the pressure loss was linear then the total loss will be the summation
of the two pressure losses (of the lighter liquid (gas) and the heavy liquid). Under
this assumption the total is not linear and experimental correlation was made. The
°ow patterns or regimes were not considered. This was suggested by Lockhart and
Martinelli who use a model where the °ow of the two °uids are independent of each
other. They postulate that there is a relationship between the pressure loss of a single
phase and combine phases pressure loss as a function of the pressure loss of the other
phase. It turned out this idea provides a good crude results in some cases.

Researchers that followed Lockhart and Martinelli looked for a di®erent map for
di®erent combination of phases. When it became apparent that speci¯c models were
needed for di®erent situations, researchers started to look for di®erent °ow regimes
and provided di®erent models. Also the researchers looked at the situation when the
di®erent regimes are applicable. Which leads to the concept of °ow regime maps.
Taitle and Duckler suggested a map based on ¯ve non-dimensional groups which are
considered as the most useful today. However, Taitle and Duckler's map is not universal
and it is only applied to certain liquid{gas conditions. For example, Taitle{Duckler's
map is not applicable for microgravity.

7.3 What to Expect From This Chapter

As oppose to the tradition of the other chapters in this book and all other Potto project
books, a description of what to expect in this chapter is provided. It is an attempt
to explain and convince all the readers that the multi{phase °ow must be included
in introductory class on °uid mechanics3. Hence, this chapter will explain the core
concepts of the multiphase °ow and their relationship, and importance to real world.

This chapter will provide: a category of combination of phases, the concept of
°ow regimes, multi{phase °ow parameters de¯nitions, °ow parameters e®ects on the
°ow regimes, partial discussion on speed of sound of di®erent regimes, double chok-
ing phenomenon (hopefully), and calculation of pressure drop of simple homogeneous
model. This chapter will introduce these concepts so that the engineer not only be able
to understand a conversation on multi-phase but also, and more importantly, will know
and understand the trends. However, this chapter will not provide a discussion of tran-
sient problems, phase change or transfer processes during °ow, and actual calculation
of pressure of the di®erent regimes.
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Fig. -7.1. Di®erent ¯elds of multi phase °ow.

7.4 Kind of Multi-Phase Flow
All the °ows are a form of multiphase °ow. The discussion in the previous chapters is
only as approximation when multiphase can be \reduced" into a single phase °ow. For
example, consider air °ow that was discussed and presented earlier as a single phase
°ow. Air is not a pure material but a mixture of many gases. In fact, many proprieties
of air are calculated as if the air is made of well mixed gases of Nitrogen and Oxygen.
The results of the calculations of a mixture do not change much if it is assumed that the
air °ow as strati¯ed °ow 4 of many concentration layers (thus, many layers (in¯nite) of
di®erent materials). Practically for many cases, the homogeneous assumption is enough
and suitable. However, this assumption will not be appropriate when the air is strati¯ed
because of large body forces, or a large acceleration. Adopting this assumption might
lead to a larger error. Hence, there are situations when air °ow has to be considered as
multiphase °ow and this e®ect has to be taken into account.

In our calculation, it is assumed that air is made of only gases. The creation

3This author feels that he is in an unique position to in°uence many in the ¯eld of °uid mechanics.
This fact is due to the shear number of the downloaded Potto books. The number of the downloads
of the book on Fundamental of compressible °ow has exceed more than 100,000 in about two and half
years. It also provides an opportunity to bring the latest advances in the ¯elds since this author does
not need to \sell" the book to a publisher or convince a \committee."

4Di®erent concentration of oxygen as a function of the height. While the di®erence of the concen-
tration between the top to button is insigni¯cant, nonetheless it exists.
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of clean room is a proof that air contains small particles. In almost all situations, the
cleanness of the air or the fact that air is a mixture is ignored. The engineering accuracy
is enough to totally ignore it. Yet, there are situations where cleanness of the air can
a®ect the °ow. For example, the cleanness of air can reduce the speed of sound. In
the past, the breaks in long trains were activated by reduction of the compressed line
(a patent no. 360070 issued to George Westinghouse, Jr., March 29, 1887). In a four
(4) miles long train, the breaks would started to work after about 20 seconds in the last
wagon. Thus, a 10% change of the speed of sound due to dust particles in air could
reduce the stopping time by 2 seconds (50 meter di®erence in stopping) and can cause
an accident.

One way to categorize the multiphase is by the materials °ows, For example, the
°ow of oil and water in one pipe is a multiphase °ow. This °ow is used by engineers
to reduce the cost of moving crude oil through a long pipes system. The \average"
viscosity is meaningless since in many cases the water follows around the oil. The
water °ow is the source of the friction. However, it is more common to categorize
the °ow by the distinct phases that °ow in the tube. Since there are three phases,
they can be solid{liquid, solid{gas, liquid{gas and solid{liquid{gas °ow. This notion
eliminates many other °ow categories that can and should be included in multiphase
°ow. This category should include any distinction of phase/material. There are many
more categories, for example, sand and grain (which are \solids") °ow with rocks and
is referred to solid{solid °ow. The category of liquid{gas should be really viewed as the
extreme case of liquid-liquid where the density ratio is extremely large. The same can
be said for gas{gas °ow. For the gas, the density is a strong function of the temperature
and pressure. Open Channel °ow is, although important, is only an extreme case of
liquid-gas °ow and is a sub category of the multiphase °ow.

The multiphase is an important part of many processes. The multiphase can
be found in nature, living bodies (bio{°uids), and industries. Gas{solid can be found
in sand storms, and avalanches. The body inhales solid particle with breathing air.
Many industries are involved with this °ow category such as dust collection, °uidized
bed, solid propellant rocket, paint spray, spray casting, plasma and river °ow with live
creatures (small organisms to large ¯sh) °ow of ice berg, mud °ow etc. The liquid{solid,
in nature can be blood °ow, and river °ow. This °ow also appears in any industrial
process that are involved in solidi¯cation (for example die casting) and in moving solid
particles. Liquid{liquid °ow is probably the most common °ow in the nature. Flow of
air is actually the °ow of several light liquids (gases). Many natural phenomenon are
multiphase °ow, for an example, rain. Many industrial process also include liquid-liquid
such as painting, hydraulic with two or more kind of liquids.

7.5 Classi¯cation of Liquid-Liquid Flow Regimes
The general discussion on liquid{liquid will be provided and the gas{liquid °ow will
be discussed as a special case. Generally, there are two possibilities for two di®erent
materials to °ow (it is also correct for solid{liquid and any other combination). The
materials can °ow in the same direction and it is referred as co{current °ow. When the
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materials °ow in the opposite direction, it is referred as counter{current. In general,
the co-current is the more common. Additionally, the counter{current °ow must have
special con¯gurations of long length of °ow. Generally, the counter{current °ow has a
limited length window of possibility in a vertical °ow in conduits with the exception of
magnetohydrodynamics. The °ow regimes are referred to the arrangement of the °uids.

The main di®erence between the liquid{liquid °ow to gas-liquid °ow is that gas
density is extremely lighter than the liquid density. For example, water and air °ow as
oppose to water and oil °ow. The other characteristic that is di®erent between the gas
°ow and the liquid °ow is the variation of the density. For example, a reduction of the
pressure by half will double the gas volumetric °ow rate while the change in the liquid
is negligible. Thus, the °ow of gas{liquid can have several °ow regimes in one situation
while the °ow of liquid{liquid will (probably) have only one °ow regime.

7.5.1 Co{Current Flow

In Co{Current °ow, two liquids can have three main categories: vertical, horizontal,
and what ever between them. The vertical con¯guration has two cases, up or down.
It is common to di®erentiate between the vertical (and near vertical) and horizontal
(and near horizontal). There is no exact meaning to the word \near vertical" or \near
horizontal" and there is no consensus on the limiting angles (not to mention to have
limits as a function with any parameter that determine the limiting angle). The °ow
in inclined angle (that not covered by the word \near") exhibits °ow regimes not much
di®erent from the other two. Yet, the limits between the °ow regimes are considerably
di®erent. This issue of incline °ow will not be covered in this chapter.

7.5.1.1 Horizontal Flow

Heavy Liquid

Light Liquid

Fig. -7.2. Strati¯ed °ow in horizontal tubes when
the liquids °ow is very slow.

The typical regimes for horizontal °ow
are strati¯ed °ow (open channel °ow,
and non open channel °ow), dispersed
bubble °ow, plug °ow, and annular °ow.
For low velocity (low °ow rate) of the
two liquids, the heavy liquid °ows on the
bottom and lighter liquid °ows on the
top5 as depicted in Figure7.2. This kind
of °ow regime is referred to as horizontal °ow. When the °ow rate of the lighter liquid is
almost zero, the °ow is referred to as open channel °ow. This de¯nition (open channel
°ow) continues for small amount of lighter liquid as long as the heavier °ow can be
calculated as open channel °ow (ignoring the lighter liquid). The geometries (even the
boundaries) of open channel °ow are very diverse. Open channel °ow appears in many
nature (river) as well in industrial process such as the die casting process where liquid
metal is injected into a cylinder (tube) shape. The channel °ow will be discussed in a
greater detail in Open Channel Flow chapter.

5With the exception of the extremely smaller diameter where Rayleigh{Taylor instability is an im-
portant issue.
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As the lighter liquid (or the gas phase) °ow rate increases (super¯cial velocity),
the friction between the phases increase. The super¯cial velocity is referred to as the
velocity that any phase will have if the other phase was not exist. This friction is
one of the cause for the instability which manifested itself as waves and changing the
surface from straight line to a di®erent con¯guration (see Figure7.3). The wave shape
is created to keep the gas and the liquid velocity equal and at the same time to have
shear stress to be balance by surface tension. The con¯guration of the cross section
not only depend on the surface tension, and other physical properties of the °uids but
also on the material of the conduit.

Light Liquid

Heavy Liquid

Light Liquid

Heavy Liquid

Fig. -7.3. Kind of Strati¯ed °ow in
horizontal tubes.

As the lighter liquid velocity increases two
things can happen (1) wave size increase and (2)
the shape of cross section continue to deform.
Some referred to this regime as wavy strati¯ed °ow
but this de¯nition is not accepted by all as a cat-
egory by itself. In fact, all the two phase °ow are
categorized by wavy °ow which will proven later.
There are two paths that can occur on the heavier
liquid °ow rate. If the heavier °ow rate is small,
then the wave cannot reach to the crown and the shape is deformed to the point that
all the heavier liquid is around the periphery. This kind of °ow regime is referred to as
annular °ow. If the heavier liquid °ow rate is larger6 than the distance, for the wave
to reach the conduit crown is smaller. At some point, when the lighter liquid °ow
increases, the heavier liquid wave reaches to the crown of the pipe. At this stage, the
°ow pattern is referred to as slug °ow or plug °ow. Plug °ow is characterized by regions
of lighter liquid ¯lled with drops of the heavier liquid with Plug (or Slug) of the heavier
liquid (with bubble of the lighter liquid). These plugs are separated by large \chunks"
that almost ¯ll the entire tube. The plugs are °owing in a succession (see Figure7.4).
The pressure drop of this kind of regime is signi¯cantly larger than the strati¯ed °ow.
The slug °ow cannot be assumed to be as homogeneous °ow nor it can exhibit some
average viscosity. The \average" viscosity depends on the °ow and thus making it as
insigni¯cant way to do the calculations. Further increase of the lighter liquid °ow rate
move the °ow regime into annular °ow. Thus, the possibility to go through slug °ow
regime depends on if there is enough liquid °ow rate.

Heavy Liquid

Light Liquid

Fig. -7.4. Plug °ow in horizontal tubes when the
liquids °ow is faster.

Choking occurs in compressible
°ow when the °ow rate is above a cer-
tain point. All liquids are compressible
to some degree. For liquid which the
density is a strong and primary function
of the pressure, choking occurs relatively
closer/sooner. Thus, the °ow that starts
as a strati¯ed °ow will turned into a slug
°ow or strati¯ed wavy7 °ow after a certain distance depends on the heavy °ow rate (if

6The liquid level is higher.
7Well, all the °ow is wavy, thus it is arbitrary de¯nition.
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this category is accepted). After a certain distance, the °ow become annular or the °ow
will choke. The choking can occur before the annular °ow regime is obtained depend-
ing on the velocity and compressibility of the lighter liquid. Hence, as in compressible
°ow, liquid{liquid °ow has a maximum combined of the °ow rate (both phases). This
maximum is known as double choking phenomenon.

The reverse way is referred to the process where the starting point is high °ow
rate and the °ow rate is decreasing. As in many °uid mechanics and magnetic ¯elds,
the return path is not move the exact same way. There is even a possibility to return on
di®erent °ow regime. For example, °ow that had slug °ow in its path can be returned
as strati¯ed wavy °ow. This phenomenon is refer to as hysteresis.

Flow that is under small angle from the horizontal will be similar to the horizontal
°ow. However, there is no consensus how far is the \near" means. Qualitatively, the
\near" angle depends on the length of the pipe. The angle decreases with the length
of the pipe. Besides the length, other parameters can a®ect the \near."
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Fig. -7.5. Modi¯ed Mandhane map for °ow regime in horizontal tubes.

The results of the above discussion are depicted in Figure7.5. As many things in
multiphase, this map is only characteristics of the \normal" conditions, e.g. in normal
gravitation, weak to strong surface tension e®ects (air/water in \normal" gravity), etc.

7.5.1.2 Vertical Flow

The vertical °ow has two possibilities, with the gravity or against it. In engineering
application, the vertical °ow against the gravity is more common used. There is a dif-
ference between °owing with the gravity and °owing against the gravity. The buoyancy
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Bubble
Flow

Annular
Flow

Churn
Flow

Slug or
Plug  Flow

Dispersed
Flow

Fig. -7.6. Gas and liquid in Flow in verstical tube against the gravity.

is acting in two di®erent directions for these two °ow regimes. For the °ow against
gravity, the lighter liquid has a buoyancy that acts as an \extra force" to move it faster
and this e®ect is opposite for the heavier liquid. The opposite is for the °ow with grav-
ity. Thus, there are di®erent °ow regimes for these two situations. The main reason
that causes the di®erence is that the heavier liquid is more dominated by gravity (body
forces) while the lighter liquid is dominated by the pressure driving forces.

Flow Against Gravity

For vertical °ow against gravity, the °ow cannot start as a strati¯ed °ow. The
heavier liquid has to occupy almost the entire cross section before it can °ow because
of the gravity forces. Thus, the °ow starts as a bubble °ow. The increase of the lighter
liquid °ow rate will increase the number of bubbles until some bubbles start to collide.
When many bubbles collide, they create a large bubble and the °ow is referred to as
slug °ow or plug °ow (see Figure7.6). Notice, the di®erent mechanism in creating the
plug °ow in horizontal °ow compared to the vertical °ow.

Further increase of lighter liquid °ow rate will increase the slug size as more
bubbles collide to create \super slug"; the °ow regime is referred as elongated bubble
°ow. The °ow is less stable as more turbulent °ow and several \super slug" or churn
°ow appears in more chaotic way, see Figure7.6. After additional increase of \super
slug" , all these \elongated slug" unite to become an annular °ow. Again, it can be
noted the di®erence in the mechanism that create annular °ow for vertical and horizontal
°ow. Any further increase transforms the outer liquid layer into bubbles in the inner
liquid. Flow of near vertical against the gravity in two{phase does not deviate from
vertical. The choking can occur at any point depends on the °uids and temperature
and pressure.
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7.5.1.3 Vertical Flow Under Micro Gravity
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Fig. -7.7. A dimensional vertical °ow map
under very low gravity against the gravity.

The above discussion mostly explained the
°ow in a vertical con¯guration when the
surface tension can be neglected. In cases
where the surface tension is very important.
For example, out in space between gas and
liquid (large density di®erence) the situa-
tion is di®erent. The °ow starts as dis-
persed bubble (some call it as \gas con-
tinuous") because the gas phase occupies
most of column. The liquid °ows through
a trickle or channeled °ow that only par-
tially wets part of the tube. The interaction
between the phases is minimal and can be
considered as the \open channel °ow" of
the vertical con¯guration. As the gas °ow
increases, the liquid becomes more turbu-
lent and some parts enter into the gas phase as drops. When the °ow rate of the gas
increases further, all the gas phase change into tiny drops of liquid and this kind of
regime referred to as mist °ow. At a higher rate of liquid °ow and a low °ow rate of
gas, the regime liquid ¯lls the entire void and the gas is in small bubble and this °ow
referred to as bubbly °ow. In the medium range of the °ow rate of gas and liquid,
there is pulse °ow in which liquid is moving in frequent pulses. The common map is
based on dimensionless parameters. Here, it is presented in a dimension form to explain
the trends (see Figure7.7). In the literature, Figure7.7 presented in dimensionless
coordinates. The abscissa is a function of combination of Froude ,Reynolds, and Weber
numbers. The ordinate is a combination of °ow rate ratio and density ratio.

Flow With The Gravity

As opposed to the °ow against gravity, this °ow can starts with strati¯ed °ow. A
good example for this °ow regime is a water fall. The initial part for this °ow is more
signi¯cant. Since the heavy liquid can be supplied from the \wrong" point/side, the
initial part has a larger section compared to the °ow against the gravity °ow. After the
°ow has settled, the °ow continues in a strati¯ed con¯guration. The transitions between
the °ow regimes is similar to strati¯ed °ow. However, the points where these transitions
occur are di®erent from the horizontal °ow. While this author is not aware of an actual
model, it must be possible to construct a model that connects this con¯guration with
the strati¯ed °ow where the transitions will be dependent on the angle of inclinations.

7.6 Multi{Phase Flow Variables De¯nitions
Since the gas{liquid system is a speci¯c case of the liquid{liquid system, both will be
united in this discussion. However, for the convenience of the terms \gas and liquid"
will be used to signify the lighter and heavier liquid, respectively. The liquid{liquid (also
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gas{liquid) °ow is an extremely complex three{dimensional transient problem since the
°ow conditions in a pipe may vary along its length, over its cross section, and with
time. To simplify the descriptions of the problem and yet to retain the important
features of the °ow, some variables are de¯ned so that the °ow can be described as
a one-dimensional °ow. This method is the most common and important to analyze
two-phase °ow pressure drop and other parameters. Perhaps, the only serious missing
point in this discussion is the change of the °ow along the distance of the tube.

7.6.1 Multi{Phase Averaged Variables De¯nitions

The total mass °ow rate through the tube is the sum of the mass °ow rates of the two
phases

_m = _mG + _mL (7.1)

It is common to de¯ne the mass velocity instead of the regular velocity because the
\regular" velocity changes along the length of the pipe. The gas mass velocity is

GG =
_mG

A
(7.2)

WhereA is the entire area of the tube. It has to be noted that this mass velocity does
not exist in reality. The liquid mass velocity is

GL =
_mL

A
(7.3)

The mass °ow of the tube is then

G =
_m
A

(7.4)

It has to be emphasized that this mass velocity is the actual velocity.
The volumetric °ow rate is not constant (since the density is not constant) along

the °ow rate and it is de¯ned as

QG =
GG

½G
= UsG (7.5)

and for the liquid

QL =
GL

½L
(7.6)

For liquid with very high bulk modulus (almost constant density), the volumetric °ow
rate can be considered as constant. The total volumetric volume vary along the tube
length and is

Q = QL + QG (7.7)
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Ratio of the gas °ow rate to the total °ow rate is called the 'quality' or the \dryness
fraction" and is given by

X =
_mG

_m
=

GG

G
(7.8)

In a similar fashion, the value of(1 ¡ X ) is referred to as the \wetness fraction."
The last two factions remain constant along the tube length as long the gas and liquid
masses remain constant. The ratio of the gas °ow cross sectional area to the total cross
sectional area is referred as the void fraction and de¯ned as

® =
AG

A
(7.9)

This fraction is vary along tube length since the gas density is not constant along the
tube length. The liquid fraction or liquid holdup is

L H = 1 ¡ ® =
AL

A
(7.10)

It must be noted that Liquid holdup,L H is not constant for the same reasons the void
fraction is not constant.

The actual velocities depend on the other phase since the actual cross section the
phase °ows is dependent on the other phase. Thus, a super¯cial velocity is commonly
de¯ned in which if only one phase is using the entire tube. The gas super¯cial velocity
is therefore de¯ned as

UsG =
GG

½G
=

X _m
½G A

= QG (7.11)

The liquid super¯cial velocity is

UsL =
GL

½L
=

(1 ¡ X ) _m
½L A

= QL (7.12)

SinceUsL = QL and similarly for the gas then

Um = UsG + UsL (7.13)

WhereUm is the averaged velocity. It can be noticed thatUm is not constant along
the tube.

The average super¯cial velocity of the gas and liquid are di®erent. Thus, the ratio
of these velocities is referred to as the slip velocity and is de¯ned as the following

SLP =
UG

UL
(7.14)

Slip ratio is usually greater than unity. Also, it can be noted that the slip velocity is
not constant along the tube.
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For the same velocity of phases (SLP = 1 ), the mixture density is de¯ned as

½m = ® ½G + (1 ¡ ®) ½L (7.15)

This density represents the density taken at the \frozen" cross section (assume the
volume is the cross section times in¯nitesimal thickness ofdx).

The average density of the material °owing in the tube can be evaluated by
looking at the de¯nition of density. The density of any material is de¯ned as½= m=V
and thus, for the °owing material it is

½=
_m
Q

(7.16)

Where Q is the volumetric °ow rate. Substituting equations (7.1) and (7.7) into
equation (7.16) results in

½average =

_m Gz}| {
X _m +

_m Lz }| {
(1 ¡ X ) _m

QG + QL
=

X _m + (1 ¡ X ) _m
X _m
½G| {z }
Q G

+
(1 ¡ X ) _m

½L| {z }
Q L

(7.17)

Equation (7.17) can be simpli¯ed by canceling the_m and noticing the(1¡ X )+ X = 1
to become

½average =
1

X
½G

+ (1 ¡ X )
½L (7.18)

The average speci¯c volume of the °ow is then

vaverage =
1

½average
=

X
½G

+
(1 ¡ X )

½L
= X v G + (1 ¡ X ) vL (7.19)

The relationship betweenX and ® is

X =
_mG

_mG + _mL
=

½G UG

A Gz}|{
A ®

½L UL A(1 ¡ ®)
| {z }

A L

+ ½G UG A ®
=

½G UG ®
½L UL (1 ¡ ®) + ½G UG ®

(7.20)

If the slip is oneSLP = 1 , thus equation (7.20) becomes

X =
½G ®

½L (1 ¡ ®) + ½G ®
(7.21)
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7.7 Homogeneous Models
Before discussing the homogeneous models, it is worthwhile to appreciate the complexity
of the °ow. For the construction of °uid basic equations, it was assumed that the °ow
is continuous. Now, this assumption has to be broken, and the °ow is continuous
only in many chunks (small segments). Furthermore, these segments are not de¯ned
but results of the conditions imposed on the °ow. In fact, the di®erent °ow regimes
are examples of typical con¯guration of segments of continuous °ow. Initially, it was
assumed that the di®erent °ow regimes can be neglected at least for the pressure loss
(not correct for the heat transfer). The single phase was studied earlier in this book
and there is a considerable amount of information about it. Thus, the simplest is to
used it for approximation.

The average velocity (see also equation (7.13)) is

Um =
QL + QG

A
= UsL + UsG = Um (7.22)

It can be noted that the continuity equation is satis¯ed as

_m = ½m Um A (7.23)

Example 7.1:
Under what conditions equation(7.23) is correct?

Solution

Under construction
End Solution

The governing momentum equation can be approximated as

_m
dUm

dx
= ¡ A

dP
dx

¡ S ¿w ¡ A ½m g sinµ (7.24)

or modifying equation (7.24) as

¡
dP
dx

= ¡
S
A

¿w ¡
_m
A

dUm

dx
+ ½m g sinµ (7.25)

The energy equation can be approximated as

dq
dx

¡
dw
dx

= _m
d

dx

µ
hm +

Um
2

2
+ g x sinµ

¶
(7.26)
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7.7.1 Pressure Loss Components

In a tube °owing upward in incline angleµ, the pressure loss is a®ected by friction loss,
acceleration, and body force(gravitation). These losses are non-linear and depend on
each other. For example, the gravitation pressure loss reduce the pressure and thus the
density must change and hence, acceleration must occur. However, for small distances
(dx) and some situations, this dependency can be neglected. In that case, from equation
(7.25), the total pressure loss can be written as

dP
dx

=

f riction
z }| {
dP
dx

¯
¯
¯
¯
f

+

acceleration
z }| {
dP
dx

¯
¯
¯
¯
a

+

gravity
z }| {
dP
dx

¯
¯
¯
¯
g (7.27)

Every part of the total pressure loss will be discussed in the following section.

7.7.1.1 Friction Pressure Loss

The frictional pressure loss for a conduit can be calculated as

¡
dP
dx

¯
¯
¯
¯
f

=
S
A

¿w (7.28)

WhereS is the perimeter of the °uid. For calculating the frictional pressure loss in the
pipe is

¡
dP
dx

¯
¯
¯
¯
f

=
4¿w

D
(7.29)

The wall shear stress can be estimated by

¿w = f
½m Um

2

2
(7.30)

The friction factor is measured for a single phase °ow where the average velocity is
directly related to the wall shear stress. There is not available experimental data for
the relationship of the averaged velocity of the two (or more) phases and wall shear
stress. In fact, this friction factor was not measured for the \averaged" viscosity of the
two phase °ow. Yet, since there isn't anything better, the experimental data that was
developed and measured for single °ow is used.

The friction factor is obtained by using the correlation

f = C
µ

½m Um D
¹ m

¶ ¡ n

(7.31)

WhereC and n are constants which depend on the °ow regimes (turbulent or laminar
°ow). For laminar °owC = 16 andn = 1 . For turbulent °ow C = 0 :079andn = 0 :25.
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There are several suggestions for the average viscosity. For example, Duckler suggest
the following

¹ m =
¹ G QG

QG + QL
+

¹ L QL

QG + QL
(7.32)

Duckler linear formula does not provide always good approximation and Cichilli suggest
similar to equation (7.33) average viscosity as

¹ average =
1

X
¹ G

+ (1 ¡ X )
¹ L

(7.33)

Or simply make the average viscosity depends on the mass fraction as

¹ m = X ¹ G + (1 ¡ X ) ¹ L (7.34)

Using this formula, the friction loss can be estimated.

7.7.1.2 Acceleration Pressure Loss

The acceleration pressure loss can be estimated by

¡
dP
dx

¯
¯
¯
¯
a

= _m
dUm

dx
(7.35)

The acceleration pressure loss (can be positive or negative) results from change of
density and the change of cross section. Equation (7.35) can be written as

¡
dP
dx

¯
¯
¯
¯
a

= _m
d

dx

Ã
_m

A ½m

!

(7.36)

Or in an explicit way equation (7.36) becomes

¡
dP
dx

¯
¯
¯
¯
a

= _m2

2

6
6
6
6
4

pressure loss due to
density change

z }| {
1
A

d
dx

Ã
1

½m

!

+

pressure loss due to
area change

z }| {
1

½m A2

dA
dx

3

7
7
7
7
5

(7.37)

There are several special cases. The ¯rst case where the cross section is constant,
dA/ dx = 0 . In second case is where the mass °ow rates of gas and liquid is constant
in which the derivative ofX is zero,dX / dx = 0 . The third special case is for constant
density of one phase only,d½L / dx = 0 . For the last point, the private case is where
densities are constant for both phases.
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7.7.1.3 Gravity Pressure Loss

Gravity was discussed in Chapter4 and is

dP
dx

¯
¯
¯
¯
g

= g ½m sinµ (7.38)

The density change during the °ow can be represented as a function of density. The
density in equation (7.38) is the density without the \movement" (the \static" density).

7.7.1.4 Total Pressure Loss

The total pressure between two points, (a and b) can be calculated with integration as

¢ Pab =
Z b

a

dP
dx

dx (7.39)

and therefore

¢ Pab =

f riction
z }| {
¢ Pabf +

acceleration
z }| {
¢ Paba +

gravity
z }| {
¢ Pabg (7.40)

7.7.2 Lockhart Martinelli Model

The second method is by assumption that every phase °ow separately One such popular
model by Lockhart and Martinelli8. Lockhart and Martinelli built model based on the
assumption that the separated pressure loss are independent from each other. Lockhart
Martinelli parameters are de¯ned as the ratio of the pressure loss of two phases and
pressure of a single phase. Thus, there are two parameters as shown below.

Á
G

=

s
dP
dx

¯
¯
¯
¯
T P

Á
dP
dx

¯
¯
¯
¯
SG

¯
¯
¯
¯
¯
f

(7.41)

Where theTP denotes the two phases andSG denotes the pressure loss for the single
gas phase. Equivalent de¯nition for the liquid side is

Á
L

=

s
dP
dx

¯
¯
¯
¯
T P

Á
dP
dx

¯
¯
¯
¯
SL

¯
¯
¯
¯
¯
f

(7.42)

Where theSL denotes the pressure loss for the single liquid phase.

8This method was considered a military secret, private communication with Y., Taitle



7.8. SOLID{LIQUID FLOW 177

The ratio of the pressure loss for a single liquid phase and the pressure loss for a
single gas phase is

¥ =

s
dP
dx

¯
¯
¯
¯
SL

Á
dP
dx

¯
¯
¯
¯
SG

¯
¯
¯
¯
¯
f

(7.43)

where¥ is Martinelli parameter.
It is assumed that the pressure loss for both phases are equal.

dP
dx

¯
¯
¯
¯
SG

=
dP
dx

¯
¯
¯
¯
SL

(7.44)

The pressure loss for the liquid phase is

dP
dx

¯
¯
¯
¯
L

=
2f L UL

2 ½l

DL
(7.45)

For the gas phase, the pressure loss is

dP
dx

¯
¯
¯
¯
G

=
2f G UG

2 ½l

DG
(7.46)

Simpli¯ed model is when there is no interaction between the two phases.
To insert the Diagram.

7.8 Solid{Liquid Flow
Solid{liquid system is simpler to analyze than the liquid-liquid system. In solid{liquid,
the e®ect of the surface tension are very minimal and can be ignored. Thus, in this
discussion, it is assumed that the surface tension is insigni¯cant compared to the gravity
forces. The word \solid" is not really mean solid but a combination of many solid par-
ticles. Di®erent combination of solid particle creates di®erent \liquid." Therefor,there
will be a discussion about di®erent particle size and di®erent geometry (round, cubic,
etc). The uniformity is categorizing the particle sizes, distribution, and geometry. For
example, analysis of small coal particles in water is di®erent from large coal particles in
water.

The density of the solid can be above or below the liquid. Consider the case
where the solid is heavier than the liquid phase. It is also assumed that the \liquids"
density does not change signi¯cantly and it is far from the choking point. In that case
there are four possibilities for vertical °ow:

1. The °ow with the gravity and lighter density solid particles.

2. The °ow with the gravity and heavier density solid particles.

3. The °ow against the gravity and lighter density solid particles.
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4. The °ow against the gravity and heavier density solid particles.

All these possibilities are di®erent. However, there are two sets of similar char-
acteristics, possibility, 1 and 4 and the second set is 2 and 3. The ¯rst set is similar
because the solid particles are moving faster than the liquid velocity and vice versa for
the second set (slower than the liquid). The discussion here is about the last case (4)
because very little is known about the other cases.

7.8.1 Solid Particles with Heavier Density ½S > ½L

Solid{liquid °ow has several combination °ow regimes.
When the liquid velocity is very small, the liquid cannot carry the solid particles

because there is not enough resistance to lift up the solid particles. A particle in a
middle of the vertical liquid °ow experience several forces. The force balance of
spherical particle in ¯eld viscous °uid (creeping °ow) is

gravity and buoyancy
forcesz }| {

¼ D3 g(½S ¡ ½L )
6

=

drag forces
z }| {
CD 1 ¼ D2 ½L UL

2

8
(7.47)

WhereCD 1 is the drag coe±cient and is a function of Reynolds number,Re, and D
is the equivalent radius of the particles. The Reynolds number de¯ned as

Re =
UL D ½L

¹ L
(7.48)

Inserting equating (7.48) into equation (7.47) become

CD 1 (UL )
z }| {
f (Re) UL

2 =
4D g (½S ¡ ½L )

3½L
(7.49)

Equation (7.49) relates the liquid velocity that needed to maintain the particle \°oat-
ing" to the liquid and particles properties. The drag coe±cient,CD 1 is complicated
function of the Reynolds number. However, it can be approximated for several regimes.
The ¯rst regime is forRe < 1 where Stokes' Law can be approximated as

CD 1 =
24
Re

(7.50)

In transitional region1 < Re < 1000

CD 1 =
24
Re

µ
1 +

1
6

Re2=3
¶

(7.51)

For larger Reynolds numbers, the Newton's Law region,CD 1 , is nearly constant as

CD 1 = 0 :44 (7.52)
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In most cases of solid-liquid system, the Reynolds number is in the second range9. For
the ¯rst region, the velocity is small to lift the particle unless the density di®erence is
very small (that very small force can lift the particles). In very large range (especially
for gas) the choking might be approached. Thus, in many cases the middle region is
applicable.

So far the discussion was about single particle. When there are more than one
particle in the cross section, then the actual velocity that every particle experience
depends on the void fraction. The simplest assumption that the change of the cross
section of the °uid create a parameter that multiply the single particle as

CD 1 j® = CD 1 f (®) (7.53)

When the subscript® is indicating the void, the functionf (®) is not a linear function.
In the literature there are many functions for various conditions.

Minimum velocity is the velocity when the particle is \°oating". If the velocity is
larger, the particle will drift with the liquid. When the velocity is lower, the particle will
sink into the liquid. When the velocity of liquid is higher than the minimum velocity
many particles will be °oating. It has to remember that not all the particle are uniform
in size or shape. Consequently, the minimum velocity is a range of velocity rather than
a sharp transition point.
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Fig. -7.8. The terminal velocity that left the solid
particles.

As the solid particles are not
pushed by a pump but moved by the
forces the °uid applies to them. Thus,
the only velocity that can be applied is
the °uid velocity. Yet, the solid particles
can be supplied at di®erent rate. Thus,
the discussion will be focus on the °uid
velocity. For small gas/liquid velocity,
the particles are what some call ¯xed °u-
idized bed. Increasing the °uid velocity
beyond a minimum will move the parti-
cles and it is referred to as mix °uidized
bed. Additional increase of the °uid ve-
locity will move all the particles and this
is referred to as fully °uidized bed. For
the case of liquid, further increase will
create a slug °ow. This slug °ow is when slug shape (domes) are almost empty of the
solid particle. For the case of gas, additional increase create \tunnels" of empty almost
from solid particles. Additional increase in the °uid velocity causes large turbulence and
the ordinary domes are replaced by churn type °ow or large bubbles that are almost
empty of the solid particles. Further increase of the °uid °ow increases the empty spots
to the whole °ow. In that case, the sparse solid particles are dispersed all over. This
regimes is referred to as Pneumatic conveying (see Figure7.9).

9It be wonderful if °ow was in the last range? The critical velocity could be found immediately.
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Fig. -7.9. The °ow patterns in solid-liquid °ow.

One of the main di®erence between the liquid and gas °ow in this category is
the speed of sound. In the gas phase, the speed of sound is reduced dramatically with
increase of the solid particles concentration (further reading Fundamentals of Compress-
ible Flow" chapter on Fanno Flow by this author is recommended). Thus, the velocity
of gas is limited when reaching the Mach somewhere between1=

p
k and 1 since the

gas will be choked (neglecting the double choking phenomenon). Hence, the length of
conduit is very limited. The speed of sound of the liquid does not change much. Hence,
this limitation does not (e®ectively) exist for most cases of solid{liquid °ow.

7.8.2 Solid With Lighter Density ½S < ½ and With Gravity

This situation is minimal and very few cases exist. However, it must be pointed out
that even in solid{gas, the °uid density can be higher than the solid (especially with
micro gravity). There was very little investigations and known about the solid{liquid
°owing down (with the gravity). Furthermore, there is very little knowledge about the
solid{liquid when the solid density is smaller than the liquid density. There is no known
°ow map for this kind of °ow that this author is aware of.

Nevertheless, several conclusions and/or expectations can be drawn. The issue of
minimum terminal velocity is not exist and therefor there is no ¯xed or mixed °uidized
bed. The °ow is fully °uidized for any liquid °ow rate. The °ow can have slug °ow
but more likely will be in fast Fluidization regime. The forces that act on the spherical
particle are the buoyancy force and drag force. The buoyancy is accelerating the particle
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and drag force are reducing the speed as

¼ D3 g(½S ¡ ½L )
6

=
CD 1 ¼ D2½L (US ¡ UL )2

8
(7.54)

From equation7.54, it can observed that increase of the liquid velocity will increase
the solid particle velocity at the same amount. Thus, for large velocity of the °uid it
can be observed thatUL =US ! 1. However, for a small °uid velocity the velocity ratio
is very large,UL =US ! 0. The a®ective body force \seems" by the particles can be in
some cases larger than the gravity. The °ow regimes will be similar but the transition
will be in di®erent points.

The solid{liquid horizontal °ow has some similarity to horizontal gas{liquid °ow.
Initially the solid particles will be carried by the liquid to the top. When the liquid
velocity increase and became turbulent, some of the particles enter into the liquid core.
Further increase of the liquid velocity appear as somewhat similar to slug °ow. However,
this author have not seen any evidence that show the annular °ow does not appear in
solid{liquid °ow.

7.9 Counter{Current Flow
This discussion will be only on liquid{liquid systems (which also includes liquid-gas
systems). This kind of °ow is probably the most common to be realized by the masses.
For example, opening a can of milk or juice. Typically if only one hole is opened on the
top of the can, the liquid will °ow in pulse regime. Most people know that two holes
are needed to empty the can easily and continuously. Otherwise, the °ow will be in a
pulse regime.
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Fig. -7.10. Counter{°ow in vertical tubes map.

In most cases, the possibility to
have counter{current °ow is limited to
having short length of tubes. In only
certain con¯gurations of the in¯nite long
pipes the counter{current °ow can exist.
In that case, the pressure di®erence and
gravity (body forces) dominates the °ow.
The inertia components of the °ow, for
long tubes, cannot compensate for the
pressure gradient. In short tube, the
pressure di®erence in one phase can be
positive while the pressure di®erence in
the other phase can be negative. The
pressure di®erence in the interface must
be ¯nite. Hence, the counter{current
°ow can have opposite pressure gradient
for short conduit. But in most cases, the heavy phase (liquid) is pushed by the gravity
and lighter phase (gas) is driven by the pressure di®erence.

The counter-current °ow occurs, for example, when cavity is ¯lled or emptied with
a liquid. The two phase regimes \occurs" mainly in entrance to the cavity. For example,
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Fig. -7.11. Counter{current °ow in a can (the left ¯gure) has only one hole thus pulse °ow
and a °ow with two holes (right picture).

Figure7.11 depicts emptying of can ¯lled with liquid. The air is \attempting" to enter
the cavity to ¯ll the vacuum created thus forcing pulse °ow. If there are two holes, in
some cases, liquid °ows through one hole and the air through the second hole and the
°ow will be continuous. It also can be noticed that if there is one hole (ori¯ce) and
a long and narrow tube, the liquid will stay in the cavity (neglecting other phenomena
such as dripping °ow.).

Fig. -7.12. Picture of Counter-current °ow in liquid{gas and solid{gas con¯gurations. The
container is made of two compartments. The upper compartment is ¯lled with the heavy phase
(liquid, water solution, or small wood particles) by rotating the container. Even though the
solid{gas ratio is smaller, it can be noticed that the solid{gas is faster than the liquid{gas °ow.

There are three °ow regimes10 that have been observed. The ¯rst °ow pattern
is pulse °ow regime. In this °ow regime, the phases °ow turns into di®erent direction
(see Figure7.12). The name pulse °ow is used to signify that the °ow is °owing in
pulses that occurs in a certain frequency. This is opposed to counter{current solid{gas
°ow when almost no pulse was observed. Initially, due to the gravity, the heavy liquid is
leaving the can. Then the pressure in the can is reduced compared to the outside and
some lighter liquid (gas)entered into the can. Then, the pressure in the can increase,

10Caution! this statement should be considered as \so far found". There must be other °ow regimes
that were not observed or de¯ned. For example, elongated pulse °ow was observed but measured. This
¯eld hasn't been well explored. There are more things to be examined and to be studied.
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and some heavy liquid will starts to °ow. This process continue until almost the liquid
is evacuated (some liquid stay due the surface tension). In many situations, the volume
°ow rate of the two phase is almost equal. The duration the cycle depends on several
factors. The cycle duration can be replaced by frequency. The analysis of the frequency
is much more complex issue and will not be dealt here.

Annular Flow in Counter{current °ow

Steam
Flow

Water
Flow

Fig. -7.13. Flood in vertical pipe.

The other °ow regime is annular °ow in
which the heavier phase is on the periphery of
the conduit (In the literature, there are some-
one who claims that heavy liquid will be in-
side). The analysis is provided, but somehow
it contradicts with the experimental evidence.
Probably, one or more of the assumptions that
the analysis based is erroneous). In very small
diameters of tubes the counter{current °ow is
not possible because of the surface tension (see
section4.7). The ratio of the diameter to the
length with some combinations of the physical
properties (surface tension etc) determines the point where the counter °ow can start.
At this point, the pulsing °ow will start and larger diameter will increase the °ow and
turn the °ow into annular °ow. Additional increase of the diameter will change the
°ow regime into extended open channel °ow. Extended open channel °ow retains the
characteristic of open channel that the lighter liquid (almost) does not e®ect the heavier
liquid °ow. Example of such °ow in the nature is water falls in which water °ows down
and air (wind) °ows up.

The driving force is the second parameter which e®ects the °ow existence. When
the driving (body) force is very small, no counter{current °ow is possible. Consider
the can in zero gravity ¯eld, no counter{current °ow possible. However, if the can was
on the sun (ignoring the heat transfer issue), the °ow regime in the can moves from
pulse to annular °ow. Further increase of the body force will move the °ow to be in
the extended \open channel °ow."

In the vertical co{current °ow there are two possibilities, °ow with gravity or
against it. As opposed to the co{current °ow, the counter{current °ow has no possibility
for these two cases. The heavy liquid will °ow with the body forces (gravity). Thus it
should be considered as non existent °ow.

7.9.1 Horizontal Counter{Current Flow

Up to this point, the discussion was focused on the vertical tubes. In horizontal tubes,
there is an additional °ow regime which is strati¯ed . Horizontal °ow is di®erent from
vertical °ow from the stability issues. A heavier liquid layer can °ow above a lighter
liquid. This situation is unstable for large diameter but as in static (see section (4.7)
page110) it can be considered stable for small diameters. A °ow in a very narrow tube
with heavy °uid above the lighter °uid should be considered as a separate issue.
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Fig. -7.14. A °ow map to explain the
horizontal counter{current °ow.

When the °ow rate of both °uids is very
small, the °ow will be strati¯ed counter{current
°ow. The °ow will change to pulse °ow when the
heavy liquid °ow rate increases. Further increase
of the °ow will result in a single phase °ow regime.
Thus, closing the window of this kind of °ow. Thus,
this increase terminates the two phase °ow possibil-
ity. The °ow map of the horizontal °ow is di®erent
from the vertical °ow and is shown in Figure7.14.
A °ow in an angle of inclination is closer to verti-
cal °ow unless the angle of inclination is very small.
The strati¯ed counter °ow has a lower pressure loss
(for the liquid side). The change to pulse °ow increases the pressure loss dramatically.

7.9.2 Flooding and Reversal Flow

The limits of one kind the counter{current °ow regimes, that is strati¯ed °ow are
discussed here. This problem appears in nuclear engineering (or boiler engineering)
where there is a need to make sure that liquid (water) inserted into the pipe reaching
the heating zone. When there is no water (in liquid phase), the ¯re could melt or
damage the boiler. In some situations, the ¯re can be too large or/and the water supply
failed below a critical value the water turn into steam. The steam will °ow in the
opposite direction. To analyze this situation consider a two dimensional conduit with
a liquid inserted in the left side as depicted in Figure7.13. The liquid velocity at very
low gas velocity is constant but not uniform. Further increase of the gas velocity will
reduce the average liquid velocity. Additional increase of the gas velocity will bring it
to a point where the liquid will °ow in a reverse direction and/or disappear (dried out).
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Fig. -7.15. A diagram to explain the
°ood in a two dimension geometry.

A simpli¯ed model for this situation is for a
two dimensional con¯guration where the liquid is
°owing down and the gas is °owing up as shown
in Figure 7.15. It is assumed that both °uids are
°owing in a laminar regime and steady state. Ad-
ditionally, it is assumed that the entrance e®ects
can be neglected. The liquid °ow rate,QL , is un-
known. However, the pressure di®erence in the (x
direction) is known and equal to zero. The bound-
ary conditions for the liquid is that velocity at the
wall is zero and the velocity at the interface is the
same for both phasesUG = UL or ¿i jG = ¿i jL .
As it will be shown later, both conditions cannot
coexist. The model can be improved by consider-
ing turbulence, mass transfer, wavy interface, etc11.

11The circular con¯guration is under construction and will be appeared as a separated article mo-
mentarily.
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This model is presented to exhibits the trends and the special features of counter-current
°ow. Assuming the pressure di®erence in the °ow direction for the gas is constant and
uniform. It is assumed that the last assumption does not contribute or change sig-
ni¯cantly the results. The underline rational for this assumption is that gas density
does not change signi¯cantly for short pipes (for more information look for the book
\Fundamentals of Compressible Flow" in Potto book series in the Fanno °ow chapter.).

The liquid ¯lm thickness is unknown and can be expressed as a function of the
above boundary conditions. Thus, the liquid °ow rate is a function of the boundary
conditions. On the liquid side, the gravitational force has to be balanced by the shear
forces as

d¿xy

dx
= ½L g (7.55)

The integration of equation (7.55) results in

¿xy = ½L g x + C1 (7.56)

The integration constant,C1, can be found from the boundary condition where¿xy (x =
h) = ¿i . Hence,

¿i = ½L g h + C1 (7.57)

The integration constant is thenCi = ¿i ¡ ½L g h which leads to

¿xy = ½L g(x ¡ h) + ¿i (7.58)

Substituting the newtonian °uid relationship into equation (7.58) to obtained

¹ L
dUy

dx
= ½L g(x ¡ h) + ¿i (7.59)

or in a simpli¯ed form as

dUy

dx
=

½L g(x ¡ h)
¹ L

+
¿i

¹ L
(7.60)

Equation (7.60) can be integrate to yield

Uy =
½L g
¹ L

µ
x2

2
¡ h x

¶
+

¿i x
¹ L

+ C2 (7.61)

The liquid velocity at the wall, [U(x = 0) = 0 ], is zero and the integration coe±cient
can be found to be

C2 = 0 (7.62)

The liquid velocity pro¯le is then

Uy =
½L g
¹ L

µ
x2

2
¡ h x

¶
+

¿i x
¹ L (7.63)
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The velocity at the liquid{gas interface is

Uy (x = h) =
¿i h
¹ L

¡
½L g h2

2¹ L
(7.64)

The velocity can vanish (zero) inside the ¯lm in another point which can be
obtained from

0 =
½L g
¹ L

µ
x2

2
¡ h x

¶
+

¿i x
¹ L

(7.65)

The solution for equation (7.65) is

xj@UL =0 = 2 h ¡
2¿i

¹ L g ½L
(7.66)

The maximumx value is limited by the liquid ¯lm thickness,h. The minimum shear
stress that start to create reversible velocity is obtained whenx = h which is

0 =
½L g
¹ L

µ
h2

2
¡ h h

¶
+

¿i h
¹ L

(7.67)

,! ¿i 0 =
h g ½L

2

If the shear stress is below this critical shear stress¿i 0 then no part of the liquid will
have a reversed velocity. The notation of¿i 0 denotes the special value at which a
starting shear stress value is obtained to have reversed °ow. The point where the liquid
°ow rate is zero is important and it is referred to as initial °ashing point.

The °ow rate can be calculated by integrating the velocity across the entire liquid
thickness of the ¯lm.

Q
w

=
Z h

0
Uy dx =

Z h

0

·
½L g
¹ L

µ
x2

2
¡ h x

¶
+

¿i x
¹ L

¸
dx (7.68)

Wherew is the thickness of the conduit (see Figure7.15). Integration equation (7.68)
results in

Q
w

=
h2 (3 ¿i ¡ 2g h ½L )

6¹ L
(7.69)

It is interesting to ¯nd the point where the liquid mass °ow rate is zero. This point
can be obtained when equation (7.69) is equated to zero. There are three solutions for
equation (7.69). The ¯rst two solutions are identical in which the ¯lm height ish = 0
and the liquid °ow rate is zero. But, also, the °ow rate is zero when3¿i = 2 g h ½L .
This request is identical to the demand in which

¿i
critical

=
2g h ½L

3 (7.70)
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This critical shear stress, for a given ¯lm thickness, reduces the °ow rate to zero or
e®ectively \drying" the liquid (which is di®erent then equation (7.67)).

For this shear stress, the critical upward interface velocity is

Ucritical j interface =

( 2
3 ¡ 1

2 )
z}|{

1
6

µ
½L g h2

¹ L

¶

(7.71)

The wall shear stress is the last thing that will be done on the liquid side. The wall
shear stress is

¿L j@wall = ¹ L
dU
dx

¯
¯
¯
¯
x =0

= ¹ L

0

B
B
@

½L g
¹ L

µ

©©* 0
2x ¡ h

¶
+

¿iz }| {
2g h ½L

3
1

¹ L

1

C
C
A

x =0

(7.72)

Simplifying equation (7.72)12 becomes (notice the change of the sign accounting for
the direction)

¿L j@wall =
g h ½L

3
(7.73)

Again, the gas is assumed to be in a laminar °ow as well. The shear stress on gas
side is balanced by the pressure gradient in they direction. The momentum balance on
element in the gas side is

d¿xy G

dx
=

dP
dy

(7.74)

The pressure gradient is a function of the gas compressibility. For simplicity, it is
assumed that pressure gradient is linear. This assumption means or implies that the
gas is incompressible °ow. If the gas was compressible with an ideal gas equation of
state then the pressure gradient is logarithmic. Here, for simplicity reasons, the linear
equation is used. In reality the logarithmic equation should be used ( a discussion can be
found in \Fundamentals of Compressible Flow" a Potto project book). Thus, equation
(7.74) can be rewritten as

d¿xy G

dx
=

¢ P
¢ y

=
¢ P
L

(7.75)

Where¢ y = L is the entire length of the °ow and¢ P is the pressure di®erence of
the entire length. Utilizing the Newtonian relationship, the di®erential equation is

d2UG

dx2 =
¢ P
¹ G L

(7.76)

12Also noticing that equation (7.70) has to be equal g h ½L to support the weight of the liquid.
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Equation (7.76) can be integrated twice to yield

UG =
¢ P
¹ G L

x2 + C1 x + C2 (7.77)

This velocity pro¯le must satisfy zero velocity at the right wall. The velocity at
the interface is the same as the liquid phase velocity or the shear stress are equal.
Mathematically these boundary conditions are

UG (x = D) = 0 (7.78)

and

UG (x = h) = UL (x = h) (a) or (7.79)

¿G (x = h) = ¿L (x = h) (b)

Applying B.C. (7.78) into equation (7.77) results in

UG = 0 =
¢ P
¹ G L

D 2 + C1 D + C2 (7.80)

,! C2 = ¡
¢ P
¹ G L

D 2 + C1 D

Which leads to

UG =
¢ P
¹ G L

¡
x2 ¡ D 2¢

+ C1 (x ¡ D ) (7.81)

At the other boundary condition, equation (7.79)(a), becomes

½L g h2

6¹ L
=

¢ P
¹ G L

¡
h2 ¡ D 2¢

+ C1 (h ¡ D ) (7.82)

The last integration constant,C1 can be evaluated as

C1 =
½L g h2

6¹ L (h ¡ D )
¡

¢ P (h + D)
¹ G L

(7.83)

With the integration constants evaluated, the gas velocity pro¯le is

UG =
¢ P
¹ G L

¡
x2 ¡ D 2¢

+
½L g h2 (x ¡ D )

6¹ L (h ¡ D )
¡

¢ P (h + D) (x ¡ D)
¹ G L

(7.84)

The velocity in Equation (7.84) is equal to the velocity equation (7.63) when (x = h).
However, in that case, it is easy to show that the gas shear stress is not equal to the
liquid shear stress at the interface (when the velocities are assumed to be the equal).
The di®erence in shear stresses at the interface due to this assumption, of the equal
velocities, cause this assumption to be not physical.
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The second choice is to use the equal shear stresses at the interface, condition
(7.79)(b). This condition requires that

¹ G
dUG

dx
= ¹ L

dUL

dx
(7.85)

The expressions for the derivatives are

gas side
z }| {
2h ¢ P

L
+ ¹ G C1 =

liquid side
z }| {
2g h ½L

3
(7.86)

As result, the integration constant is

C1 =
2g h ½L

3¹ G
¡

2h ¢ P
¹ G L

(7.87)

The gas velocity pro¯le is then

UG =
¢ P
¹ G L

¡
x2 ¡ D 2¢

+
µ

2g h ½L

3¹ G
¡

2h ¢ P
¹ G L

¶
(x ¡ D ) (7.88)

The gas velocity at the interface is then

UG j@x = h =
¢ P
¹ G L

¡
h2 ¡ D 2¢

+
µ

2g h ½L

3¹ G
¡

2h ¢ P
¹ G L

¶
(h ¡ D) (7.89)

This gas interface velocity is di®erent than the velocity of the liquid side. The
velocity at interface can have a \slip" in very low density and for short distances. The
shear stress at the interface must be equal, if no special e®ects occurs. Since there
no possibility to have both the shear stress and velocity on both sides of the interface,
di®erent thing(s) must happen. It was assumed that the interface is straight but is
impossible. Then if the interface becomes wavy, the two conditions can co{exist.

The wall shear stress is

¿G j@wall = ¹ G
dUG

dx

¯
¯
¯
¯
x = D

= ¹ G

µ
¢ P 2x
¹ G L

+
µ

2g h ½L

3¹ G
¡

2h ¢ P
¹ G L

¶¶

x = D
(7.90)

or in a simpli¯ed form as

¿G j@wall =
2 ¢ P (D ¡ h)

L
+

2g h ½L

3
(7.91)

The Required Pressure Di®erence
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Fig. -7.16. General forces diagram to calculated the in a
two dimension geometry.

The pressure di®erence to
create the °ooding (drying) has
to take into account the fact that
the surface is wavy. However, as
¯rst estimate the waviness of the
surface can be neglected. The es-
timation of the pressure di®erence
under the assumption of equal
shear stress can be applied. In
the same fashion the pressure dif-
ference under the assumption the
equal velocity can be calculated.
The actual pressure di®erence can
be between these two assump-
tions but not must be between them. This model and its assumptions are too sim-
plistic and the actual pressure di®erence is larger. However, this explanation is to show
magnitudes and trends and hence it provided here.

To calculate the required pressure that cause the liquid to dry, the total balance is
needed. The control volume include the gas and liquid volumes. Figure7.16 describes
the general forces that acts on the control volume. There are two forces that act
against the gravity and two forces with the gravity. The gravity force on the gas can
be neglected in most cases. The gravity force on the liquid is the liquid volume times
the liquid volume as

FgL = ½ g

V olme=w
z}|{
h L (7.92)

The total momentum balance is (see Figure7.16)

FgL +

A=w
z}|{

L ¿w
G

=

A=w
z}|{

L ¿w
L

+

force due to pressure
z }| {
D ¢ P (7.93)

Substituting the di®erent terms into (7.93) result in

½ g L h+ L
µ

2 ¢ P (D ¡ h)
L

+
2g h ½L

3

¶
= L

g h ½L

3
+ D ¢ P (7.94)

Simplifying equation (7.94) results in

4½ g L h
3

= (2 h ¡ D) ¢ P (7.95)

or

¢ P =
4½ g L h

3 (2h ¡ D)
(7.96)
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This analysis shows far more reaching conclusion that initial anticipation expected.
The interface between the two liquid °owing together is wavy. Unless the derivations
or assumptions are wrong, this analysis equation (7.96) indicates that whenD > 2h is
a special case (extend open channel °ow).

7.10 Multi{Phase Conclusion
For the ¯rst time multi{phase is included in a standard introductory textbook on °uid
mechanics. There are several points that should be noticed in this chapter. There are
many °ow regimes in multi{phase °ow that \regular" °uid cannot be used to solve
it such as °ooding. In that case, the appropriate model for the °ow regime should
be employed. The homogeneous models or combined models like Lockhart{Martinelli
can be employed in some cases. In other case where more accurate measurement are
needed a speci¯c model is required. Perhaps as a side conclusion but important, the
assumption of straight line is not appropriate when two liquid with di®erent viscosity
are °owing.
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