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CHAPTER 4

Fluids Statics

4.1 Introduction
The simplest situation that can occur in the study of fluid is when the fluid is at rest or
quasi rest. This topic was introduced to most students in previous study of rigid body.
However, here this topic will be more vigorously examined. Furthermore, the student
will be exposed to stability analysis probably for the first time. Later, the methods
discussed here will be expanded to more complicated dynamics situations.

4.2 The Hydrostatic Equation
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Fig. -4.1. Description of a fluid element in accel-
erated system under body forces.

A fluid element with dimensions of DC,
dy, and dz is motionless in the accel-
erated system, with acceleration, a as
shown in Figure 4.1. The system is
in a body force field, gG(x, y, z). The
combination of an acceleration and the
body force results in effective body force
which is

gG − a = geff (4.1)

Equation (4.1) can be reduced and simplified for the case of no acceleration, a = 0.
In these derivations, several assumptions must be made. The first assumption

is that the change in the pressure is a continuous function. There is no requirement
that the pressure has to be a monotonous function e.g. that pressure can increase
and later decrease. The changes of the second derivative pressure are not significant
compared to the first derivative (∂P/∂n × dℓ >> ∂2P/∂n2). where n is the steepest
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72 CHAPTER 4. FLUIDS STATICS

direction of the pressure derivative and dℓ is the infinitesimal length. This mathematical
statement simply requires that the pressure can deviate in such a way that the average
on infinitesimal area can be found and expressed as only one direction. The net pressure
force on the faces in the x direction results in

dF = −
(

∂P
∂x

)
dydx î (4.2)

In the same fashion, the calculations of the three directions result in the total net
pressure force as

∑

surface

F = −
(

∂P
∂x

î +
∂P
∂y

ĵ +
∂P
∂y

k̂
)

(4.3)

The term in the parentheses in equation (4.3) referred to in the literature as
the pressure gradient (see for more explanation in the Mathematics Appendix). This
mathematical operation has a geometrical interpretation. If the pressure, P , was a
two–dimensional height (that is only a function of x and y) then the gradient is the
steepest ascent of the height (to the valley). The second point is that the gradient is a
vector (that is, it has a direction). Even though, the pressure is treated, now, as a scalar
function (there no reference to the shear stress in part of the pressure) the gradient is
a vector. For example, the dot product of the following is

î · gradP = î · ∇P =
∂P
∂x

(4.4)

In general, if the coordinates were to “rotate/transform” to a new system which
has a different orientation, the dot product results in

in · gradP = in · ∇P =
∂P
∂n

(4.5)

where in is the unit vector in the n direction and ∂/∂n is a derivative in that direction.
As before, the effective gravity force is utilized in case where the gravity is the only

body force and in an accelerated system. The body (element) is in rest and therefore
the net force is zero

∑

total

F =
∑

surface

F +
∑

body

F (4.6)

Hence, the utilizing the above derivations one can obtain

−gradP dx dy dz + ρ geffdx dy dz = 0 (4.7)

or

gradP = ∇P = ρ geff

Pressure Gradient

(4.8)



4.3. PRESSURE AND DENSITY IN A GRAVITATIONAL FIELD 73

Some refer to equation (4.8) as the Fluid Static Equation. This equation can be
integrated and therefore solved. However, there are several physical implications to this
equation which should be discussed and are presented here. First, a discussion on a
simple condition and will continue in more challenging situations.

4.3 Pressure and Density in a Gravitational Field
In this section, a discussion on the pressure and the density in various conditions is
presented.

4.3.1 Constant Density in Gravitational Field
The simplest case is when the density, ρ, pressure, P , and temperature, T (in a way
no function of the location) are constant. Traditionally, the z coordinate is used as the
(negative) direction of the gravity1. The effective body force is

geff = −g k̂ (4.9)

Utilizing equation (4.9) and substituting it into equation (4.8) results into three
simple partial differential equations. These equations are

∂P
∂x

=
∂P
∂y

= 0 (4.10)

and

∂P
∂z

= −ρ g

Pressure Change

(4.11)

Equations (4.10) can be integrated to yield

P (x, y) = constant (4.12)

and constant in equation (4.12) can be absorbed by the integration of equation (4.11)
and therefore

P (x, y, z) = −ρgz + constant (4.13)

The integration constant is determined from the initial conditions or another point.
For example, if at point z0 the pressure is P0 then the equation (4.13) becomes

P (z) − P0 = −ρg(z − z0) (4.14)

1This situation were the tradition is appropriated, it will be used. There are fields where x or y are
designed to the direction of the gravity and opposite direction. For this reason sometime there will be
a deviation from the above statement.
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Constant
Pressure
Lines

Fig. -4.2. Pressure lines in a static fluid with a constant density.

ρ g h

a

Fig. -4.3. A schematic to explain the measure
of the atmospheric pressure.

It is evident from equation (4.13) that the
pressure depends only on z and/or the con-
stant pressure lines are in the plane of x
and y. Figure 4.2 describes the constant
pressure lines in the container under the
gravity body force. The pressure lines are
continuous even in area where there is a
discontinuous fluid. The reason that a
solid boundary doesn’t break the continu-
ity of the pressure lines is because there is
always a path to some of the planes.

It is convenient to reverse the direc-
tion of z to get rid of the negative sign and
to define h as the dependent of the fluid
that is h ≡ −(z − z0) so equation (4.14)
becomes

P (h) − P0 = ρgh

Pressure relationship

(4.15)

In the literature, the right hand side of the equation (4.15) is defined as piezo-
metric pressure.

Example 4.1:

Two chambers tank depicted in Figure 4.4 are in equilibration. If the air mass at
chamber A is 1 Kg while the mass at chamber B is unknown. The difference in the
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h1

h2

h3

Fig. -4.4. The effective gravity is
for accelerated cart.

liquid heights between the two chambers
is 2[m]. The liquid in the two chambers
is water. The area of each chamber is
1[m2]. Calculate the air mass in chamber
B. You can assume ideal gas for the air
and the water is incompressible substance
with density of 1000[kg/m2]. The total
height of the tank is 4[m]. Assume that
the chamber are at the same temperature
of 27◦C.

Solution

The equation of state for the chamber A is

mA =
R T

PA VA
(4.I.a)

The equation of state for the second chamber is

mB =
R T

PB VB
(4.I.b)

The water volume is

Vtotal = h1 A + (h1 + h2)A = (2 h1 + h2) A (4.I.c)

The pressure difference between the liquid interface is estimated negligible the air
density as

PA − PB = ∆P = h2 ρ g (4.I.d)

combining equations (4.I.a), (4.I.b) results in

R T
mA VA

−
R T

mB VB
= h2 ρ g =⇒



1 −
1

mB

mA

VB

VA



 =
h2 ρ g mA VA

R T
(4.I.e)

In equation the only unknown is the ratio of mB/mA since everything else is known.
Denoting X = mB/mA results in

1

X
= 1 −

h2 ρ g mA VA

R T
=⇒ X =

1

1 −
h2 ρ g mA VA

R T
(4.I.f)

End Solution

The following question is a very nice qualitative question of understanding this
concept.

Example 4.2:
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hLhH

h1

h2

Fig. -4.5. Tank and the effects dif-
ferent liquids.

A tank with opening at the top to the
atmosphere contains two immiscible liq-
uids one heavy and one light as depicted
in Figure 4.5 (the light liquid is on the
top of the heavy liquid). Which piezo-
metric tube will be higher? why? and
how much higher? What is the pressure
at the bottom of the tank?

Solution

The common instinct is to find that the lower tube will contain the higher liquids. For
the case, the lighter liquid is on the top the heavier liquid the the top tube is the same
as the surface. However, the lower tube will raise only to (notice that g is canceled)

hL =
ρ1 h1 + ρ2 h2

ρ2
(4.II.a)

Since ρ1 > ρ1 the mathematics dictate that the height of the second is lower. The
difference is

hH − hL

h2
=

hH

h2
−

(
ρ1 h1 + ρ2 h2

hr21 ρ2

)
(4.II.b)

It can be noticed that hH = h1 + h − 2 hence,

hH − hL

h2
=

h1 + h2

h2
−

(
ρ1 h1 + ρ2 h2

h2 ρ2

)
=

h1

h2

(
1 −

ρ1

ρ2

)
(4.II.c)

or

hH − hL = h1

(
1 −

ρ1

ρ2

)
(4.II.d)

The only way the hL to be higher of hH is if the heavy liquid is on the top if the
stability allow it. The pressure at the bottom is

P = Patmos + g (ρ1 h1 + ρ2 h2) (4.16)

End Solution

Example 4.3:

The effect of the water in the car tank is more than the possibility that water freeze
in fuel lines. The water also can change measurement of fuel gage. The way the
interpretation of an automobile fuel gage is proportional to the pressure at the bottom
of the fuel tank. Part of the tank height is filled with the water at the bottom (due to
the larger density). Calculate the error for a give ratio between the fuel density to the
water.
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Solution

The ratio of the fuel density to water density is ς = ρf /ρw and the ratio of the total
height to the water height is x = hw/htotal Thus the pressure at the bottom when the
tank is full with only fuel

Pfull = ρf htotal g (4.III.a)

But when water is present the pressure will be the same at

Pfull = (ρw x + φ ρf ) g htotal (4.III.b)

and if the two are equal at

ρf »»»htotal ¢g = (ρw x + φ ρf ) ¢g»»»htotal (4.III.c)

where φ in this case the ratio of the full height (on the fake) to the total height. Hence,

φ =
ρf − x ρw

ρf
(4.III.d)

End Solution

4.3.2 Pressure Measurement
4.3.2.1 Measuring the Atmospheric Pressure

One of the application of this concept is the idea of measuring the atmospheric pressure.
Consider a situation described in Figure 4.3. The liquid is filling the tube and is brought
into a steady state. The pressure above the liquid on the right side is the vapor pressure.
Using liquid with a very low vapor pressure like mercury, will result in a device that can
measure the pressure without additional information (the temperature).

Example 4.4:

Calculate the atmospheric pressure at 20◦C. The high of the Mercury is 0.76 [m] and
the gravity acceleration is 9.82[m/sec]. Assume that the mercury vapor pressure is
0.000179264[kPa]. The description of the height is given in Figure 4.3. The mercury
density is 13545.85[kg/m3].

Solution

The pressure is uniform or constant plane perpendicular to the gravity. Hence, knowing
any point on this plane provides the pressure anywhere on the plane. The atmospheric
pressure at point a is the same as the pressure on the right hand side of the tube.
Equation (4.15) can be utilized and it can be noticed that pressure at point a is

Pa = ρ g h + Pvapor (4.17)
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The density of the mercury is given along with the gravity and therefore,

Pa = 13545.85 × 9.82 × 0.76 ∼ 101095.39[Pa] ∼ 1.01[Bar]

The vapor pressure is about 1 × 10−4 percent of the total results.
End Solution

Gas

valve

h

The pressure, P

1

2

Fig. -4.6. Schematic of gas measurement
utilizing the “U” tube.

The main reason the mercury is used be-
cause of its large density and the fact that it
is in a liquid phase in most of the measure-
ment range. The third reason is the low va-
por (partial) pressure of the mercury. The par-
tial pressure of mercury is in the range of the
0.000001793[Bar] which is insignificant com-
pared to the total measurement as can be ob-
served from the above example.

Example 4.5:

A liquid2 a in amount Ha and a liquid b in
amount Hb in to an U tube. The ratio of the
liquid densities is α = ρ1/ρ2. The width of the
U tube is L. Locate the liquids surfaces.

Solution

The question is to find the equilibrium point where two liquids balance each other. If
the width of the U tube is equal or larger than total length of the two liquids then the
whole liquid will be in bottom part. For smaller width, L, the ratio between two sides
will be as

ρ1 h1 = ρ2 h2 → h2 = α h1

The mass conservation results in

Ha + Hb = L + h1 + h2

Thus two equations and two unknowns provide the solution which is

h1 =
Ha + Hb − L

1 + α
When Ha > L and ρa (Ha − L) ≥ ρb (or the opposite) the liquid a will be on the two
sides of the U tube. Thus, the balance is

h1 ρb + h2 ρa = h3 ρa

where h1 is the height of liquid b where h2 is the height of “extra” liquid a and same
side as liquid b and where h3 is the height of liquid b on the other side. When in this
case h1 is equal to Hb. The additional equation is the mass conservation as

Ha = h2 + L + h3

2This example was requested by several students who found their instructor solution unsatisfactory.
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The solution is

h2 =
(Ha − L) ρa − Hbρb

2 ρa

End Solution

4.3.2.2 Pressure Measurement

ρ1

A1 P1

ρ1

A1 P2
h1

h2A2

ρ2

ρ2

ρ2

ρ1

Fig. -4.7. Schematic of sensitive measurement device.

The idea describes the atmo-
spheric measurement that can be
extended to measure the pressure
of the gas chambers. Consider a
chamber filled with gas needed to
be measured (see Figure 4.6). One
technique is to attached “U” tube
to the chamber and measure the
pressure. This way, the gas is pre-
vented from escaping and its pres-
sure can be measured with a min-
imal interference to the gas (some
gas enters to the tube).

The gas density is significantly lower than the liquid density and therefore can be
neglected. The pressure at point “1” is

P1 = Patmos + ρg h (4.18)

Since the atmospheric pressure was measured previously (the technique was shown
in the previous section) the pressure of the chamber can be measured.

4.3.2.3 Magnified Pressure Measurement

For situations where the pressure difference is very small, engineers invented more sensi-
tive measuring device. This device is build around the fact that the height is a function
of the densities difference. In the previous technique, the density of one side was ne-
glected (the gas side) compared to other side (liquid). This technique utilizes the
opposite range. The densities of the two sides are very close to each other, thus the
height become large. Figure 4.7 shows a typical and simple schematic of such an in-
strument. If the pressure differences between P1 and P2 is small this instrument can
“magnified” height, h1 and provide “better” accuracy reading. This device is based on
the following mathematical explanation.

In steady state, the pressure balance (only differences) is

P1 + g ρ1(h1 + h2) = P2 + g h2 ρ2 (4.19)

It can be noticed that the “missing height” is canceled between the two sides. It can
be noticed that h1 can be positive or negative or zero and it depends on the ratio that
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two containers filled with the light density liquid. Additionally, it can be observed that
h1 is relatively small because A1 >> A2. The densities of the liquid are chosen so that
they are close to each other but not equal. The densities of the liquids are chosen to
be much heavier than the measured gas density. Thus, in writing equation (4.19) the
gas density was neglected. The pressure difference can be expressed as

P1 − P2 = g [ρ2 h2 − ρ1(h1 + h2)] (4.20)

If the light liquid volume in the two containers is known, it provides the relationship
between h1 and h2. For example, if the volumes in two containers are equal then

−h1 A1 = h2 A2 −→ h1 = −
h2 A2

A1
(4.21)

Liquid volumes do not necessarily have to be equal. Additional parameter, the volume
ratio, will be introduced when the volumes ratio isn’t equal. The calculations as results
of this additional parameter does not cause a significant complications. Here, this ratio
equals to one and it simplify the equation (4.21). But this ratio can be inserted easily
into the derivations. With the equation for height (4.21) equation (4.19) becomes

P1 − P2 = g h2

(
ρ2 − ρ1

(
1 −

A2

A1

))
(4.22)

or the height is

h2 =
P1 − P2

g
[
(ρ2 − ρ1) + ρ1

A2
A1

] (4.23)

For the small value of the area ratio, A2/A1 << 1, then equation (4.23) becomes

h2 =
P1 − P2

g (ρ2 − ρ1)
(4.24)

Some refer to the density difference shown in equation (4.24) as “magnification factor”
since it replace the regular density, ρ2.

Inclined Manometer

dy
dℓ

θ

Poutside

P1

Fig. -4.8. Inclined manometer.

One of the old methods of pressure
measurement is the inclined manometer.
In this method, the tube leg is inclined rel-
atively to gravity (depicted in Figure 4.8).
This method is an attempt to increase the
accuracy by “extending” length visible of
the tube. The equation (4.18) is then

P1 − Poutside = ρ g dℓ (4.25)

If there is a insignificant change in volume (the area ratio between tube and inclined
leg is significant), a location can be calibrated on the inclined leg as zero3.

3This author’s personal experience while working in a ship that use this manometer which is signifi-
cantly inaccurate (first thing to be replaced on the ship). Due to surface tension, caused air entrapment
especially in rapid change of the pressure or height.
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Inverted U-tube manometer

Z Z

h

b
a

1

2

Fig. -4.9. Schematic of inverted
manometer.

The difference in the pressure of two different
liquids is measured by this manometer. This idea is
similar to “magnified” manometer but in reversed.
The pressure line are the same for both legs on line
ZZ. Thus, it can be written as the pressure on left
is equal to pressure on the right legs (see Figure
4.9).

right leg︷ ︸︸ ︷
P2 − ρ2 (b + h) g =

left leg︷ ︸︸ ︷
P1 − ρ1 a − ρ h) g (4.26)

Rearranging equation (4.26) leads to

P2 − P1 = ρ2 (b + h) g − ρ1 a g − ρ h g (4.27)

For the similar density of ρ1 = ρ2 and for a = b
equation (4.27) becomes

P2 − P1 = (ρ1 − ρ) g h (4.28)

As in the previous “magnified” manometer if the density difference is very small the
height become very sensitive to the change of pressure.

4.3.3 Varying Density in a Gravity Field
There are several cases that will be discussed here which are categorized as gases,
liquids and other. In the gas phase, the equation of state is simply the ideal gas model
or the ideal gas with the compressibility factor (sometime referred to as real gas).
The equation of state for liquid can be approximated or replaced by utilizing the bulk
modulus. These relationships will be used to find the functionality between pressure,
density and location.

4.3.3.1 Gas Phase under Hydrostatic Pressure

Ideal Gas under Hydrostatic Pressure
The gas density vary gradually with the pressure. As first approximation, the ideal gas
model can be employed to describe the density. Thus equation (4.11) becomes

∂P
∂z

= −
g P
R T

(4.29)

Separating the variables and changing the partial derivatives to full derivative (just a
notation for this case) results in

dP
P

= −
g dz
R T

(4.30)
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Equation (4.30) can be integrated from point “0” to any point to yield

ln
P
P0

= −
g

R T
(z − z0) (4.31)

It is convenient to rearrange equation (4.31) to the following

P
P0

= e−
„

g(z−zo)
R T

«

(4.32)

Here the pressure ratio is related to the height exponentially. Equation (4.32) can be
expanded to show the difference to standard assumption of constant pressure as

P
P0

= 1 −

− h ρ0 g
P0︷ ︸︸ ︷

(z − z0) g
R T

+
(z − z0)

2 g
6 R T

+ · · · (4.33)

Or in a simplified form where the transformation of h = (z − z0) to be

P
P0

= 1 +
ρ0 g
P0



h −

correction factor︷ ︸︸ ︷
h2

6
+ · · ·



 (4.34)

Equation (4.34) is useful in mathematical derivations but should be ignored for practical
use4.

Real Gas under Hydrostatic Pressure
The mathematical derivations for ideal gas can be reused as a foundation for the

real gas model (P = ZρRT ). For a large range of P/Pc and T/Tc, the value of the
compressibility factor, Z, can be assumed constant and therefore can be swallowed into
equations (4.32) and (4.33). The compressibility is defined in equation (2.39). The
modified equation is

P
P0

= e−
„

g (z−zo)
Z R T

«

(4.35)

Or in a series form which is

P
P0

= 1 −
(z − z0) g

Z R T
+

(z − z0)
2 g

6 Z R T
+ · · · (4.36)

Without going through the mathematics, the first approximation should be noticed
that the compressibility factor, Z enter the equation as h/Z and not just h. Another
point that is worth discussing is the relationship of Z to other gas properties. In general,
the relationship is very complicated and in some ranges Z cannot be assumed constant.
In these cases, a numerical integration must be carried out.

4These derivations are left for a mathematical mind person. These deviations have a limited practical
purpose. However, they are presented here for students who need to answer questions on this issue.
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4.3.3.2 Liquid Phase Under Hydrostatic Pressure

The bulk modulus was defined in equation (1.28). The simplest approach is to assume
that the bulk modulus is constant (or has some representative average). For these cases,
there are two differential equations that needed to be solved. Fortunately, here, only
one hydrostatic equation depends on density equation. So, the differential equation for
density should be solved first. The governing differential density equation (see equation
(1.28)) is

ρ = BT
∂ρ
∂P

(4.37)

The variables for equation (4.37) should be separated and then the integration can be
carried out as

∫ P

P0

d P =

∫ ρ

ρ0

BT
dρ
ρ

(4.38)

The integration of equation (4.38) yields

P − P0 = BT ln
ρ
ρ0

(4.39)

Equation (4.39) can be represented in a more convenient form as

ρ = ρ0eP −P0
BT

Density variation

(4.40)

Equation (4.40) is the counterpart for the equation of state of ideal gas for the liquid
phase. Utilizing equation (4.40) in equation (4.11) transformed into

∂P
∂z

= −gρ0eP −P0
BT (4.41)

Equation (4.41) can be integrated to yield

BT

g ρ0
eP −P0

BT = z + Constant (4.42)

It can be noted that BT has units of pressure and therefore the ratio in front of the
exponent in equation (4.42) has units of length. The integration constant, with units
of length, can be evaluated at any specific point. If at z = 0 the pressure is P0 and the
density is ρ0 then the constant is

Constant =
BT

g ρ0
(4.43)
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g ρ0 z
BT

P
−

P
0

B
T

March 11, 2008

Fig. -4.10. Hydrostatic pressure when there is
compressibility in the liquid phase.

This constant, BT /g ρ0, is a typical length
of the problem. Additional discussion
will be presented in the dimensionless is-
sues chapter (currently under construc-
tion). The solution becomes

BT

g ρ0

(
eP −P0

BT − 1

)
= z (4.44)

Or in a dimensionless form

(
eP −P0

BT − 1

)
=

z g ρ0

BT

Density in Liquids

(4.45)

The solution is presented in equation (4.44) and is plotted in Figure 4.10. The solution
is a reverse function (that is not P = f(z) but z = f (P)) it is a monotonous function
which is easy to solve for any numerical value (that is only one z corresponds to any
Pressure). Sometimes, the solution is presented as

P
P0

=
BT

P0
ln

(
g ρ0z
BT

+ 1

)
+ 1 (4.46)

An approximation of equation (4.45) is presented for historical reasons and in
order to compare the constant density assumption. The exponent can be expanded as




piezometric
pressure︷ ︸︸ ︷
(P − P0) +

corrections︷ ︸︸ ︷
BT

2

(
P − P0

BT

)2

+
BT

6

(
P − P0

BT

)3

+ · · ·



 = z g ρ0 (4.47)

It can be noticed that equation (4.47) is reduced to the standard equation when the
normalized pressure ratio, P/BT is small (<< 1). Additionally, it can be observed that
the correction is on the left hand side and not as the “traditional” correction on the
piezometric pressure side.

In Example 1.14 ratio of the density was expressed by equations (1.XIV.l) while
here the ratio is expressed by different equations. The difference between the two
equations is the fact that Example 1.14 use the integral equation without using any
“equation of state.” The method described in the Example 1.14 is more general which
provided a simple solution5. The equation of state suggests that ∂P = g ρ0 f(P ) dz
while the integral equation is ∆P = g

∫
ρ dz where no assumption is made on the

relationship between the pressure and density. However, the integral equation uses the
fact that the pressure is function of location. The comparison between the two methods
will be presented.

Example 4.6:

5This author is not aware of the “equation of state” solution or the integral solution. If you know
of any of these solutions or similar, please pass this information to this author.



4.3. PRESSURE AND DENSITY IN A GRAVITATIONAL FIELD 85

4.3.4 The Pressure Effects Due To Temperature Variations

4.3.4.1 The Basic Analysis

There are situations when the main change of the density results from other effects.
For example, when the temperature field is not uniform, the density is affected and thus
the pressure is a location function (for example, the temperature in the atmostphere is
assumed to be a linear with the height under certain conditions.). A bit more complicate
case is when the gas is a function of the pressure and another parameter. Air can be a
function of the temperature field and the pressure. For the atmosphere, it is commonly
assumed that the temperature is a linear function of the height.

Here, a simple case is examined for which the temperature is a linear function of
the height as

dT
dh

= −Cx (4.48)

where h here referred to height or distance. Hence, the temperature–distance function
can be written as

T = Constant − Cx h (4.49)

where the Constant is the integration constant which can be obtained by utilizing the
initial condition. For h = 0, the temperature is T0 and using it leads to

T = T0 − Cx h
Temp variations

(4.50)

Combining equation (4.50) with (4.11) results in

∂P
∂h

= −
g P

R (T0 − Cx h)
(4.51)

Separating the variables in equation (4.51) and changing the formal ∂ to the informal
d to obtain

d P
P

= −
g dh

R (T0 − Cx h)
(4.52)

Defining a new variable6 as ξ = (T0 − Cx h) for which ξ0 = T0 − Cx h0 and d/dξ =
−Cx d/dh. Using these definitions results in

d P
P

=
g

RCx

dξ
ξ

(4.53)

6A colleague asked this author to insert this explanation for his students. If you feel that it is too
simple, please, just ignore it.
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After the integration of equation (4.52) and reusing (the reverse definitions) the vari-
ables transformed the result into

ln
P
P0

=
g

R Cx
ln

T0 − Cx h
T0

(4.54)

Or in a more convenient form as

P
P0

=

(
T0 − Cx h

T0

)( g
R Cx )

Pressure in Atmosphere

(4.55)

It can be noticed that equation (4.55) is a monotonous function which decreases with
height because the term in the brackets is less than one. This situation is roughly
representing the pressure in the atmosphere and results in a temperature decrease.
It can be observed that Cx has a “double role” which can change the pressure ratio.
Equation (4.55) can be approximated by two approaches/ideas. The first approximation
for a small distance, h, and the second approximation for a small temperature gradient.
It can be recalled that the following expansions are

P
P0

= lim
h−>0

(
1 −

Cx

T0
h
) g

R Cx

= 1 −

g h ρ0
P0︷ ︸︸ ︷
g h

T0 R
−

correction factor︷ ︸︸ ︷(
R g Cx − g2) h2

2 T0
2 R2 − ... (4.56)

Equation (4.56) shows that the first two terms are the standard terms (negative sign is
as expected i.e. negative direction). The correction factor occurs only at the third term
which is important for larger heights. It is worth to point out that the above statement
has a qualitative meaning when additional parameter is added. However, this kind of
analysis will be presented in the dimensional analysis chapter7.

The second approximation for small Cx is

P
P0

= lim
Cx−>0

(
1 −

Cx

T0
h
) g

R Cx

= e− g h
R T0 −

g h2 Cx

2 T0
2 R

e− g h
R T0 − ... (4.57)

Equation (4.57) shows that the correction factor (lapse coefficient), Cx, influences at
only large values of height. It has to be noted that these equations (4.56) and (4.57)
are not properly represented without the characteristic height. It has to be inserted to
make the physical significance clearer.

Equation (4.55) represents only the pressure ratio. For engineering purposes, it
is sometimes important to obtain the density ratio. This relationship can be obtained
from combining equations (4.55) and (4.50). The simplest assumption to combine these

7These concepts are very essential in all the thermo–fluid science. I am grateful to my adviser
E.R.G. Eckert who was the pioneer of the dimensional analysis in heat transfer and was kind to show
me some of his ideas.
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equations is by assuming the ideal gas model, equation (2.25), to yield

ρ
ρ0

=
P T0

P0 T
=

P
P0︷ ︸︸ ︷

(
1 −

Cx h
T0

)( g
R Cx )

T0
T︷ ︸︸ ︷(

1 +
Cx h

T

)
(4.58)

Advance material can be skipped

4.3.4.2 The Stability Analysis

h + dh

h

Fig. -4.11. Two adjoin layers for stability analysis.

It is interesting to study whether
this solution (4.55) is stable and if so
under what conditions. Suppose that
for some reason, a small slab of ma-
terial moves from a layer at height, h,
to layer at height h + dh (see Figure
4.11) What could happen? There are
two main possibilities one: the slab
could return to the original layer or two: stay at the new layer (or even move further,
higher heights). The first case is referred to as the stable condition and the second
case referred to as the unstable condition. The whole system falls apart and does not
stay if the analysis predicts unstable conditions. A weak wind or other disturbances can
make the unstable system to move to a new condition.

This question is determined by the net forces acting on the slab. Whether these
forces are toward the original layer or not. The two forces that act on the slab are
the gravity force and the surroundings pressure (buoyant forces). Clearly, the slab
is in equilibrium with its surroundings before the movement (not necessarily stable).
Under equilibrium, the body forces that acting on the slab are equal to zero. That is,
the surroundings “pressure” forces (buoyancy forces) are equal to gravity forces. The
buoyancy forces are proportional to the ratio of the density of the slab to surrounding
layer density. Thus, the stability question is whether the slab density from layer h, ρ

′
(h)

undergoing a free expansion is higher or lower than the density of the layer h + dh. If
ρ

′
(h) > ρ(h+ dh) then the situation is stable. The term ρ

′
(h) is slab from layer h that

had undergone the free expansion.

The reason that the free expansion is chosen to explain the process that the slab
undergoes when it moves from layer h to layer h + dh is because it is the simplest. In
reality, the free expansion is not far way from the actual process. The two processes
that occurred here are thermal and the change of pressure (at the speed of sound).
The thermal process is in the range of [cm/sec] while the speed of sound is about
300 [m/sec]. That is, the pressure process is about thousands times faster than the
thermal process. The second issue that occurs during the “expansion” is the shock (in
the reverse case [h + dh] → h). However, this shock is insignificant (check book on
Fundamentals of Compressible Flow Mechanics by this author on the French problem).
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The slab density at layer h+dh can be obtained using equation (4.58) as following

ρ(h + dh)

ρ(h)
=

P T0

P0 T
=

(
1 −

Cx dh
T0

)( g
R Cx )(

1 +
Cx dh

T

)
(4.59)

The pressure and temperature change when the slab moves from layer at h to layer
h+dh. The process, under the above discussion and simplifications, can be assumed to
be adiabatic (that is, no significant heat transfer occurs in the short period of time). The
little slab undergoes isentropic expansion as following for which (see equation (2.25))

ρ′(h + dh)

ρ(h)
=

(
P ′(h + dh)

P (h)

)1/k

(4.60)

When the symbol ′ denotes the slab that moves from layer h to layer h + dh. The
pressure ratio is given by equation (4.55) but can be approximated by equation (4.56)
and thus

ρ′(h + dh)

ρ(h)
=

(
1 −

gdh
T (h) R

)1/k

(4.61)

Again using the ideal gas model for equation (4.62) transformed into

ρ′(h + dh)

ρ(h)
=

(
1 −

ρ gdh
P

)1/k

(4.62)

Expanding equation (4.62) in Taylor series results in

(
1 −

ρ gdh
P

)1/k

= 1 −
g ρ dh
P k

−
(
g2 ρ2 k − g2 ρ2) dh2

2 P 2 k2 − ... (4.63)

The density at layer h + dh can be obtained from (4.59) and then it is expanded
in taylor series as

ρ(h + dh)

ρ(h)
=

(
1 −

Cx dh
T0

)( g
R Cx )(

1 +
Cx dh

T

)
∼ 1 −

(
g ρ
P

−
Cx

T

)
dh + · · · (4.64)

The comparison of the right hand terms of equations (4.64) and (4.63) provides
the conditions to determine the stability.

From a mathematical point of view, to keep the inequality for a small dh only the
first term need to be compared as

g ρ
P k

>
g ρ
P

−
Cx

T
(4.65)
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After rearrangement of the inequality (4.65) and using the ideal gas identity, it trans-
formed to

Cx

T
>

(k − 1) g ρ
k P

Cx <
k − 1

k
g
R

(4.66)

The analysis shows that the maximum amount depends on the gravity and gas
properties. It should be noted that this value should be changed a bit since the k should
be replaced by polytropic expansion n. When lapse rate Cx is equal to the right hand
side of the inequality, it is said that situation is neutral. However, one has to bear in
mind that this analysis only provides a range and isn’t exact. Thus, around this value
additional analysis is needed 8.

One of the common question this author has been asked is about the forces
of continuation. What is the source of the force(s) that make this situation when
unstable continue to be unstable? Supposed that the situation became unstable and
the layers have been exchanged, would the situation become stable now? One has to
remember that temperature gradient forces continuous heat transfer which the source
temperature change after the movement to the new layer. Thus, the unstable situation
is continuously unstable.

4.3.5 Gravity Variations Effects on Pressure and Density

r

rb

Pb ρb

g ∝ r2

Fig. -4.12. The varying gravity effects
on density and pressure.

Until now the study focus on the change of density
and pressure of the fluid. Equation (4.11) has two
terms on the right hand side, the density, ρ and
the body force, g. The body force was assumed
until now to be constant. This assumption must be
deviated when the distance from the body source
is significantly change. At first glance, the body
force is independent of the fluid. The source of
the gravity force in gas is another body, while the
gravity force source in liquid can be the liquid itself.
Thus, the discussion is separated into two different
issues. The issues of magnetohydrodynamics are
too advance for undergraduate student and therefore,will not be introduced here.

4.3.5.1 Ideal Gas in Varying Gravity

In physics, it was explained that the gravity is a function of the distance from the center
of the plant/body. Assuming that the pressure is affected by this gravity/body force.
The gravity force is reversely proportional to r2. The gravity force can be assumed that
for infinity, r → ∞ the pressure is about zero. Again, equation (4.11) can be used

8The same issue of the floating ice. See example for the floating ice in cup.
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(semi one directional situation) when r is used as direction and thus

∂P
∂r

= −ρ
G
r2 (4.67)

where G denotes the general gravity constant. The regular method of separation is
employed to obtain

∫ P

Pb

dP
P

= −
G

RT

∫ r

rb

dr
r2 (4.68)

where the subscript b denotes the conditions at the body surface. The integration of
equation (4.68) results in

ln
P
Pb

= −
G

RT

(
1

rb
−

1

r

)
(4.69)

Or in a simplified form as

ρ
ρb

=
P
Pb

= e− G
RT

r−rb
r rb (4.70)

Equation (4.70) demonstrates that the pressure is reduced with the distance. It can be
noticed that for r → rb the pressure is approaching P → Pb. This equation confirms
that the density in outer space is zero ρ(∞) = 0. As before, equation (4.70) can be
expanded in Taylor series as

ρ
ρb

=
P
Pb

=

standard︷ ︸︸ ︷

1 −
G (r − rb)

R T
−

correction factor︷ ︸︸ ︷(
2 G R T + G2 rb

)
(r − rb)

2

2 rb (R T )
2 + ... (4.71)

Notice that G isn’t our beloved and familiar g and also that G rb/RT is a dimensionless
number (later in dimensionless chapter about it and its meaning).

4.3.5.2 Real Gas in Varying Gravity

The regular assumption of constant compressibility, Z, is employed. It has to remember
when this assumption isn’t accurate enough, numerical integration is a possible solution.
Thus, equation (4.68) is transformed into

∫ P

Pb

dP
P

= −
G

Z R T

∫ r

rb

dr
r2 (4.72)

With the same process as before for ideal gas case, one can obtain

ρ
ρb

=
P
Pb

= e− G
Z R T

r−rb
r rb (4.73)

Equation (4.70) demonstrates that the pressure is reduced with the distance. It can be
observed that for r → rb the pressure is approaching P → Pb. This equation confirms
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that the density in outer space is zero ρ(∞) = 0. As before Taylor series for equation
(4.70) is

ρ
ρb

=
P
Pb

=

standard︷ ︸︸ ︷

1 −
G (r − rb)

Z R T
−

correction factor︷ ︸︸ ︷(
2 G Z R T + G2 rb

)
(r − rb)

2

2 rb (Z R T )
2 + ... (4.74)

It can be noted that compressibility factor can act as increase or decrease of the ideal
gas model depending on whether it is above one or below one. This issue is related to
Pushka equation that will be discussed later.

4.3.5.3 Liquid Under Varying Gravity

For comparison reason consider the deepest location in the ocean which is about 11,000
[m]. If the liquid “equation of state” (4.40) is used with the hydrostatic fluid equation
results in

∂P
∂r

= −ρ0eP −P0
BT

G
r2 (4.75)

which the solution of equation (4.75) is

eP0−P
BT = Constant −

BT g ρ0

r
(4.76)

Since this author is not aware to which practical situation this solution should be
applied, it is left for the reader to apply according to problem, if applicable.

4.3.6 Liquid Phase

While for most practical purposes, the Cartesian coordinates provides sufficient treat-
ment to the problem, there are situations where the spherical coordinates must be
considered and used.

Derivations of the fluid static in spherical coordinates are

1

r2
d
dr

(
r2

ρ
dP
dr

)
+ 4 π Gρ = 0

Pressure Spherical Coordinates

(4.77)

Or in a vector form as

∇ •
(

1

ρ
∇P

)
+ 4 π Gρ = 0 (4.78)
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4.4 Fluid in a Accelerated System
Up to this stage, body forces were considered as one-dimensional. In general, the
linear acceleration have three components as opposed to the previous case of only
one. However, the previous derivations can be easily extended. Equation (4.8) can
be transformed into a different coordinate system where the main coordinate is in the
direction of the effective gravity. Thus, the previous method can be used and there
is no need to solve new three (or two) different equations. As before, the constant
pressure plane is perpendicular to the direction of the effective gravity. Generally the
acceleration is divided into two categories: linear and angular and they will be discussed
in this order.

4.4.1 Fluid in a Linearly Accelerated System
For example, in a two dimensional system, for the effective gravity

geff = a î + g k̂ (4.79)

where the magnitude of the effective gravity is

|geff | =
√

g2 + a2 (4.80)

and the angle/direction can be obtained from

tanβ =
a
g

(4.81)

Perhaps the best way to explain the linear acceleration is by examples. Consider
the following example to illustrate the situation.

Example 4.7:

g

a

geff

27.1

5




m

sec





Fig. -4.13. The effective gravity is
for accelerated cart.

A tank filled with liquid is accelerated at
a constant acceleration. When the accel-
eration is changing from the right to the
left, what happened to the liquid surface?
What is the relative angle of the liquid
surface for a container in an accelerated
system of a = 5[m/sec]?

Solution

This question is one of the traditional question of the fluid static and is straight forward.
The solution is obtained by finding the effective angle body force. The effective angle
is obtained by adding vectors. The change of the acceleration from the right to left is
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like subtracting vector (addition negative vector). This angle/direction can be found
using the following

tan−1 β = tan−1 a
g

=
5

9.81
∼ 27.01◦

The magnitude of the effective acceleration is

|geff | =
√

52 + 9.812 = 11.015[m/sec2]

End Solution

Example 4.8:

A cart partially filled with liquid and is sliding on an inclined plane as shown in Figure
4.14. Calculate the shape of the surface. If there is a resistance, what will be the angle?
What happen when the slope angle is straight (the cart is dropping straight down)?

F 
(a
)

β

Fig. -4.14. A cart slide on inclined plane.

Solution

(a)

The angle can be found when the acceleration

of the cart is found. If there is no resistance,
the acceleration in the cart direction is deter-
mined from

a = g sin β (4.82)

The effective body force is acting perpendicu-
lar to the slope. Thus, the liquid surface is parallel to the surface of the inclination
surface.

End Solution

(b)
In case of resistance force (either of friction due to the air or resistance in the

wheels) reduces the acceleration of the cart. In that case the effective body moves
closer to the gravity forces. The net body force depends on the mass of the liquid and
the net acceleration is

a = g −
Fnet

m
(4.83)

The angle of the surface, α < β, is now

tan α =
g − Fnet

m

g cosβ
(4.84)

(c)
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geff

g

β

β
a

g sin β −
Fnet

m

α
su
rf
ac
e 
wi
th
 f
ri
ct
io
n

Fig. -4.15. Forces diagram of cart slid-
ing on inclined plane.

In the case when the angle of the inclination
turned to be straight (direct falling) the effective
body force is zero. The pressure is uniform in the
tank and no pressure difference can be found. So,
the pressure at any point in the liquid is the same
and equal to the atmospheric pressure.

4.4.2 Angular Acceleration Systems:
Constant Density
For simplification reasons, the first case deals with a rotation in a perpendicular to the
gravity. That effective body force can be written as

geff = −g k̂ + ω2r r̂ (4.85)

center of
circulation

unit
mass

g
ω2 r

geff

r
z

Fig. -4.16. Schematic to explain the angular
angle.

The lines of constant pressure are
not straight lines but lines of parabolic
shape. The angle of the line depends on
the radius as

dz
dr

= −
g

ω2r
(4.86)

Equation (4.86) can be integrated as

z − z0 =
ω2 r2

2 g
(4.87)

Notice that the integration constant was substituted by z0. The constant pressure
will be along

P − P0 = ρg
[
(z0 − z) +

ω2 r2

2 g

]
Angular Acceleration System

(4.88)

To illustrate this point, example 4.9 is provided.

Example 4.9:

A “U” tube with a length of (1+x)L is rotating at angular velocity of ω. The center of
rotation is a distance, L from the “left” hand side. Because the asymmetrical nature of
the problem there is difference in the heights in the U tube arms of S as shown in Figure
4.17. Expresses the relationship between the different parameters of the problem.

Solution
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Rotation
center co

ns
ta

nt
 p

re
ss

ur
e 

lin
e

x LL

ω

S
dA

Calculation of 
the correction
factor

Fig. -4.17. Schematic angular angle to explain example 4.9.

It is first assumed the height is uniform at the tube (see for the open question on this
assumption). The pressure at the interface at the two sides of the tube is same. Thus,
equation (4.87) represent the pressure line. Taking the “left” wing of U tube

change in z direction︷ ︸︸ ︷
zl − z0 =

change in r direction︷ ︸︸ ︷
ω2 L2

2 g

The same can be said for the other side

zr − z0 =
ω2 x2 L2

2 g

Thus subtracting the two equations above from each each other results in

zr − zl =
L ω2 (

1 − x2)

2 g

It can be noticed that this kind equipment can be used to find the gravity.
End Solution

Example 4.10:

Assume the diameter of the U tube is Rt. What will be the correction factor if the
curvature in the liquid in the tube is taken in to account. How would you suggest to
define the height in the tube?

Solution

In Figure 4.17 shows the infinitesimal area used in these calculations. The distance of
the infinitesimal area from the rotation center is ?. The height of the infinitesimal area
is ?. Notice that the curvature in the two sides are different from each other. The
volume above the lower point is ? which is only a function of the geometry.

End Solution

Example 4.11:

In the U tube in example 4.9 is rotating with upper part height of ℓ. At what rotating
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velocity liquid start to exit the U tube? If the rotation of U tube is exactly at the center,
what happen the rotation approach very large value?

Advance material can be skipped

4.4.3 Fluid Statics in Geological System
This author would like to express his gratitude to

Ralph Menikoff for suggesting this topic.

In geological systems such as the Earth provide cases to be used for fluid static for
estimating pressure. It is common in geology to assume that the Earth is made of
several layers. If this assumption is accepted, these layers assumption will be used to
do some estimates. The assumption states that the Earth is made from the following
layers: solid inner core, outer core, and two layers in the liquid phase with a thin crust.
For the purpose of this book, the interest is the calculate the pressure at bottom of
the liquid phase. This explaination is provided to understand how to use the

Fig. -4.18. Earth layers not to scale.9

bulk modulus and the effect of rotation. In reality, there might be an additional effects
which affecting the situation but these effects are not the concern of this discussion.

Two different extremes can recognized in fluids between the outer core to the
crust. In one extreme is the equator which the rotation play the most significant role.

9The image was drawn by Shoshana Bar-Meir, inspired from image made by user Surachit
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In the other extreme north–south does not play any effect since the radius is relatively
very small. In that case, the pressure at the bottom of the liquid layer can be estimated
using the equation (4.45) or in approximation of equation (1.XIV.j). In this case it also
can be noticed that g is a function of r. If the bulk modulus is assumed constant (for
simplicity) governing equation can be constructed starting with equation (1.28). The
approximate definition of the bulk modulus is

BT =
ρ ∆P
∆ρ

=⇒ ∆ρ =
ρ ∆P
BT

(4.89)

Using equation to express the pressure difference (see Example 1.14 for details expla-
nation) as

ρ(r) =
ρ0

1 −
∫ r

R0

g(r)ρ(r)
BT (r)

dr
(4.90)

In equation (4.90) it is assumed that BT is a function of pressure and the pressure is
a function of the location. Thus, the bulk modulus can be written as a function of the
radius, r. Again, for simplicity the bulk modulus is assumed to be constant. Hence,

ρ(r) =
ρ0

1 −
1

BT

∫ r

R0

g(r)ρ(r)dr
(4.91)

The governing equation can be written using the famous relation for the gravity as

ρ0

ρ(r)
= 1 −

1

BT

∫ r

R0

G
r2 ρ(r)dr (4.92)

Equation (4.92) is a relatively simple (Fredholm) integral equation. The solution of
this equation obtained by differentiation as

ρ0

ρ2
d ρ
dr

+
G
r2 ρ = 0 (4.93)

Under variables separation the equation changes to
∫ ρ

ρ0

ρ0

ρ3 d ρ = −
∫ r

R0

G dr
r2 (4.94)

The solution of equation (4.94) is

ρ0

2

(
1

ρ02 −
1

ρ2

)
= G

(
1

R0
−

1

r

)
(4.95)

or

ρ =

√√√√√
1(

1

ρ02 −
2 G
ρ0

(
1

R0
−

1

r

)) (4.96)



98 CHAPTER 4. FLUIDS STATICS

These equations (4.95) and (4.96) referred to as expanded Pushka equation. The
pressure can be calculated since the density is found as

∆P =
G

BT

-
-

r

R0

1(
1

ρ02 −
2 G
ρ0

(
1

R0
−

1

r

)) dr
r2 (4.97)

The integral can evaluated numerically or analytically as

∆P = −
ρ0 log

(
(2 ρ0 G + r) R0 − 2 r ρ0 G

r ρ02 R0

)

2 G
−

ρ0 log (ρ0)

G
(4.98)

The other issue that related to this topic is, What is the pressure at the equator
when the rotation is taken into account. The rotation affects the density since the
pressure changes. Thus, mathematical complications caused by the coupling creates
additionally difficulty. The integral in equation (4.92) has to include the rotation effects.
It can be noticed that the rotation acts in the opposite direction to the gravity. The
pressure difference is

∆P =

∫ r

R0

ρ
(

G
r2 − ω r2

)
dr (4.99)

Thus the approximated density ratio can be written as

ρ0

ρ
= 1 −

1

BT

∫ r

R0

ρ
(

G
r2 − ω r2

)
dr (4.100)

Taking derivative of the two sides results in

−
ρ0

ρ3 =
1

BT

(
G
r2 − ω r2

)
dr = 0 (4.101)

Integrating equation (4.101)

ρ0

2 ρ2 =
1

BT

(
−G
r

−
ω r3

3

)
(4.102)

Where the pressure is obtained by integration as previously was done. The conclusion
is that the pressure at the “equator” is substantially lower than the pressure in the north
or the south “poles” of the solid core. The pressure difference is due to the large radius.
In the range between the two extreme, the effect of rotation is reduced because the
radius is reduced. In real liquid, the flow is much more complicated because it is not
stationary but have cells in which the liquid flows around. Nevertheless, this analysis
gives some indication on the pressure and density in the core.

End Advance material
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4.5 Fluid Forces on Surfaces
The forces that fluids (at static conditions) extracts on surfaces are very important for
engineering purposes. This section deals with these calculations. These calculations are
divided into two categories, straight surfaces and curved surfaces.

4.5.1 Fluid Forces on Straight Surfaces
A motivation is needed before going through the routine of derivations. Initially, a
simple case will be examined. Later, how the calculations can be simplified will be
shown.

Example 4.12:

Consider a rectangular shape gate as shown in Figure 4.19. Calculate the minimum
forces, F1 and F2 to maintain the gate in position. Assuming that the atmospheric
pressure can be ignored.

Solution

F2

F1

A-A ℓ = 5[m]

β = 50◦

A-A
a[m]

b[m]

"0"

h

dξξ

ξ

Fig. -4.19. Rectangular area under pressure.

The forces can be calculated by looking at
the moment around point “O.” The ele-
ment of moment is a dξ for the width of
the gate and is

dM =

dF︷ ︸︸ ︷
P a dξ︸︷︷︸

dA

(ℓ + ξ)

The pressure, P can be expressed as a
function ξ as the following

P = g ρ (ℓ + ξ)sinβ

The liquid total moment on the gate is

M =

∫ b

0
g ρ (ℓ + ξ) sin β a dξ(ℓ + ξ)

The integral can be simplified as

M = g a ρ sin β
∫ b

0
(ℓ + ξ)2dξ (4.103)

The solution of the above integral is

M = g ρ a sin β
(

3 b l2 + 3 b2 l + b3

3

)
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This value provides the moment that F1 and F2 should extract. Additional equation is
needed. It is the total force, which is

Ftotal =

∫ b

0
g ρ (ℓ + ξ) sin β a dξ

The total force integration provides

Ftotal = g ρ a sin β
∫ b

0
(ℓ + ξ)dξ = g ρ a sin β

(
2 b ℓ + b2

2

)

The forces on the gate have to provide

F1 + F2 = g ρ a sin β
(

2 b ℓ + b2

2

)

Additionally, the moment of forces around point “O” is

F1 ℓ + F2(ℓ + b) = g ρ a sin β
(

3 b l2 + 3 b2 l + b3

3

)

The solution of these equations is

F1 =
(3 ℓ + b) a b g ρ sin β

6

F2 =
(3 ℓ + 2 b) a b g ρ sin β

6
End Solution

ξ
dξ

ξ

ξ
ℓ0

ℓ1

"O"

β

Fig. -4.20. Schematic of submerged area to
explain the center forces and moments.

The above calculations are time con-
suming and engineers always try to make
life simpler. Looking at the above calcu-
lations, it can be observed that there is
a moment of area in equation (4.103) and
also a center of area. These concepts have
been introduced in Chapter 3. Several rep-
resented areas for which moment of inertia
and center of area have been tabulated in
Chapter 3. These tabulated values can be used to solve this kind of problems.

Symmetrical Shapes
Consider the two–dimensional symmetrical area that are under pressure as shown

in Figure 4.20. The symmetry is around any axes parallel to axis x. The total force and
moment that the liquid extracting on the area need to be calculated. First, the force is

F =

∫

A

PdA =

∫
(Patmos + ρgh)dA = A Patmos + ρg

∫ ℓ1

ℓ0

h(ξ)︷ ︸︸ ︷
(ξ + ℓ0) sin β dA

(4.104)
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In this case, the atmospheric pressure can include any additional liquid layer above
layer “touching” area. The “atmospheric” pressure can be set to zero.

The boundaries of the integral of equation (4.104) refer to starting point and
ending points not to the start area and end area. The integral in equation (4.104) can
be further developed as

Ftotal = A Patmos + ρ g sin β




ℓ0 A +

xc A︷ ︸︸ ︷∫ ℓ1

ℓ0

ξdA




(4.105)

In a final form as

Ftotal = A [Patmos + ρ g sin β (ℓ0 + xc)]

Total Force in Inclined Surface

(4.106)

ξ0

"O"

β

F1

F2

a

b

ξ1

y

Fig. -4.21. The general forces acting
on submerged area.

The moment of the liquid on the area around
point “O” is

My =

∫ ξ1

ξ0

P (ξ)ξdA (4.107)

My =

∫ ξ1

ξ0

(Patmos + g ρ

ξ sin β︷︸︸︷
h(ξ) )ξdA (4.108)

Or separating the parts as

My = Patmos

xc A︷ ︸︸ ︷∫ ξ1

ξ0

ξdA +g ρ sin β

I
x′ x′

︷ ︸︸ ︷∫ ξ1

ξ0

ξ2dA (4.109)

The moment of inertia, Ix′ x′ , is about the axis through point “O” into the page.
Equation (4.109) can be written in more compact form as

My = Patmos xc A + g ρ sin βIx′ x′

Total Moment in Inclined Surface

(4.110)

Example 4.12 can be generalized to solve any two forces needed to balance the area/gate.
Consider the general symmetrical body shown in figure 4.21 which has two forces that
balance the body. Equations (4.106) and (4.110) can be combined the moment and
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force acting on the general area. If the “atmospheric pressure” can be zero or include
additional layer of liquid. The forces balance reads

F1 + F2 = A [Patmos + ρ g sin β (ℓ0 + xc)] (4.111)

and moments balance reads

F1 a + F2 b = Patmos xc A + g ρ sin βIx′ x′ (4.112)

The solution of these equations is

F1 =

[(
ρ sin β − Patmos

g b

)
xc + ℓ0 ρ sin β + Patmos

g

]
b A−, Ix′ x′ ρ sin β

g (b − a)
(4.113)

and

F2 =
Ix′ x′ ρ sin β −

[(
ρ sin β − Patmos

g a

)
xc + ℓ0 ρ sin β + Patmos

g

]
a A

g (b − a)
(4.114)

In the solution, the forces can be negative or positive, and the distance a or b can
be positive or negative. Additionally, the atmospheric pressure can contain either an
additional liquid layer above the “touching” area or even atmospheric pressure simply
can be set up to zero. In symmetrical area only two forces are required since the
moment is one dimensional. However, in non–symmetrical area there are two different
moments and therefor three forces are required. Thus, additional equation is required.
This equation is for the additional moment around the x axis (see for explanation in
Figure 4.22). The moment around the y axis is given by equation (4.110) and the total
force is given by (4.106). The moment around the x axis (which was arbitrary chosen)
should be

Mx =

∫

A

y P dA (4.115)

Substituting the components for the pressure transforms equation (4.115) into

Mx =

∫

A

y (Patmos + ρ g ξ sin β) dA (4.116)

The integral in equation (4.115) can be written as

Mx = Patmos

A yc︷ ︸︸ ︷∫

A

y dA +ρ g sin β

I
x′ y′

︷ ︸︸ ︷∫

A

ξ y dA (4.117)

The compact form can be written as

Mx = Patmos A yc + ρ g sin β Ix′ y′

Moment in Inclined Surface

(4.118)
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y

x

dA y

ξ

Fig. -4.22. The general forces acting on non sym-
metrical straight area.

The product of inertia was presented
in Chapter 3. These equations
(4.106), (4.110) and (4.118) provide
the base for solving any problem for
straight area under pressure with uni-
form density. There are many combi-
nations of problems (e.g. two forces
and moment) but no general solution
is provided. Example to illustrate the
use of these equations is provided.

Example 4.13:

Calculate the forces which required to balance the triangular shape shown in the Figure
4.23.

Solution

The three equations that needs to be solved are

F1 + F2 + F3 = Ftotal (4.119)

The moment around x axis is

F1 b = My (4.120)

The moment around y axis is

F1 ℓ1 + F2 (a + ℓ0) + F3 ℓ0 = Mx (4.121)

The right hand side of these equations are given before in equations (4.106), (4.110)
and (4.118).

The moment of inertia of the triangle around x is made of two triangles (as shown
in the Figure (4.23) for triangle 1 and 2). Triangle 1 can be calculated as the moment of
inertia around its center which is ℓ0 +2∗(ℓ1 −ℓ0)/3. The height of triangle 1 is (ℓ1 −ℓ0)
and its width b and thus, moment of inertia about its center is Ixx = b(ℓ1 − ℓ0)

3/36.
The moment of inertia for triangle 1 about y is

Ixx1 = b(ℓ1−ℓ0)3

36 +

A1︷ ︸︸ ︷
b(ℓ1−ℓ0)

3

∆x1
2

︷ ︸︸ ︷(
ℓ0 + 2(ℓ1−ℓ0)

3

)2

The height of the triangle 2 is a − (ℓ1 − ℓ0) and its width b and thus, the moment of
inertia about its center is

Ixx2 = b[a−(ℓ1−ℓ0)]3

36 +

A2︷ ︸︸ ︷
b[a−(ℓ1−ℓ0)]

3

∆x2
2

︷ ︸︸ ︷(
ℓ1 + [a−(ℓ1−ℓ0)]

3

)2
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y

x

b

a

ℓ0

F1

F2

F3

ℓ1

1

2

Fig. -4.23. The general forces acting on a non
symmetrical straight area.

and the total moment of inertia

Ixx = Ixx1 + Ixx2

The product of inertia of the triangle can
be obtain by integration. It can be no-
ticed that upper line of the triangle is

y = (ℓ1−ℓ0)x
b + ℓ0. The lower line of the

triangle is y = (ℓ1−ℓ0−a)x
b + ℓ0 + a.

Ixy =

∫ b

0




∫ (ℓ1−ℓ0−a)x

b +ℓ0+a

(ℓ1−ℓ0)x
b +ℓ0

x y dx



 dy = 2 a b2 ℓ1+2 a b2 ℓ0+a2 b2

24

The solution of this set equations is

F1 =

A︷ ︸︸ ︷[
a b
3

]
(g (6 ℓ1 + 3 a) + 6 g ℓ0) ρ sin β + 8 Patmos

24
,

F2[
a b
3

] = −

„
(3 ℓ1−14 a)−ℓ0

„
12 ℓ1

a −27
«

+ 12 ℓ0
2

a

«
g ρ sin β

72 −
„„

24 ℓ1
a −24

«
+ 48 ℓ0

a

«
Patmos

72 ,

F3[
a b
3

] =

„„
a− 15 ℓ1

a

«
+ℓ0

„
27− 12 ℓ1

a

«
+ 12 ℓ0

2

a

«
g ρ sin β

72

+

„„
24 ℓ1

a +24
«

+ 48 ℓ0
a

«
Patmos

72
End Solution

4.5.1.1 Pressure Center

In the literature, pressure centers are commonly defined. These definitions are math-
ematical in nature and has physical meaning of equivalent force that will act through
this center. The definition is derived or obtained from equation (4.110) and equation
(4.118). The pressure center is the distance that will create the moment with the
hydrostatic force on point “O.” Thus, the pressure center in the x direction is

xp =
1

F

∫

A

x P dA (4.122)

In the same way, the pressure center in the y direction is defined as

yp =
1

F

∫

A

y P dA (4.123)
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To show relationship between the pressure center and the other properties, it can be
found by setting the atmospheric pressure and ℓ0 to zero as following

xp =
g ρ sin β Ix′ x′

A ρ g sin β xc
(4.124)

Expanding Ix′ x′ according to equation (3.17) results in

xp =
Ixx

xc A
+ xc (4.125)

and in the same fashion in y direction

yp =
Ixy

yc A
+ yc (4.126)

It has to emphasis that these definitions are useful only for case where the atmospheric
pressure can be neglected or canceled and where ℓ0 is zero. Thus, these limitations
diminish the usefulness of pressure center definitions. In fact, the reader can find that
direct calculations can sometimes simplify the problem.

4.5.1.2 Multiply Layers

In the previous sections, the density was assumed to be constant. For non constant
density the derivations aren’t “clean” but are similar. Consider straight/flat body that
is under liquid with a varying density10. If density can be represented by average density,
the force that is acting on the body is

GeogologicalFtotal =

∫

A

g ρ h dA ∼ ρ̄
∫

A

g h dA (4.127)

In cases where average density cannot be represented reasonably11, the integral has be
carried out. In cases where density is non–continuous, but constant in segments, the
following can be said

Ftotal =

∫

A

g ρ h dA =

∫

A1

g ρ1 h dA +

∫

A2

g ρ2 h dA + · · · +

∫

An

g ρn h dA (4.128)

As before for single density, the following can be written

Ftotal = g sin β



ρ1

xc1 A1︷ ︸︸ ︷∫

A1

ξ dA +ρ2

xc2 A2︷ ︸︸ ︷∫

A2

ξ dA + · · · + ρn

xcn An︷ ︸︸ ︷∫

An

ξ dA



 (4.129)

10This statement also means that density is a monotonous function. Why? Because of the buoyancy
issue. It also means that the density can be a non-continuous function.

11A qualitative discussion on what is reasonably is not presented here, However, if the variation of
the density is within 10% and/or the accuracy of the calculation is minimal, the reasonable average
can be used.
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Or in a compact form and in addition considering the “atmospheric” pressure can be
written as

Ftotal = Patmos Atotal + g sin β
n∑

i=1

ρi xci Ai

Total Static Force

(4.130)

where the density, ρi is the density of the layer i and Ai and xci are geometrical
properties of the area which is in contact with that layer. The atmospheric pressure can
be entered into the calculation in the same way as before. Moreover, the atmospheric
pressure can include all the layer(s) that do(es) not with the “contact” area.

The moment around axis y, My under the same considerations as before is

My =

∫

A

g ρ ξ2 sin β dA (4.131)

After similar separation of the total integral, one can find that

My = g sin β
n∑

i=1

ρi Ix′ x′
i (4.132)

If the atmospheric pressure enters into the calculations one can find that

My = Patmos xc Atotal + g sin β
n∑

i=1

ρi Ix′ x′
i

Total Static Moment

(4.133)

In the same fashion one can obtain the moment for x axis as

Mx = Patmos yc Atotal + g sin β
n∑

i=1

ρi Ix′ y′
i

Total Static Moment

(4.134)

To illustrate how to work with these equations the following example is provided.

Example 4.14:

Consider the hypothetical Figure 4.24. The last layer is made of water with den-
sity of 1000[kg/m3]. The densities are ρ1 = 500[kg/m3], ρ2 = 800[kg/m3], ρ3 =
850[kg/m3], and ρ4 = 1000[kg/m3]. Calculate the forces at points a1 and b1. Assume
that the layers are stables without any movement between the liquids. Also neglect all
mass transfer phenomena that may occur. The heights are: h1 = 1[m], h2 = 2[m],
h3 = 3[m],and h4 = 4[m]. The forces distances are a1 = 1.5[m], a2 = 1.75[m], and
b1 = 4.5[m]. The angle of inclination is is β = 45◦.
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ρ1

"O"

β

F1

F2

a1

b1

y

ρ2

ρ3

ρ4

h4

ρ4

h3
h2

h1

ℓ

b2

a2

Fig. -4.24. The effects of multi layers density on static
forces.

Solution

Since there are only two un-
knowns, only two equations are
needed, which are (4.133) and
(4.130). The solution method of
this example is applied for cases
with less layers (for example by
setting the specific height dif-
ference to be zero). Equation
(4.133) can be used by modifying
it, as it can be noticed that in-
stead of using the regular atmo-
spheric pressure the new “atmo-
spheric” pressure can be used as

Patmos

′
= Patmos + ρ1 g h1

The distance for the center for each area is at the middle of each of the “small”
rectangular. The geometries of each areas are

xc1 =
a2+ h2

sin β
2 A1 = ℓ

(
h2

sin β − a2

)
Ix′ x′ 1 =

ℓ

„
h2

sin β −a2

«3

36 + (xc1)
2 A1

xc2 = h2+h3
2 sin β A2 = ℓ

sin β (h3 − h2) Ix′ x′ 2 = ℓ(h3−h2)3

36 sin β + (xc2)
2 A2

xc3 = h3+h4
2 sin β A3 = ℓ

sin β (h4 − h3) Ix′ x′ 3 = ℓ(h4−h3)3

36 sin β + (xc3)
2 A3

After inserting the values, the following equations are obtained
Thus, the first equation is

F1 + F2 = Patmos

′

Atotal︷ ︸︸ ︷
ℓ(b2 − a2)+g sin β

3∑

i=1

ρi+1 xci Ai

The second equation is (4.133) to be written for the moment around the point “O” as

F1 a1 + F2 b1 = Patmos

′

xcAtotal︷ ︸︸ ︷
(b2 + a2)

2
ℓ(b2 − a2)+g sin β

3∑

i=1

ρi+1 Ix′ x′
i

The solution for the above equation is

F1 =

2 b1 g sin β
P3

i=1 ρi+1 xci Ai−2 g sin β
P3

i=1 ρi+1 I
x′ x′

i
2 b1−2 a1

−

(b2
2−2 b1 b2+2 a2 b1−a2

2)ℓ Patmos

2 b1−2 a1
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F2 =

2 g sin β
P3

i=1 ρi+1 I
x′ x′

i
−2 a1 g sin β

P3
i=1 ρi+1 xci Ai

2 b1−2 a1
+

(b2
2+2 a1 b2+a2

2−2 a1 a2)ℓ Patmos

2 b1−2 a1

The solution provided isn’t in the complete long form since it will makes things messy.
It is simpler to compute the terms separately. A mini source code for the calculations is
provided in the the text source. The intermediate results in SI units ([m], [m2], [m4])
are:

xc1 = 2.2892 xc2 = 3.5355 xc3 = 4.9497
A1 = 2.696 A2 = 3.535 A3 = 3.535
Ix′x′ 1 = 14.215 Ix′x′ 2 = 44.292 Ix′x′ 3 = 86.718

The final answer is

F1 = 304809.79[N ]

and
F2 = 958923.92[N ]

End Solution

4.5.2 Forces on Curved Surfaces

dAdAx
dAy

dAz

z

y

x

Fig. -4.25. The forces on curved area.

The pressure is acting on surfaces
perpendicular to the direction of
the surface (no shear forces as-
sumption). At this stage, the
pressure is treated as a scalar
function. The element force is

d F = −P n̂ dA (4.135)

Here, the conventional notation
is used which is to denote the
area, dA, outward as positive.
The total force on the area will
be the integral of the unit force

F = −
∫

A

P n̂ dA (4.136)

The result of the integral is a vector. So, if the y component of the force is needed,
only a dot product is needed as

dFy = dF • ĵ (4.137)

From this analysis (equation (4.137)) it can be observed that the force in the direction
of y, for example, is simply the integral of the area perpendicular to y as



4.5. FLUID FORCES ON SURFACES 109

Fy =

∫

A

P dAy (4.138)

The same can be said for the x direction.
The force in the z direction is

Fz =

∫

A

h g ρdAz (4.139)

only the 
liquid above
the body
affecting
the body

Fig. -4.26. Schematic of Net Force on floating
body.

The force which acting on the z di-
rection is the weight of the liquid above the
projected area plus the atmospheric pres-
sure. This force component can be com-
bined with the other components in the
other directions to be

Ftotal =

√
Fz

2 + Fx
2 + Fy

2 (4.140)

And the angle in “x z” plane is

tan θxz =
Fz

Fx
(4.141)

and the angle in the other plane, “y z” is

tan θzy =
Fz

Fy
(4.142)

The moment due to the curved surface require integration to obtain the value. There
are no readily made expressions for these 3–dimensional geometries. However, for some
geometries there are readily calculated center of mass and when combined with two
other components provide the moment (force with direction line).

Cut–Out Shapes Effects
There are bodies with a shape that the vertical direction (z direction) is “cut–

out” aren’t continuous. Equation (4.139) implicitly means that the net force on the
body is z direction is only the actual liquid above it. For example, Figure 4.26 shows a
floating body with cut–out slot into it. The atmospheric pressure acts on the area with
continuous lines. Inside the slot, the atmospheric pressure with it piezometric pressure
is canceled by the upper part of the slot. Thus, only the net force is the actual liquid
in the slot which is acting on the body. Additional point that is worth mentioning is
that the depth where the cut–out occur is insignificant (neglecting the change in the
density).

Example 4.15:
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4[m]

θ0

x direction

δθ
θ

Y

θ

Ax
θ

Ay

A

Fig. -4.27. Calculations of forces on a cir-
cular shape dam.

Calculate the force and the moment around
point “O” that is acting on the dam (see
Figure (4.27)). The dam is made of an
arc with the angle of θ0 = 45◦ and radius
of r = 2[m]. You can assume that the liq-
uid density is constant and equal to 1000
[kg/m3]. The gravity is 9.8[m/sec2] and
width of the dam is b = 4[m]. Com-
pare the different methods of computa-
tions, direct and indirect.

Solution

The force in the x direction is

Fx =

∫

A

P
dAx︷ ︸︸ ︷

r cos θ dθ (4.143)

Note that the direction of the area is taken into account (sign). The differential area
that will be used is, b r dθ where b is the width of the dam (into the page). The pressure
is only a function of θ and it is

P = Patmos + ρ g r sin θ

The force that is acting on the x direction of the dam is Ax × P . When the area Ax

is b r dθ cos θ. The atmospheric pressure does cancel itself (at least if the atmospheric
pressure on both sides of the dam is the same.). The net force will be

Fx =

∫ θ0

0

P︷ ︸︸ ︷
ρ g r sin θ

dAx︷ ︸︸ ︷
b r cos θ dθ

The integration results in

r

A△ = r
2

sin θ cos θ

Aarc =
θ r2

2

Fig. -4.28. Area above the dam arc sub-
tract triangle.

Fx =
ρ g b r2

2

(
1 − cos2 (θ0)

)

Alternative way to do this calculation is by cal-
culating the pressure at mid point and then
multiply it by the projected area, Ax (see Fig-
ure 4.28) as

Fx = ρ g
Ax︷ ︸︸ ︷

b r sin θ0

xc︷ ︸︸ ︷
r sin θ0

2
=

ρ g b r
2

sin2 θ

Notice that dAx(cos θ) and Ax (sin θ) are dif-
ferent, why?
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The values to evaluate the last equation are provided in the question and simplify
subsidize into it as

Fx =
1000 × 9.8 × 4 × 2

2
sin(45◦) = 19600.0[N ]

Since the last two equations are identical (use the sinuous theorem to prove it
sin2 θ + cos2 = 1), clearly the discussion earlier was right (not a good proof LOL12).
The force in the y direction is the area times width.

Fy = −

V︷ ︸︸ ︷



A︷ ︸︸ ︷
θ0 r2

2
−

r2 sin θ0 cos θ0

2




b g ρ ∼ 22375.216[N ]

The center area ( purple area in Figure 4.28) should be calculated as

yc =
yc Aarc − yc Atriangle

A
The center area above the dam requires to know the center area of the arc and triangle
shapes. Some mathematics are required because the shift in the arc orientation. The
arc center (see Figure 4.29) is at

ycarc =
4 r sin2 (

θ
2

)

3 θ

θ

4 r sin
(θ

2

)

3 θ

4 r sin
(θ

2

)

cos
(θ

2

)

3 θ

Fig. -4.29. Area above the dam arc
calculation for the center.

All the other geometrical values are obtained from
Tables 3.1 and 3.2. and substituting the proper values
results in

ycr =

Aarc︷︸︸︷
θ r2

2

yc︷ ︸︸ ︷
4 r sin

(
θ
2

)
cos

(
θ
2

)

3 θ
−

yc︷ ︸︸ ︷
2 r cos θ

3

Atriangle︷ ︸︸ ︷
sin θ r2

2
θ r2

2︸︷︷︸
Aarc

−
r2 sin θ cos θ

2︸ ︷︷ ︸
Atriangle

This value is the reverse value and it is

ycr = 1.65174[m]

The result of the arc center from point “O” (above
calculation area) is

yc = r − ycr = 2 − 1.65174 ∼ 0.348[m]

12Well, it is just a demonstration!
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The moment is

Mv = yc Fy ∼ 0.348 × 22375.2 ∼ 7792.31759[N × m]

The center pressure for x area is

xp = xc +
Ixx

xc A
=

r cosθ0

2
+

Ixx︷ ︸︸ ︷
¢b (r cos θ0)

3

36
r cosθ0

2︸ ︷︷ ︸
xc

¢b (r cos θ0)

=
5 r cos θ0

9

The moment due to hydrostatic pressure is

Mh = xp Fx =
5 r cosθ0

9
Fx ∼ 15399.21[N × m]

The total moment is the combination of the two and it is

Mtotal = 23191.5[N × m]

O

θ θ/2

θ/2

ℓ = 2 r sin







θ
2







dF θ/2

(π − θ
2

)

(π
2

)

Fig. -4.30. Moment on arc element around
Point “O.”

For direct integration of the moment it
is done as following

dF = P dA =

∫ θ0

0
ρ g sin θ b r dθ

and element moment is

dM = dF × ℓ = dF

ℓ︷ ︸︸ ︷

2 r sin

(
θ
2

)
cos

(
θ
2

)

and the total moment is

M =

∫ θ0

0
dM

or

M =

∫ θ0

0
ρ g sin θ b r 2 r sin

(
θ
2

)
cos

(
θ
2

)
dθ

The solution of the last equation is

M =
g r ρ (2 θ0 − sin (2 θ0))

4

The vertical force can be obtained by

Fv =

∫ θ0

0
P dAv
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or

Fv =

∫ θ0

0

P︷ ︸︸ ︷
ρ g r sin θ

dAv︷ ︸︸ ︷
r dθ cos θ

Fv =
g r2 ρ

2

(
1 − cos (θ0)

2
)

Here, the traditional approach was presented first, and the direct approach second.
It is much simpler now to use the second method. In fact, there are many programs
or hand held devices that can carry numerical integration by inserting the function and
the boundaries.

End Solution

To demonstrate this point further, consider a more general case of a polynomial
function. The reason that a polynomial function was chosen is that almost all the
continuous functions can be represented by a Taylor series, and thus, this example
provides for practical purposes of the general solution for curved surfaces.

Example 4.16:

y

x

y =

n∑

i=1
aix

i

o

b

dy

dx

dA

Fig. -4.31. Polynomial shape dam
description for the moment around
point “O” and force calculations.

For the liquid shown in Figure 4.31 ,calcu-
late the moment around point “O” and
the force created by the liquid per unit
depth. The function of the dam shape is
y =

∑n
i=1 ai xi and it is a monotonous

function (this restriction can be relaxed
somewhat). Also calculate the horizontal
and vertical forces.

Solution

The calculations are done per unit depth (into the page) and do not require the actual
depth of the dam.

The element force (see Figure 4.31) in this case is

dF =

P︷ ︸︸ ︷
h︷ ︸︸ ︷

(b − y) g ρ

dA︷ ︸︸ ︷√
dx2 + dy2

The size of the differential area is the square root of the dx2 and dy2 (see Figure 4.31).
It can be noticed that the differential area that is used here should be multiplied by the
depth. From mathematics, it can be shown that

√
dx2 + dy2 = dx

√

1 +

(
dy
dx

)2
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y

x

b

dy
dx

θ

x

y

dF

ℓ

Fig. -4.32. The difference be-
tween the slop and the direction
angle.

The right side can be evaluated for any given func-
tion. For example, in this case describing the dam func-
tion is

√

1 +

(
dy
dx

)2

=

√√√√1 +

(
n∑

i=1

i a (i) x (i)i−1

)2

The value of xb is where y = b and can be obtained by
finding the first and positive root of the equation of

0 =

n∑

i=1

ai xi − b

To evaluate the moment, expression of the distance and
angle to point “O” are needed (see Figure 4.32). The
distance between the point on the dam at x to the point “O” is

ℓ(x) =
√

(b − y)2 + (xb − x)2

The angle between the force and the distance to point “O” is

θ(x) = tan−1
(

dy
dx

)
− tan−1

(
b − y

xb − x

)

The element moment in this case is

dM = ℓ(x)

dF︷ ︸︸ ︷

(b − y) g ρ

√

1 +

(
dy
dx

)2

cos θ(x) dx

To make this example less abstract, consider the specific case of y = 2 x6. In this case,
only one term is provided and xb can be calculated as following

xb =
6

√
b
2

Notice that 6
√

b
2 is measured in meters. The number “2” is a dimensional number with

units of [1/m5]. The derivative at x is

dy
dx

= 12 x5

and the derivative is dimensionless (a dimensionless number). The distance is

ℓ =

√√√√(b − 2 x6)
2

+

(
6

√
b
2

− x

)2
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The angle can be expressed as

θ = tan−1 (
12 x5) − tan−1



 b − 2 x6

6
√

b
2 − x





The total moment is

M =

∫ 6√
b

0
ℓ(x) cos θ(x)

(
b − 2 x6) g ρ

√
1 + 12 x5 dx

This integral doesn’t have a analytical solution. However, for a given value b this integral
can be evaluate. The horizontal force is

Fh = b ρ g
b
2

=
ρ g b2

2

The vertical force per unit depth is the volume above the dam as

Fv =

∫ 6√
b

0

(
b − 2 x6) ρ g dx = ρ g

5 b 7
6

7

In going over these calculations, the calculations of the center of the area were not
carried out. This omission saves considerable time. In fact, trying to find the center of
the area will double the work. This author find this method to be simpler for complicated
geometries while the indirect method has advantage for very simple geometries.

End Solution

4.6 Buoyancy and Stability
h0r0

a

b

Fig. -4.33. Schematic of Immersed Cylinder.

One of the oldest known scientific re-
search on fluid mechanics relates to buoy-
ancy due to question of money was car-
ried by Archimedes. Archimedes princi-
ple is related to question of density and
volume. While Archimedes did not know
much about integrals, he was able to cap-
ture the essence. Here, because this ma-
terial is presented in a different era, more advance mathematics will be used. While the
question of the stability was not scientifically examined in the past, the floating vessels
structure (more than 150 years ago) show some understanding13.

The total forces the liquid exacts on a body are considered as a buoyancy issue.
To understand this issue, consider a cubical and a cylindrical body that is immersed

13This topic was the author’s high school name. It was taught by people like these, 150 years ago
and more, ship builders who knew how to calculate GM but weren’t aware of scientific principles behind
it. If the reader wonders why such a class is taught in a high school, perhaps the name can explain it:
Sea Officers High School.
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in liquid and center in a depth of, h0 as shown in Figure 4.33. The force to hold the
cylinder at the place must be made of integration of the pressure around the surface
of the square and cylinder bodies. The forces on square geometry body are made only
of vertical forces because the two sides cancel each other. However, on the vertical
direction, the pressure on the two surfaces are different. On the upper surface the
pressure is ρg(h0 − a/2). On the lower surface the pressure is ρg(h0 + a/2). The force
due to the liquid pressure per unit depth (into the page) is

F = ρg ((h0 − a/2) − (h0 + a/2)) ℓ b = −ρ g a b ℓ = −ρgV (4.144)

In this case the ℓ represents a depth (into the page). Rearranging equation (4.144) to
be

F
V

= ρ g (4.145)

The force on the immersed body is equal to the weight of the displaced liquid. This
analysis can be generalized by noticing two things. All the horizontal forces are canceled.
Any body that has a projected area that has two sides, those will cancel each other.
Another way to look at this point is by approximation. For any two rectangle bodies,
the horizontal forces are canceling each other. Thus even these bodies are in contact
with each other, the imaginary pressure make it so that they cancel each other.

On the other hand, any shape is made of many small rectangles. The force on
every rectangular shape is made of its weight of the volume. Thus, the total force is
made of the sum of all the small rectangles which is the weight of the sum of all volume.

θ

h0

r

Fig. -4.34. The floating
forces on Immersed Cylin-
der.

In illustration of this concept, consider the cylindrical
shape in Figure 4.33. The force per area (see Figure 4.34)
is

dF =

P︷ ︸︸ ︷
ρ g (h0 − r sin θ)

dAvertical︷ ︸︸ ︷
sin θ r dθ (4.146)

The total force will be the integral of the equation (4.146)

F =

∫ 2π

0
ρ g (h0 − r sin θ) r dθ sin θ (4.147)

Rearranging equation (4.146) transforms it to

F = r g ρ
∫ 2π

0
(h0 − r sin θ) sin θ dθ (4.148)

The solution of equation (4.148) is

F = −π r2 ρ g (4.149)

The negative sign indicate that the force acting upwards. While the horizontal force is

Fv =

∫ 2 π

0
(h0 − r sin θ) cos θ dθ = 0 (4.150)
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Example 4.17:

To what depth will a long log with radius, r, a length, ℓ and density, ρw in liquid with
denisty, ρl. Assume that ρl > ρw. You can provide that the angle or the depth.

t
h

w
h1

hin

Fig. -4.35. Schematic of a thin wall
floating body.

Typical examples to explain the buoyancy are
of the vessel with thin walls put upside down into
liquid. The second example of the speed of the
floating bodies. Since there are no better examples,
these examples are a must.

Example 4.18:

A cylindrical body, shown in Figure 4.35 ,is floating
in liquid with density, ρl. The body was inserted
into liquid in a such a way that the air had remained
in it. Express the maximum wall thickness, t, as a
function of the density of the wall, ρs liquid density,
ρl and the surroundings air temperature, T1 for the
body to float. In the case where thickness is half the maximum, calculate the pressure
inside the container. The container diameter is w. Assume that the wall thickness is
small compared with the other dimensions (t << w and t << h).

Solution

The air mass in the container is

mair =

V︷ ︸︸ ︷
π w2 h

ρair︷ ︸︸ ︷
Patmos

R T

The mass of the container is

mcontainer =





A︷ ︸︸ ︷
π w2 + 2 π w h



 t ρs

The liquid amount enters into the cavity is such that the air pressure in the cavity equals
to the pressure at the interface (in the cavity). Note that for the maximum thickness,
the height, h1 has to be zero. Thus, the pressure at the interface can be written as

Pin = ρl g hin

On the other hand, the pressure at the interface from the air point of view (ideal gas
model) should be

Pin =
mair R T1

hin π w2
︸ ︷︷ ︸

V
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Since the air mass didn’t change and it is known, it can be inserted into the above
equation.

ρl g hin + Patmos = Pin =

(
π w2 h

)
ρ︷ ︸︸ ︷

Patmos

R T1
R T1

hin π w2

The last equation can be simplified into

ρl g hin + Patmos =
h Patmos

hin

And the solution for hin is

hin = −
Patmos +

√
4 g h Patmos ρl + Patmos

2

2 g ρl

and

hin =

√
4 g h Patmos ρl + Patmos

2 − Patmos

2 g ρl

The solution must be positive, so that the last solution is the only physical solution.

Example 4.19:

Calculate the minimum density an infinitely long equilateral triangle (three equal sides)
has to be so that the sharp end is in the water.

Advance material can be skipped

Extreme Cases
The solution demonstrates that when h −→ 0 then hin −→ 0. When the gravity

approaches zero (macro gravity) then

hin =
Patmos

ρl g
+ h −

h2 ρl g
Patmos

+
2 h3 ρl

2 g2

Patmos
2 −

5 h4 ρl
3 g3

Patmos
3 + · · ·

This “strange” result shows that bodies don’t float in the normal sense. When the
floating is under vacuum condition, the following height can be expanded into

hin =

√
h Patmos

g ρl
+

Patmos

2 g ρl
+ · · ·

which shows that the large quantity of liquid enters into the container as it is expected.

End Advance material

Archimedes theorem states that the force balance is at displaced weight liquid (of
the same volume) should be the same as the container, the air. Thus,

net displayed
water︷ ︸︸ ︷

π w2 (h − hin) g =

container︷ ︸︸ ︷(
π w2 + 2 π w h

)
t ρs g +

air︷ ︸︸ ︷

π w2 h
(

Patmos

R T1

)
g
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If air mass is neglected the maximum thickness is

tmax =
2 g h w ρl + Patmos w − w

√
4 gh Patmos ρl + Patmos

2

(2 g w + 4 g h) ρl ρs

The condition to have physical value for the maximum thickness is

2 g h ρl + Patmos ≥
√

4 gh Patmos ρl + Patmos
2

The full solution is

tmax = −
“

w R
√

4 gh Patmos ρl+Patmos
2−2 g h w R ρl−Patmos w R

”
T1+2 g h Patmos w ρl

(2 g w+4 g h) R ρl ρs T1

In this analysis the air temperature in the container immediately after insertion
in the liquid has different value from the final temperature. It is reasonable as the
first approximation to assume that the process is adiabatic and isentropic. Thus, the
temperature in the cavity immediately after the insertion is

Ti

Tf
=

(
Pi

Pf

)

The final temperature and pressure were calculated previously. The equation of state is

Pi =
mair R Ti

Vi

The new unknown must provide additional equation which is

Vi = π w2 hi

Thickness Below The Maximum
For the half thickness t = tmax

2 the general solution for any given thickness below
maximum is presented. The thickness is known, but the liquid displacement is still
unknown. The pressure at the interface (after long time) is

ρl g hin + Patmos =
π w2 hPatmos

R T1
R T1

(hin + h1) π w2

which can be simplified to

ρl g hin + Patmos =
h Patmos

hin + h1

The second equation is Archimedes’ equation, which is

π w2 (h − hin − h1) =
(
π w2 + 2 π w h) t ρs g

)
+ π w2 h

(
Patmos

R T1

)
g

End Solution
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Example 4.20:

A body is pushed into the liquid to a distance, h0 and left at rest. Calculate acceleration
and time for a body to reach the surface. The body’s density is α ρl , where α is ratio
between the body density to the liquid density and (0 < α < 1). Is the body volume
important?

Solution

The net force is

F =

liquid
weight︷ ︸︸ ︷

V g ρl −

body
weight︷ ︸︸ ︷
V g α ρl = V g ρl (1 − α)

But on the other side the internal force is

F = m a =

m︷ ︸︸ ︷
V αρl a

Thus, the acceleration is

a = g
(

1 − α
α

)

If the object is left at rest (no movement) thus time will be (h = 1/2 a t2)

t =

√
2 hα

g(1 − α)

If the object is very light (α −→ 0) then

tmin =

√
2 h α

g
+

√
2 g h α 3

2

2 g
+

3
√

2 g h α 5
2

8 g
+

5
√

2 g h α 7
2

16 g
+ · · ·

From the above equation, it can be observed that only the density ratio is important.
This idea can lead to experiment in “large gravity” because the acceleration can be
magnified and it is much more than the reverse of free falling.

End Solution

Example 4.21:

In some situations, it is desired to find equivalent of force of a certain shape to be
replaced by another force of a “standard” shape. Consider the force that acts on a half
sphere. Find equivalent cylinder that has the same diameter that has the same force.

Solution

The force act on the half sphere can be found by integrating the forces around the
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sphere. The element force is

dF = (ρL − ρS) g
h︷ ︸︸ ︷

r cos φ cos θ

dAx︷ ︸︸ ︷

cos θ cos φ

dA︷ ︸︸ ︷
r2 dθ dφ

The total force is then

Fx =

∫ π

0

∫ π

0
(ρL − ρS) g cos2 φ cos2 θ r3 dθ dφ

The result of the integration the force on sphere is

Fs =
π2 (ρL − ρS) r3

4

The force on equivalent cylinder is

Fc = π r2 (ρL − ρS) h

These forces have to be equivalent and thus

π ¤2»»»»»(ρL − ρS) r¢¢̧
1

3

4
=½π¡¡r2

»»»»»(ρL − ρS) h

Thus, the height is
h
r

=
π
4

End Solution

Example 4.22:

In the introduction to this section, it was assumed that above liquid is a gas with
inconsequential density. Suppose that the above layer is another liquid which has a bit
lighter density. Body with density between the two liquids, ρl < ρs < rhoh is floating
between the two liquids. Develop the relationship between the densities of liquids and
solid and the location of the solid cubical. There are situations where density is a
function of the depth. What will be the location of solid body if the liquid density
varied parabolically.

Solution

In the discussion to this section, it was shown that net force is the body volume times
the the density of the liquid. In the same vein, the body can be separated into two:
one in first liquid and one in the second liquid. In this case there are two different
liquid densities. The net force down is the weight of the body ρc h A. Where h is the
height of the body and A is its cross section. This force is balance according to above
explanation by the two liquid as

ρc©©h A = ©©A h (α ρl + (1 − α)ρh)
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Where α is the fraction that is in low liquid. After rearrangement it became

α =
ρc − ρh

ρl − ρh

the second part deals with the case where the density varied parabolically. The density
as a function of x coordinate along h starting at point ρh is

ρ(x) = ρh −
(x

h

)2
(ρh − ρl)

Thus the equilibration will be achieved, A is canceled on both sides, when

ρc h =

∫ x1+h

x1

[
ρh −

(x
h

)2
(ρh − ρl)

]
dx

After the integration the equation transferred into

ρc h =
(3 ρl − 3 ρh) x12 + (3 h ρl − 3 h ρh) x1 + h2 ρl + 2 h2 ρh

3 h

And the location where the lower point of the body (the physical), x1, will be at

X1 =

√
3

√
3 h2 ρl

2 + (4 ρc − 6 h2 ρh) ρl + 3 h2 ρh
2 − 12 ρc ρh + 3 h ρl − 3 h ρh

6 ρh − 2 ρl

For linear relationship the following results can be obtained.

x1 =
h ρl + h ρh − 6 ρc

2 ρl − 2 ρh

In many cases in reality the variations occur in small zone compare to the size of the
body. Thus, the calculations can be carried out under the assumption of sharp change.
However, if the body is smaller compare to the zone of variation, they have to accounted
for.

End Solution

Example 4.23:

A hollow sphere is made of steel (ρs/ρw
∼= 7.8) with a t wall thickness. What is the

thickness if the sphere is neutrally buoyant? Assume that the radius of the sphere is
R. For the thickness below this critical value, develop an equation for the depth of the
sphere.

Solution

The weight of displaced water has to be equal to the weight of the sphere

ρs ¢g
4 π R3

3
= ρw ¢g

(
4 π R3

3
−

4 π (R − t)3

3

)
(4.XXIII.a)
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after simplification equation (4.XXIII.a) becomes

ρs R3

ρw
= 3 t R2 − 3 t2 R + t3 (4.XXIII.b)

Equation (4.XXIII.b) is third order polynomial equation which it’s solution (see the
appendix) is

t1 =
(

−
√

3 i
2 − 1

2

) (
ρs

ρw
R

3
− R3

) 1
3

+ R

t2 =
(√

3 i
2 − 1

2

) (
ρs

ρw
R

3
− R3

) 1
3

+ R

t3 = R
(

3

√ ρs

ρw
− 1 + 1

)
(4.XXIII.c)

The first two solutions are imaginary thus not valid for the physical world. The last
solution is the solution that was needed. The depth that sphere will be located depends
on the ratio of t/R which similar analysis to the above. For a given ratio of t/R, the
weight displaced by the sphere has to be same as the sphere weight. The volume of a
sphere cap (segment) is given by

Vcap =
π h2 (3R − h)

3
(4.XXIII.d)

Where h is the sphere height above the water. The volume in the water is

Vwater =
4 π R3

3
−

π h2 (3R − h)

3
=

4 π
(
R3 − 3 R h2 + h3)

3
(4.XXIII.e)

When Vwater denotes the volume of the sphere in the water. Thus the Archimedes law
is

ρw 4 π
(
R3 − 3 R h2 + h3)

3
=

ρs 4 π
(
3 t R2 − 3 t2 R + t3)

3
(4.XXIII.f)

or (
R3 − 3 R h2 + h3) =

ρw

ρs

(
3 t R2 − 3 t2 R + t3)

(4.XXIII.g)

The solution of (4.XXIII.g) is

h =

(√
−fR (4 R3 − fR)

2
−

fR − 2 R3

2

)1

3

+
R2

(√
−fR (4 R3 − fR)

2
−

fR − 2 R3

2

)1

3

(4.XXIII.h)
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Where −fR = R3 −
ρw

ρs
(3 t R2 − 3 t2 R + t3) There are two more solutions which

contains the imaginary component. These solutions are rejected.
End Solution

Example 4.24:

One of the common questions in buoyancy is the weight with variable cross section and
fix load. For example, a wood wedge of wood with a fix weight/load. The general
question is at what the depth of the object (i.e. wedge) will be located. For simplicity,
assume that the body is of a solid material.

Solution

It is assumed that the volume can be written as a function of the depth. As it was
shown in the previous example, the relationship between the depth and the displaced
liquid volume of the sphere. Here it is assumed that this relationship can be written as

Vw = f(d, other geometrical parameters) (4.XXIV.a)

The Archimedes balance on the body is

ρℓVa = ρwVw (4.XXIV.b)

d = f−1 ρℓVa

ρw
(4.XXIV.c)

End Solution

Example 4.25:

In example 4.24 a general solution was provided. Find the reverse function, f−1 for
cone with 30◦ when the tip is in the bottom.

Solution

First the function has to built for d (depth).

Vw =

π d
(

d
√

3

)2

3
=

π d3

9

(4.XXV.a)

Thus, the depth is

d = 3

√
9 π ρw

ρℓ Va

(4.XXV.b)

End Solution

4.6.1 Stability
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Fig. -4.36. Schematic of floating bodies.

Figure 4.36 shows a body made of
hollow balloon and a heavy sphere
connected by a thin and light rod.
This arrangement has mass centroid
close to the middle of the sphere.
The buoyant center is below the mid-
dle of the balloon. If this arrange-
ment is inserted into liquid and will
be floating, the balloon will be on the
top and sphere on the bottom. Tilt-
ing the body with a small angle from
its resting position creates a shift in the forces direction (examine Figure 4.36b). These
forces create a moment which wants to return the body to the resting (original) po-
sition. When the body is at the position shown in Figure 4.36c ,the body is unstable
and any tilt from the original position creates moment that will further continue to
move the body from its original position. This analysis doesn’t violate the second
law of thermodynamics. Moving bodies from an unstable position is in essence like a
potential.

G

B

Fig. -4.37. Schematic of floating cubic.

A wooden cubic (made of pine, for exam-
ple) is inserted into water. Part of the block
floats above water line. The cubic mass (grav-
ity) centroid is in the middle of the cubic. How-
ever the buoyant center is the middle of the vol-
ume under the water (see Figure 4.37). This
situation is similar to Figure 4.36c. However,
any experiment of this cubic wood shows that
it is stable locally. Small amount of tilting of
the cubic results in returning to the original po-
sition. When tilting a larger amount than π/4
, it results in a flipping into the next stable position. The cubic is stable in six positions
(every cubic has six faces). In fact, in any of these six positions, the body is in situation
like in 4.36c. The reason for this local stability of the cubic is that other positions are
less stable. If one draws the stability (later about this criterion) as a function of the
rotation angle will show a sinusoidal function with four picks in a whole rotation.

So, the body stability must be based on the difference between the body’s local
positions rather than the “absolute” stability. That is, the body is “stable” in some
points more than others in their vicinity. These points are raised from the buoyant force
analysis. When the body is tilted at a small angle, β, the immersed part of the body
center changes to a new location, B’ as shown in Figure 4.38. The center of the mass
(gravity) is still in the old location since the body did not change. The stability of the
body is divided into three categories. If the new immerse volume creates a new center in
such way that couple forces (gravity and buoyancy) try to return the body, the original
state is referred as the stable body and vice versa. The third state is when the couple
forces do have zero moment, it is referred to as the neutral stable.
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β

δF

δF∆F

∆F

B
B’

dA

Fig. -4.38. Stability analysis of floating body.

The body, shown in Figure 4.38, when given a tilted position, move to a new
buoyant center, B’. This deviation of the buoyant center from the old buoyant center
location, B, should to be calculated. This analysis is based on the difference of the
displaced liquid. The right green area (volume) in Figure 4.38 is displaced by the same
area (really the volume) on left since the weight of the body didn’t change14 so the
total immersed section is constant. For small angle, β, the moment is calculated as the
integration of the small force shown in the Figure 4.38 as ∆F . The displacement of the
buoyant center can be calculated by examining the moment these forces creats. The
body weight creates opposite moment to balance the moment of the displaced liquid
volume.

BB′ W = M (4.151)

Where M is the moment created by the displaced areas (volumes), BB′ is the distance
between points B and point B’, and, W referred to the weight of the body. It can
be noticed that the distance BB′ is an approximation for small angles (neglecting the
vertical component.). So the perpendicular distance, BB′, should be

BB′ =
M

W
(4.152)

The moment M can be calculated as

M =

∫

A

δF︷ ︸︸ ︷
g ρl x β dA︸ ︷︷ ︸

dV

x = g ρl β
∫

A

x2dA (4.153)

14It is correct to state: area only when the body is symmetrical. However, when the body is not
symmetrical, the analysis is still correct because the volume and not the area is used.
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The integral in the right side of equation (4.153) is referred to as the area moment
of inertia and was discussed in Chapter 3. The distance, BB′ can be written from
equation (4.153) as

BB′ =
g ρl Ixx

ρsVbody
(4.154)

The point where the gravity force direction is intersecting with the center line of
the cross section is referred as metacentric point, M. The location of the metacentric
point can be obtained from the geometry as

BM =
BB′

sin β
(4.155)

And combining equations (4.154) with (4.155) yields

BM = ¢g ρlβIxx

¢g ρs sin β Vbody
=

ρl Ixx

ρs Vbody
(4.156)

For small angle (β ∼ 0)

lim
β→0

sin β
β

∼ 1 (4.157)

It is remarkable that the results is independent of the angle. Looking at Figure 4.38,
the geometrical quantities can be related as

GM =

BM︷ ︸︸ ︷
ρl Ixx

ρsVbody
−BG (4.158)

Example 4.26:

A solid cone floats in a heavier liquid (that is ρl/ρc > 1). The ratio of the cone density
to liquid density is α. For a very light cone ρc/ρl ∼ 0, the cone has zero depth. At
this condition, the cone is unstable. For middle range, 1 > ρc/ρl > 0 there could be a
range where the cone is stable. The angle of the cone is θ. Analyze this situation.

Solution

The floating cone volume is
π d r2

3
and the center of gravity is D/4. The distance BG

depent on d as
BG = D/4 − d/4 (4.XXVI.a)

Where D is the total height and d is the height of the submerged cone. The moment
of inertia of the cone is circle shown in Table 3.1. The relationship between the radius
the depth is

r = d tan θ (4.XXVI.b)
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GM =
ρl

Ixx︷ ︸︸ ︷
π (d tan θ)

4

64

ρs
π d (d tan θ)

2

3︸ ︷︷ ︸
Vbody

−

BG︷ ︸︸ ︷(
D
4

−
d
4

)
(4.XXVI.c)

Equation (4.XXVI.c) can be simplified as

GM =
ρl d tan2 θ

ρs 192
−

(
D
4

−
d
4

)
(4.XXVI.d)

The relationship between D and d is determined by the density ratio ( as displaced
volume is equal to cone weight)15

ρl d3 = ρc D3 =⇒ D = d 3

√
ρl

ρc
(4.XXVI.e)

Substituting equation (4.XXVI.e) into (4.XXVI.d) yield the solution when GM = 0

0 =
ρl d tan2 θ

ρs 192
−





d 3

√ ρl

ρc

4
−

d
4



 =⇒
ρl tan2 θ

ρs 48
= 3

√
ρl

ρc
− 1 (4.XXVI.f)

Since ρl > ρc this never happened.
End Solution

To understand these principles consider the following examples.

Example 4.27:

A solid block of wood of uniform density, ρs = α ρl where ( 0 ≤ α ≤ 1 ) is floating in a
liquid. Construct a graph that shows the relationship of the GM as a function of ratio
height to width. Show that the block’s length, L, is insignificant for this analysis.

Solution

Equation (4.158) requires that several quantities should be expressed. The moment of

inertia for a block is given in Table 3.1 and is Ixx = La3

12 . Where L is the length into the

page. The distance BG is obtained from Archimedes’ theorem and can be expressed as

W = ρs

V︷ ︸︸ ︷
a h L = ρl

immersed
volume︷ ︸︸ ︷
a h1 L =⇒ h1 =

ρs

ρl
h

15Only the dimension is compared, why?
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L

a

h

h1

Fig. -4.39. Cubic body dimensions for stability analysis.
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Fig. -4.40. Stability of cubic body infinity long.

Thus, the distance BG is (see Figure 4.37)

BG =
h
2

−

h1︷︸︸︷
ρs

ρl
h

1

2
=

h
2

(
1 −

ρs

ρl

)

(4.159)

GM =
¢g ρl

Ixx︷︸︸︷
¶L a3

12

¢g ρs a h¶L︸ ︷︷ ︸
V

−
h
2

(
1 −

ρs

ρl

)

Simplifying the above equation provides

GM
h

=
1

12 α

(a
h

)2
−

1

2
(1 − α) (4.160)

where α is the density ratio. Notice that
GM/h isn’t a function of the depth, L. This equation leads to the condition where the
maximum height above which the body is not stable anymore as

a
h

≥
√

6 (1 − α)α (4.161)

End Solution
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Fig. -4.41. The maximum height reverse as a
function of density ratio.

One of the interesting point for the
above analysis is that there is a point
above where the ratio of the height to the
body width is not stable anymore. In cylin-
drical shape equivalent to equation (4.161)
can be expressed. For cylinder (circle) the
moment of inertia is Ixx = π b4/64. The
distance BG is the same as for the square
shape (cubic) (see above (4.159)). Thus,
the equation is

GM
h

=
g

64 α

(
b
h

)2

−
1

2
(1 − α)

And the condition for maximum height for stability is

b
h

≥
√

32 (1 − α) α

This kind of analysis can be carried for different shapes and the results are shown for
these two shapes in Figure 4.41. It can be noticed that the square body is more stable
than the circular body shape.

Principle Main Axises
Any body has infinite number of different axises around which moment of inertia

can be calculated. For each of these axises, there is a different moment of inertia. With
the exception of the circular shape, every geometrical shape has an axis in which the
moment of inertia is without the product of inertia. This axis is where the main rotation
of the body will occur. Some analysis of floating bodies are done by breaking the rotation
of arbitrary axis to rotate around the two main axises. For stability analysis, it is enough
to find if the body is stable around the smallest moment of inertia. For example, a square
shape body has larger moment of inertia around diagonal. The difference between the
previous calculation and the moment of inertia around the diagonal is

∆Ixx =

I diagonal axis︷ ︸︸ ︷
√

2 a
(√

3 a
2

)3

6
−

“normal′′axis︷︸︸︷
a4

12
∼ 0.07 a4

Which show that if the body is stable at main axises, it must be stable at the “diagonal”
axis. Thus, this problem is reduced to find the stability for principle axis.

Unstable Bodies
What happen when one increases the height ratio above the maximum height

ratio? The body will flip into the side and turn to the next stable point (angle).
This is not a hypothetical question, but rather practical. This happens when a ship is
overloaded with containers above the maximum height. In commercial ships, the fuel is
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stored at the bottom of the ship and thus the mass center (point G) is changing during
the voyage. So, the ship that was stable (positive GM) leaving the initial port might
became unstable (negative GM) before reaching the destination port.

Example 4.28:

One way to make a ship to be a hydrodynamic is by making the body as narrow as
possible. Suppose that two opposite sides triangle (prism) is attached to each other
to create a long “ship” see Figure 4.42. Supposed that a/h −→ 0̃ the body will be
unstable. On the other side if the a/h −→ ∞̃ the body is very stable. What is the
minimum ratio of a/h that keep the body stable at half of the volume in liquid (water).
Assume that density ratio is ρl/ρs = ρ̄.

a

h

a

Fig. -4.42. Stability of two triangles put
tougher.

Solution

The answer to the question is that the lim-
iting case where GM = 0. To find this
ratio equation terms in (4.158) have to be
found. The Volume of the body is

V = 2

(
a2 h
2

)
= a2 h

The moment of inertia is triangle (see ex-
planation in example (3.7) is

Ixx =
a h3

2

And the volume is

Vbody = a2

√
h2 −

a2

4
= a2 h

√
1 −

1

4

a2

h2

The point B is a function of the density ratio of the solid and liquid. Denote the liquid
density as ρl and solid density as ρs. The point B can be expressed as

B =
a ρs

2 ρl

And thus the distance BG is

BG =
a
2

(
1 −

ρs

ρl

)

The limiting condition requires that GM = 0 so that

ρl Ixx

ρsVbody
= BG
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Or explicitly

ρl
a h3

2

ρs a2 h

√
1 −

1

4

a2

h2

=
a
2

(
1 −

ρs

ρl

)

After rearrangement and using the definitions of ξ = h/a ρ̄ρl/ρs results in

ρ̄ ξ2
√

1 −
ξ2

4

=

(
1 −

1

ρ̄

)

The solution of the above solution is obtained by squaring both sides and defining a
new variable such as x = ξ2. After the above manipulation and selecting the positive
value and to keep stability as

x <

√√
64 ρ̄4−64 ρ̄3+ρ̄2−2 ρ̄+1

ρ̄ + 1
ρ̄ − 1

2
√

2 ρ̄

End Solution

4.6.1.1 Stability of Body with Shifting Mass Centroid

B B′

G G′

Gc

M

Fig. -4.43. The effects of liquid movement on
the GM .

Ships and other floating bodies carry liq-
uid or have a load which changes the
mass location during tilting of the float-
ing body. For example, a ship that carries
wheat grains where the cargo is not prop-
erly secured to the ship. The movement of
the load (grains, furniture, and/or liquid)
does not occur in the same speed as the
body itself or the displaced outside liquid.
Sometimes, the slow reaction of the load,
for stability analysis, is enough to be ig-
nored. Exact analysis requires taking into
account these shifting mass speeds. How-
ever, here, the extreme case where the load reacts in the same speed as the tilting of
the ship/floating body is examined. For practical purposes, it is used as a limit for the
stability analysis. There are situations where the real case approaches to this extreme.
These situations involve liquid with a low viscosity (like water, alcohol) and ship with
low natural frequency (later on the frequency of the ships). Moreover, in this analysis,
the dynamics are ignored and only the statics is examined (see Figure 4.43).

A body is loaded with liquid “B” and is floating in a liquid “A” as shown in Figure
4.43. When the body is given a tilting position the body displaces the liquid on the
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outside. At the same time, the liquid inside is changing its mass centroid. The moment
created by the inside displaced liquid is

Min = g ρlBβIxxB (4.162)

Note that IxxB isn’t the same as the moment of inertia of the outside liquid interface.

The change in the mass centroid of the liquid “A” then is

G1G′
1 = ¢g©©ρlBβIxxB

¢g VB ©©ρlB︸ ︷︷ ︸

Inside
liquid
weight

=
IxxB

VB
(4.163)

Equation (4.163) shows that GG′ is only a function of the geometry. This quantity,
G1G′

1, is similar for all liquid tanks on the floating body.

The total change of the vessel is then calculated similarly to center area calcula-
tions.

¢g mtotal GG′ =»»»»:0g mbody + ¢g mf G1G′
1 (4.164)

For more than one tank, it can be written as

GG′ =
g

Wtotal

n∑

i=1

GiGiρliVi =
g

Wtotal

n∑

i=1

Ixxbi

Vbi

(4.165)

A new point can be defined as Gc. This point is the intersection of the center line
with the vertical line from G′.

G Gc =
GG′

sin β
(4.166)

The distance that was used before GM is replaced by the criterion for stability by
Gc M and is expressed as

Gc M =
g ρA IxxA

ρsVbody
− BG −

1

mtotal

Ixxb

Vb
(4.167)

If there are more than one tank partially filled with liquid, the general formula is

Gc M =
g ρA IxxA

ρsVbody
− BG −

1

mtotal

n∑

i=1

Ixxbi

Vbi

(4.168)
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T d
h

G

Fig. -4.44. Measurement of GM of floating body.

One way to reduce the effect of
the moving mass center due to liq-
uid is done by substituting a single
tank with several tanks. The mo-
ment of inertial of the combine two
tanks is smaller than the moment of
inertial of a single tank. Increasing
the number of tanks reduces the mo-
ment of inertia. The engineer could
design the tanks in such a way that
the moment of inertia is operationally
changed. This control of the stability, GM , can be achieved by having some tanks
spanning across the entire body with tanks spanning on parts of the body. Movement
of the liquid (mostly the fuel and water) provides way to control the stability, GM , of
the ship.

4.6.1.2 Metacentric Height, GM , Measurement

The metacentric height can be measured by finding the change in the angle when a
weight is moved on the floating body.

Moving the weight, T a distance, d then the moment created is

Mweight = T d (4.169)

This moment is balanced by

Mrighting = WtotalGMnew θ (4.170)

Where, Wtotal, is the total weight of the floating body including measuring weight.
The angle, θ, is measured as the difference in the orientation of the floating body. The
metacentric height is

GMnew =
T d

Wtotal θ
(4.171)

If the change in the GM can be neglected, equation (4.171) provides the solution. The
calculation of GM can be improved by taking into account the effect of the measuring
weight. The change in height of G is

¢g mtotal Gnew = ¢g mship Gactual + ¢g T h (4.172)

Combining equation (4.172) with equation (4.171) results in

GMactual = GMnew
mtotal

mship
− h

T
mship

(4.173)

The weight of the ship is obtained from looking at the ship depth.
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4.6.1.3 Stability of Submerged Bodies

The analysis of submerged bodied is different from the stability when the body lays
between two fluid layers with different density. When the body is submerged in a single
fluid layer, then none of the changes of buoyant centroid occurs. Thus, the mass
centroid must be below than buoyant centroid in order to have stable condition.

However, all fluids have density varied in some degree. In cases where the density
changes significantly, it must be taken into account. For an example of such a case is
an object floating in a solar pond where the upper layer is made of water with lower
salinity than the bottom layer(change up to 20% of the density). When the floating
object is immersed into two layers, the stability analysis must take into account the
changes of the displaced liquids of the two liquid layers. The calculations for such cases
are a bit more complicated but based on the similar principles. Generally, this density
change helps to increase the stability of the floating bodies. This analysis is out of the
scope of this book (for now).

4.6.1.4 Stability of None Systematical or “Strange” Bodies

GM

M

G

δβ
∆F

∆F

B
B’

b

a

Fig. -4.45. Calculations of GM for abrupt
shape body.

While most floating bodies are symmet-
rical or semi–symmetrical, there are sit-
uations where the body has a “strange”
and/or un-symmetrical body. Consider the
first strange body that has an abrupt step
change as shown in Figure 4.45. The body
weight doesn’t change during the rotation
that the green area on the left and the
green area on right are the same (see Fig-
ure 4.45). There are two situations that
can occur. After the tilting, the upper part
of the body is above the liquid or part of
the body is submerged under the water.
The mathematical condition for the border
is when b = 3 a. For the case of b < 3 a
the calculation of moment of inertia are similar to the previous case. The moment
created by change in the displaced liquid (area) act in the same fashion as the before.
The center of the moment is needed to be found. This point is the intersection of
the liquid line with the brown middle line. The moment of inertia should be calculated
around this axis.

For the case where b < 3 a x some part is under the liquid. The amount of area
under the liquid section depends on the tilting angle. These calculations are done as
if none of the body under the liquid. This point is intersection point liquid with lower
body and it is needed to be calculated. The moment of inertia is calculated around this
point (note the body is “ended” at end of the upper body). However, the moment to
return the body is larger than actually was calculated and the bodies tend to be more
stable (also for other reasons).
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4.6.1.5 Neutral frequency of Floating Bodies

This case is similar to pendulum (or mass attached to spring). The governing equation
for the pendulum is

ℓβ̈ − g β = 0 (4.174)

Where here ℓ is length of the rode (or the line/wire) connecting the mass with the
rotation point. Thus, the frequency of pendulum is 1

2 π

√
g
ℓ which measured in Hz. The

period of the cycle is 2 π
√

ℓ/g. Similar situation exists in the case of floating bodies.
The basic differential equation is used to balance and is

rotation︷︸︸︷
Iβ̈ −

rotating moment︷ ︸︸ ︷
V ρs GM β = 0 (4.175)

In the same fashion the frequency of the floating body is

1

2 π

√
V ρs GM

Ibody
(4.176)

and the period time is

2 π

√
Ibody

V ρs GM
(4.177)

In general, the larger GM the more stable the floating body is. Increase in GM
increases the frequency of the floating body. If the floating body is used to transport
humans and/or other creatures or sensitive cargo it requires to reduce the GM so that
the traveling will be smoother.

4.6.2 Surface Tension

The surface tension is one of the mathematically complex topic and related to many
phenomena like boiling, coating, etc. In this section, only simplified topics like constant
value will be discussed.

In one of the early studies of the surface tension/pressure was done by Torricelli16.
In this study he suggest construction of the early barometer. In barometer is made from
a tube sealed on one side. The tube is filled with a liquid and turned upside down into
the liquid container.The main effect is the pressure difference beween the two surfaces
(in the tube and out side the tune). However, the surface tension affects the high. This
effect is large for very small diameters.

16Evangelista Torricelli October 15, 1608 October 25, 1647 was an Italian physicist best known for
his invention of the barometer.
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Example 4.29:

In interaction of the molecules shown in Figure ? describe the existence of surface
tension. Explain why this description is erroneous?

Solution

The upper layer of the molecules have unbalanced force towards the liquid phase. New-
ton’s law states when there is unbalanced force, the body should be accelerate. However,
in this case, the liquid is not in motion. Thus, the common explanation is wrong.

End Solution

Fig. -4.46. A heavy needle is floating on a liquid.

Example 4.30:

Needle is made of steel and is heavier than water and many other liquids. However,
the surface tension between the needle and the liquid hold the needle above the liquid.
After certain diameter, the needle cannot be held by the liquid. Calculate the maximum
diameter needle that can be inserted into liquid without drowning.

Solution

Under Construction
End Solution

4.7 Rayleigh–Taylor Instability
Rayleigh–Taylor instability (or RT instability) is named after Lord Rayleigh and G. I.
Taylor. There are situations where a heavy liquid layer is placed over a lighter fluid
layer. This situation has engineering implications in several industries. For example in
die casting, liquid metal is injected in a cavity filled with air. In poor designs or other
situations, some air is not evacuated and stay in small cavity on the edges of the shape
to be casted. Thus, it can create a situation where the liquid metal is above the air but
cannot penetrate into the cavity because of instability.

This instability deals with a dense, heavy fluid that is being placed above a lighter
fluid in a gravity field perpendicular to interface. Example for such systems are dense
water over oil (liquid–liquid), or water over air(gas–liquid). The original Rayleigh’s
paper deals with the dynamics and density variations. For example, density variations
according to the bulk modulus (see section 4.3.3.2) are always stable but unstable of
the density is in the reversed order.
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Supposed that a liquid density is arbitrary function of the height. This distortion
can be as a result of heavy fluid above the lighter liquid. This analysis asks the question
of what happen when a small amount of liquid from the above layer enter into the
lower layer? Whether this liquid continue and will grow or will it return to its original
conditions? The surface tension is the opposite mechanism that will returns the liquid
to its original place. This analysis is referred to the case of infinite or very large surface.
The simplified case is the two different uniform densities. For example a heavy fluid
density, ρL, above lower fluid with lower density, ρG.

For perfectly straight interface, the heavy fluid will stay above the lighter fluid. If
the surface will be disturbed, some of heavy liquid moves down. This disturbance can
grow or returned to its original situation. This condition is determined by competing
forces, the surface density, and the buoyancy forces. The fluid above the depression
is in equilibrium with the sounding pressure since the material is extending to infinity.
Thus, the force that acting to get the above fluid down is the buoyancy force of the
fluid in the depression.

σσ

h

x

L

Fig. -4.47. Description of depression to explain
the Rayleigh–Taylor instability.

The depression is returned to its
original position if the surface forces are
large enough. In that case, this situation
is considered to be stable. On the other
hand, if the surface forces (surface ten-
sion) are not sufficient, the situation is
unstable and the heavy liquid enters into
the liquid fluid zone and vice versa. As
usual there is the neutral stable when the forces are equal. Any continues function can
be expanded in series of cosines. Thus, example of a cosine function will be exam-
ined. The conditions that required from this function will be required from all the other
functions. The disturbance is of the following

h = −hmax cos
2 π x

L
(4.178)

where hmax is the maximum depression and L is the characteristic length of the
depression. The depression has different radius as a function of distance from the
center of the depression, x. The weakest point is at x = 0 because symmetrical reasons
the surface tension does not act against the gravity as shown in Figure (4.47). Thus, if
the center point of the depression can “hold” the intrusive fluid then the whole system
is stable.

The radius of any equation is expressed by equation (1.57). The first derivative
of cos around zero is sin which is approaching zero or equal to zero. Thus, equation
(1.57) can be approximated as

1

R
=

d2h
dx2 (4.179)

For equation (4.178) the radius is

1

R
= −

4 π2 hmax

L2 (4.180)
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According to equation (1.46) the pressure difference or the pressure jump is due to the
surface tension at this point must be

PH − PL =
4 hmax σ π2

L2 (4.181)

The pressure difference due to the gravity at the edge of the disturbance is then

PH − PL = g (ρH − ρL) hmax (4.182)

Comparing equations (4.181) and (4.182) show that if the relationship is

4 σ π2

L2 > g (ρH − ρL) (4.183)

It should be noted that hmax is irrelevant for this analysis as it is canceled. The point
where the situation is neutral stable

Lc =

√
4 π2σ

g (ρH − ρL)
(4.184)

An alternative approach to analyze this instability is suggested here. Consider the
situation described in Figure 4.48. If all the heavy liquid “attempts” to move straight
down, the lighter liquid will “prevent” it. The lighter liquid needs to move up at the
same time but in a different place. The heavier liquid needs to move in one side and the
lighter liquid in another location. In this process the heavier liquid “enter” the lighter
liquid in one point and creates a depression as shown in Figure 4.48.

σ σ
θ

2 r

Fig. -4.48. Description of depression to explain
the instability.

To analyze it, considered two con-
trol volumes bounded by the blue lines in
Figure 4.48. The first control volume is
made of a cylinder with a radius r and
the second is the depression below it. The
“extra” lines of the depression should be
ignored, they are not part of the control
volume. The horizontal forces around the
control volume are canceling each other.
At the top, the force is atmospheric pres-
sure times the area. At the cylinder bot-
tom, the force is ρ g h × A. This acts
against the gravity force which make the
cylinder to be in equilibrium with its surroundings if the pressure at bottom is indeed
ρ g h.

For the depression, the force at the top is the same force at the bottom of the
cylinder. At the bottom, the force is the integral around the depression. It can be
approximated as a flat cylinder that has depth of r π/4 (read the explanation in the
example 4.21) This value is exact if the shape is a perfect half sphere. In reality, the error
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is not significant. Additionally when the depression occurs, the liquid level is reduced a
bit and the lighter liquid is filling the missing portion. Thus, the force at the bottom is

Fbottom ∼ π r2
[(π r

4
+ h

)
(ρL − ρG) g + Patmos

]
(4.185)

The net force is then

Fbottom ∼ π r2
(π r

4

)
(ρL − ρG) g (4.186)

The force that hold this column is the surface tension. As shown in Figure 4.48, the
total force is then

Fσ = 2 π r σ cos θ (4.187)

The forces balance on the depression is then

2 π r σ cos θ ∼ π r2
(π r

4

)
(ρL − ρG) g (4.188)

The radius is obtained by

r ∼

√
2 π σ cos θ

(ρL − ρG) g
(4.189)

The maximum surface tension is when the angle, θ = π/2. At that case, the radius is

r ∼

√
2 π σ

(ρL − ρG) g
(4.190)

Fig. -4.49. The cross section of the interface. The purple color represents the maximum heavy
liquid raising area. The yellow color represents the maximum lighter liquid that are “going
down.”

The maximum possible radius of the depression depends on the geometry of the
container. For the cylindrical geometry, the maximum depression radius is about half



4.7. RAYLEIGH–TAYLOR INSTABILITY 141

for the container radius (see Figure 4.49). This radius is limited because the lighter
liquid has to enter at the same time into the heavier liquid zone. Since the “exchange”
volumes of these two process are the same, the specific radius is limited. Thus, it can
be written that the minimum radius is

rmintube = 2

√
2 π σ

g (ρL − ρG)
(4.191)

The actual radius will be much larger. The heavier liquid can stay on top of
the lighter liquid without being turned upside down when the radius is smaller than
the equation 4.191. This analysis introduces a new dimensional number that will be
discussed in a greater length in the Dimensionless chapter. In equation (4.191) the
angle was assumed to be 90 degrees. However, this angle is never can be obtained.
The actual value of this angle is about π/4 to π/3 and in only extreme cases the
angle exceed this value (considering dynamics). In Figure 4.49, it was shown that the
depression and the raised area are the same. The actual area of the depression is only
a fraction of the interfacial cross section and is a function. For example,the depression
is larger for square area. These two scenarios should be inserting into equation 4.168
by introducing experimental coefficient.

Example 4.31:

Estimate the minimum radius to insert liquid aluminum into represent tube at temper-
ature of 600[K]. Assume that the surface tension is 400[mN/m]. The density of the
aluminum is 2400kg/m3.

Solution

The depression radius is assume to be significantly smaller and thus equation (4.190)
can be used. The density of air is negligible as can be seen from the temperature
compare to the aluminum density.

r ∼

√√√√ 8 π
σ︷︸︸︷

0.4
2400 × 9.81

The minimum radius is r ∼ 0.02[m] which demonstrates the assumption of h >> r
was appropriate.

End Solution

Open Question by April 15, 2010
The best solution of the following question will win 18 U.S. dollars and your name

will be associated with the solution in this book.

Example 4.32:

A canister shown in Figure 4.50 has three layers of different fluids with different densities.
Assume that the fluids do not mix. The canister is rotate with circular velocity, ω.
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Z

L1

L2

L3

Fig. -4.50. Three liquids layers under rotation with various critical situations.

Describe the interface of the fluids consider all the limiting cases. Is there any difference
if the fluids are compressible? Where is the maximum pressure points? For the case
that the fluids are compressible, the canister top center is connected to another tank
with equal pressure to the canister before the rotation (the connection point). What
happen after the canister start to be rotated? Calculated the volume that will enter or
leave, for known geometries of the fluids. Use the ideal gas model. You can assume
that the process is isothermal. Is there any difference if the process is isentropic? If so,
what is the difference?

4.8 Qualetive questions
These qualetitive questions are for advance students and for those who would like to
prepare themself prelimanry examination (Ph. D. examinations).

1. The atmosphere has different thickness in different locations. Where will be
atmosphere thicknesss larger in the equator or the north pole? Explain your
reasoning for the difference. How would you estimate the difference between the
two locations.

2. The author’s daughther (8 years old) that fluid mechanics make no sence. For
example, she points out that warm air raise and therefor the warm spont in a
house is the top floor (that is correct in 4 story home). So why when there is
snow on high mountains? It must be that the temperature is below frizing point
on the top of the mountain (see for example Mount Kilimanjaro, Kenya). How
would you explain this situation? Hint, you should explain this phenomenon using
only concepts that where develped in this chapter.

3. The surface of the ocean has spherical shape. The stability analysis that was
discussed in this chapter was based on the assumption that surface is straight.
How in your opinion the effec of the surface curviture affects the stability analysis.
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4. If the gravity was change due the surface curviture what is the effect on the
stablity.

5. A car is accelarated (increase of velocity) in an include surface upwards. Draw the
constant pressure line. What will constant pressure lines if the car will be driven
downwords.

6. A symmetrical cylinder filled with liquid is rotating around its center. What are
the directions of the forces that acting on cylinder. What are the direction of the
force if the cylinder is not symetrical?
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