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CHAPTER 10

Fanno Flow

An adiabatic °ow with friction is el N
named after Ginno Fanno a Jewish tow
engineer. This model is the second direction
pipe °ow model described here. The
main restriction for this model is that
heat transfer is negligible and can be I "‘\ﬁ@

ignored 1.  This model is applica- c.V.

ble to °ow processes which are very No heat transer

fast compared to heat transfer mech-

anisms with small Eckert number.  Fig. -10.1. Control volume of the gas °ow in a con-

. . . stant cross section
This model explains many in-

dustrial °ow processes which includes emptying of pressured container through a rel-
atively short tube, exhaust system of an internal combustion engine, compressed air
systems, etc. As this model raised from need to explain the steam °ow in turbines.

10.1 Introduction

Consider a gas °owing through a conduit with a friction (see Figud®.Q)). It is
advantages to examine the simplest situation and yet without losing the core properties
of the process. Later, more general cases will be examined

LEven the friction does not convert into heat
2Not ready yet, discussed on the ideal gas model and the entry length issues.
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178 CHAPTER 10. FANNO FLOW
10.2 Fanno Model

The mass (continuity equation) balance can be written as

m = AU= constant (10.1)
I %U = YU,

The energy conservation (under the assumption that this model is adiabatic
°ow and the friction is not transformed into thermal energy) reads

T01 = T02 (102)

U2 U,

I Ti+ — =T+ —=—

y 1 2 2 ch
(10.3)

Or in a derivative from
[ Uzﬂ

CpdT + d - =0 (10.4)

Again for simplicity, the perfect gas model is assurfed

P = ¥%RT (10.5)
Pr _ P2
wuT, %,

It is assumed that the °ow can be approximated as one{dimensional. The force
acting on the gas is the friction at the wall and the momentum conservation reads

i AdP j ¢wdAy = mdU (10.6)

It is convenient to de ne a hydraulic diameter as

_ 4£ Cross Section Area

Dy = . 10.7
H wetted perimeter ( )
Or in other words
R, 2
A= /“T (10.8)

3The equation of state is written again here so that all the relevant equations can be found when
this chapter is printed separately.
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It is convenient to substituteD for Dy and yet it still will be referred to the same
name as the hydraulic diameter. The in nitesimal area that shear stress is acting on is

dA,, = ¥:Ddx (10.9)

Introducing the Fanning friction factor as a dimensionless friction factor which is some
times referred to as the friction coexcient and reads as the following:

w
= — 10.10
SRy ( )

By utilizing equation (0.2 and substituting equation 10.10 into momentum equation
(10.6) yields

FAR ' o
V?DZ{ Lp_lﬂv_ﬁ zJ|{
1 poi Y,Ddxf él/zu? = AU du (10.11)

Dividing equation (0.11) by the cross section ared and rearranging yields

M 1
4f 1
i dP + gx v = %udu (10.12)
The second law is the last equation to be utilized to determine the °ow direction.
S2, S1 (10.13)

10.3 Non{Dimensionalization of the Equations
Before solving the above equation a dimensionless process is applied. By utilizing the
de nition of the sound speed to produce the following identities for perfect gas

H ﬂ 2 2
U U
M2= = = (10.14)
C k |%-E

kA

Utilizing the de nition of the perfect gas results in

AL
2 _
M?= 5 (10.15)

Using the identity in equation 10.149 and substituting it into equation £0.11) and
after some rearrangement yields

U T Z—l/ﬂjz—{
afdx %kPMZ - /fTU?du - kPMZ%U (10.16)

H

i dP +
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By further rearranging equation1(.16 results in

TH|
AP 4fdx TkM2T o ,dU

P! D 2 U

(10.17)

It is convenient to relate expressions adR=P) and dU=U in terms of the Mach
number and substituting it into equation10.17. Derivative of mass conservation
((10.2) results in

du_
dvs zl_g;lu_Z{

2
v + 507 - (10.18)

The derivation of the equation of statelQ.5 and dividing the results by equation of
state (10.5 results
dp _ dwe dT
P % dT
Derivation of the Mach identity equation10.14 and dividing by equation 10.14
yields

(10.19)

dM?2) _ du?)  dT

Mz~ w2 ' T

Dividing the energy equation1(.4) by C, and by utilizing the de nition Mach number
yields

(10.20)

T
dT 1 1 U2 U2
TR R Tt 7

kD
Cp ﬂ

N F&'ﬁ u? 2

dT ki 1. ,dU?
ot Mz
Equations (0.17), (10.18, (10.19, (10.20, and (10.21) need to be solved. These
equations are separable so one variable is a function of only single variable (the choser
as the independent variable). Explicit explanation is provided for only two variables,
the rest variables can be done in a similar fashion. The dimensionless friciBan,
is chosen as the independent variable since the change in the dimensionless resistanc
‘”T", causes the change in the other variables.
Combining equations10.19 and (10.21) when eliminatingdT =T results

dP _ % (ki YM? du?
P~ 1! 2 U2

. 2 Mo
ar, ki yu* Mu

=0 (10.21)

(10.22)
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The term %1/2 can be eliminated by utilizing equatiorl(.18 and substituting it into

2

equation (L0.22 and rearrangement yields

dP _ 1+(ki YM2du?

== 5 % (10.23)
The term dU?=U? can be eliminated by usingl(.23
i ¢
KM2'1+ (ki 1)M?2
ar _ (ki 1M? 4fdx (10.24)

p ! 2(1i M2) D

The second equation for Mach numbdy] variable is obtained by combining equation
(10.20 and (10.2]) by eliminatingdT=T. Then d%=%ndU are eliminated by utilizing
equation (L0.18 and equation (0.29. The only variable that is left i? (or dP=P)
which can be eliminated by utilizing equatiori@.24 and results in

4f dx il' M2¢dM2
_ i
D kM4(1L+ KiIm?2) (10.25)
Rearranging equation1(.25 results in
i ¢
2 kMm2'1+ kg2
dM= L 4fdx (10.26)

M2 1j M2 D

After similar mathematical manipulation one can get the relationship for the
velocity to read

du kM2 4fdx

U 3A MY @i M) D (10.27)
and the relationship for the temperature is
dT _1dc k(ki 1)M* 4fdx
=== 10.28
T 2c '721i M2 D ( )
density is obtained by utilizing equationd@.27 and (10.18 to obtain
dvz kM2  4fdx
Eviall 201 M) D (10.29)
The stagnation pressure is similarly obtained as
2
dPy _ . kM < 4fdx (10.30)

P, ' 2 D

The second law reads

dT dpP
ds= Cyln T i RIn =3 (10.31)
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The stagnation temperature expressesTas= T(1+(1 j k)=2M 2). Taking derivative
of this expression wheM remains constant yielddTo = dT(1+ (1 j k)=2M?) and
thus when these equations are divided they yield

dT=T= dT():TO (1032)

In similar fashion the relationship between the stagnation pressure and the pressure can
be substituted into the entropy equation and result in

dTo dPo
To Po

The “rst law requires that the stagnation temperature remains constafdy = 0).
Therefore the entropy change is

ds_ (ki 1)dPy

ds= Cyln i RiIn (10.33)

— 10.34
C, 'k P (10.34)
Using the equation for stagnation pressure the entropy equation yields
. 2
ds _ (ki 1)M < 4fdx (10.35)

Co 2 D

10.4 The Mechanics and Why the Flow is Choked?

The trends of the properties can be examined by looking in equatidfs2d) through
(10.34. For example, from equation1(0.24) it can be observed that the critical point

is whenM = 1. WhenM < 1 the pressure decreases downstream as can be seen
from equation (10.24 becausefdx and M are positive. For the same reasons, in
the supersonic branchM > 1, the pressure increases downstream. This pressure
increase is what makes compressible °ow so di®erent from \conventional" °ow. Thus
the discussion will be divided into two cases: One, °ow above speed of sound. Two,
°ow with speed below the speed of sound.

Why the °ow is choked?

Here, the explanation is based on the equations developed earlier and there is no knowr
explanation that is based on the physics. First, it has to be recognized that the critical
point is whenM = 1. It will be shown that a change in location relative to this point
change the trend and it is singular point by itself. For exampl®(@M =1)= 1 and
mathematically it is a singular point (see equatiof(.24). Observing from equation
(10.249 that increase or decrease from subsonic just below dhe= (1 | 2) to above

just above oneM = (1 + 2) requires a change in a sign pressure direction. However,
the pressure has to be a monotonic function which means that °ow cannot crosses over
the point of M = 1. This constrain means that because the °ow cannot \crossover"

M =1 the gas has to reach to this speell] = 1 at the last point. This situation is
called choked °ow.
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The Trends

The trends or whether the variables are increasing or decreasing can be observed from
looking at the equation developed. For example, the pressure can be examined by look-
ing at equation (0.26. It demonstrates that the Mach number increases downstream
when the °ow is subsonic. On the other hand, when the °ow is supersonic, the pressure
decreases.

The summary of the properties changes on the sides of the branch

Subsonic Supersonic
PressureP decrease increase
Mach number,M increase decrease
Velocity, U increase decrease
Temperature,T decrease increase
Density, %2 decrease increase

10.5 The Working Equations

Integration of equation 10.25 yields

Z
4 = b 11; M2 k+1 =~ ¥lm?2
— fdx = = + In —2 10.36
D . PAR VR L PSR TVE (10:36)
A representative friction factor is de ned as
1 Z Lmax
ff= fdx (10.37)
Lmax 0

In the isothermal °ow model it was shown that friction factor is constant through the
process if the °uid is ideal gas. Here, the Reynolds number de ned in equadi@8)(is
not constant because the temperature is not constant. The viscosity even for ideal gas
is complex function of the temperature (further reading in \Basic of Fluid Mechanics"
chapter one, Potto Project). However, the temperature variation is very limit. Simple
improvement can be done by assuming constant constant viscosity (constant friction
factor) and nd the temperature on the two sides of the tube to improve the friction
factor for the next iteration. The maximum error can be estimated by looking at the
maximum change of the temperature. The temperature can be reduced by less than
20% for most range of the spesi ¢ heats ratio. The viscosity change for this change is
for many gases about 10%. For these gases the maximum increase of average Reynolds
number is only 5%. What this change in Reynolds number does to friction factor? That
depend in the range of Reynolds number. For Reynolds number larger than 10,000 the
change in friction factor can be considered negligible. For the other extreme, laminar
°ow it can estimated that change of 5% in Reynolds number change about the same
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amount in friction factor. With the exception the jump from a laminar °ow to a
turbulent °ow, the change is noticeable but very small. In the light of the about
discussion the friction factor is assumed to constant. By utilizing the mean average
theorem equation 10.39 yields

Momax _ 110 M2 k+l o KGEM2
Dk M? 2k 1+ KiIm2

(10.38)

It is common to replace thé" with f which is adopted in this book.

Equations (10.24, (10.27), (10.28, (10.29, (10.29, and (10.30 can be
solved. For example, the pressure as written in equatid0.23 is represented by
4L, and Mach number. Now equationl(.24 can eliminate term?5— and describe

the pressure on the Mach number. Dividing equatidrd(24) in equation (L0.26 yields

® 1+ (ki IM?
a2 = oMzt + Kiiy2

¢dM 2 (10.39)

The symbol \*" denotes the state when the °ow is choked and Mach number is equal
to 1. Thus,M =1 whenP = P® equation (L0.39 can be integrated to yield:

' S |
' +
- 2
PTM 1+ KIMZ
. 1 (10.40)
In the same fashion the variables ratio can be obtained
R kel
T_c¢_ 5
TR 2 1+ Kiim2
S SN (10.41)
e S e
Y1 1+ KiIm?
M E
SISO 2 : (10.42)
,,,,,,,,,,,,,,,,,,,,,,,,,,,, e
U . l‘l :L/Zﬂl 1 M k;l
NVCEEY] - 1+ Kilm2:
e | ! (10.43)
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The stagnation pressure decreases and can be expressed by

(1+ 1k 2)FIT

zly{
Po 30 P
5 = 5 (10.44)
Po Po o
- P
lea
()F T

Using the pressure ratio in equatior1@.40 and substituting it into equation 10.44

yields
Ry & S Togawe
Po 1+ 52M7% 701 1+ 5 M2
Bos 5 = Z (10.45)

o A S,
Py 1 1fEme TOT
;POE M k+1 ‘

2 i (10.46)

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

The integration of equation 10.34) yields
Y A ! k;l
Kl (10.47)

2M2 1+ Kiim2®

u
sj s°
! =InM2P

The results of these equations are plotted in Figui®(2 The Fanno °ow is in many
cases shockless and therefore a relationship between two points should be derived. In
most times, the \star" values are imaginary values that represent the value at choking.

The real ratio can be obtained by two star ratios as an example
T
T 5
2= "M, (10.48)

T~ T
LER v

A special interest is the equation for the dimensionless friction as following

Z,, Z, Z,
4fL mx AfL mx AfL
—dx = —dx j —dx (10.49)
L1 D L1 D L2 D
Hence,
PAL max | AL e 4L (10.50)
D, b ,' D '
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__Fanno Flow
P/P,r/r and T/T as a function of M
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Fig. -10.2. Various parameters in Fanno °ow as a function of Mach number

10.6 Examples of Fanno Flow
Example 10.1:

Air °ows from a reservoir and enters a uni-
form pipe with a diameter of 0.05 [m] and
length of 10 [m]. The air exits to the at-
mosphere. The following conditions prevail
at the exit: P, = 1[bar] temperatureT, =
27°C M, = 0:9*. Assume that the average
friction factor to bef = 0:004 and that the
°ow from the reservoir up to the pipe inlet Fig. -10.3. Schematic of Examplg10.1)
is essentially isentropic. Estimate the total

temperature and total pressure in the reservoir under the Fanno °ow model.

Solution

For isentropic, the °ow to the pipe inlet, the temperature and the total pressure at the

4This property is given only for academic purposes. There is no Mach meter.



10.6. EXAMPLES OF FANNO FLOW 187

pipe inlet are the same as those in the reservoir. Thus, nding the total pressure and
temperature at the pipe inlet is the solution. With the Mach number and temperature
known at the exit, the total temperature at the entrance can be obtained by knowing
the ‘”T". For given Mach numberNl = 0:9) the following is obtained.

M afL P Po % u T
D pe Po® % U® T®

0:90000 0:01451 1:1291 | 1:0089 | 1:0934 | 0:9146 | 1:0327

So, the total temperature at the exit is

T2 300
Tﬂ' - —T,= ———— =290:5[K
2= = , 27 10327 K]

To \move" to the other side of the tube the* is added as

- —  4£ 0:004£ 10
ML — - 4L o4l - - 72 2 " U4 0:01451" 321
1 P b 0:05
The rest of the parameters can be obtained with the négv either from Table (0.1
by interpolations or by utilizing the attached program.

M At P Py e U T
D pe Po° % U® T

0:35886 3:2100 | 3:0140 | 1:7405 | 2:5764 | 0:38814 1:1699

Note that the subsonic branch is chosen. The stagnation ratios has to be added
for M = 0:35886

M T kil A P _AEP F
To % A7 Po ATEP, Fe

0:35886 0:97489 0:93840 1:7405 | 0:91484 1:5922 | 0:78303

The total pressuréPy; can be found from the combination of the ratios as follows:

L £ 3:014£ !

=1E o013 001 - 2otBar]
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Z—jll—{
Z—iTl—j . - . -
g i e
Tor=T) — == ——
T 2 T 1 T 1
1 1
= £ —F£ 1117£€ ———' 34 = 75*
300 1:0327 0:975 34& 5°C

End solution

Another academic question/example:

Example 10.2:

A system is composed of a convergent-
divergent nozzle followed by a tube with Dok amooee
length of 2.5 [cm] in diameter and 1.0 [m] e e conditions
long. The system is supplied by a vessel.

The vessel conditions are at 29.65 [Bar], 400

K. With these conditions a pipe inlet Machpijg, -10.4. The schematic of Example
number is 3.0. A normal shock wave occurgio.?).

in the tube and the °ow discharges to the

atmosphere, determine:

(a) the mass °ow rate through the system;
(b) the temperature at the pipe exit; and
(c) determine the Mach number when a normal shock wave occMrg][

Take k = 1.4, R = 287 [J=kgK] andf =0:005

Solution

(&) Assuming that the pressure vessel is very much larger than the pipe, therefore the
velocity in the vessel can be assumed to be small enough so it can be neglected.
Thus, the stagnation conditions can be approximated for the condition in the
tank. It is further assumed that the °ow through the nozzle can be approximated
as isentropic. Hencelp; = 400K and Pg; = 29:65[P ar]
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(b)

The mass °ow rate through the system is constant and for simplicity point 1 is
chosen in which,

m = %AMc

The density and speed of sound are unknowns and need to be computed. With
the isentropic relationship the Mach number at point one (1) is known, then the
following can be found either from Tablel(.1) or the Potto{GDC

M T Y A P AEP F

Ty % A7 Py | A®EPg | F®
3:0000 | 0:35714 0:07623 4:2346 | 0:02722 0:11528 0:65324

The temperature is
T1
Ty = =—To1 = 0:357£ 400 = 1428K
Toa

Using the temperature, the speed of sound can be calculated as

o = " kRT = " 14 287E 1428 23954[m=se(d

The pressure at point 1 can be calculated as
P
P, = P—lpm = 0:027£ 30" 0:81Bar]
01

The density as a function of other properties at point 1 is

B

P - _ 81£10¢
RT , 287£ 1428

© 197 X9

1 =
2 m3

The mass °ow rate can be evaluated from equatidt0(2

5

1 - '
m=1:97£ M£ 3£ 23954 =0:69 k—g
4 sec

First, check whether the °ow is shockless by comparing the °ow resistance and
the maximum possible resistance. From the Tabl® () or by using the Potto{
GDC, to obtain the following

M 4L P Po % U I
D pe Po® % us T=

3:0000 | 0:52216 0:21822 4:2346 | 0:50918 1:9640 | 0:42857




190 CHAPTER 10. FANNO FLOW

and the conditions of the tube are

s _ 4E 0:005€ 1:0 _

o 0:025 0:8

Since0:8 > 0:52216the °ow is choked and with a shock wave.

The exit pressure determines the location of the shock, if a shock exists, by
comparing \possible"Peyit to Pg. Two possibilities are needed to be checked;
one, the shock at the entrance of the tube, and two, shock at the exit and
comparing the pressure ratios. First, the possibility that the shock wave occurs
immediately at the entrance for which the ratio favi, are (shock wave Table

(6.1))

Ty Y Py POy
M x My S o 7. Py Poy

3:0000 0:47519| 2:6790 3:8571 | 10:3333 0:32834

After the shock wave the °ow is subsonic with\\;"= 0:47519 (Fanno °ow
Table (10.1))

M 4fL P Po % u T
D pe Po® ] us T

0:47519 1:2919 | 2:2549 | 1:3904 | 1:9640 | 0:50917 1:1481

The stagnation values foM = 0:47519are

M T ) A P _AEP F
To Y A7 Po ATEP, E®

0:47519 0:95679 0:89545 1:3904 | 0:85676 1:1912 | 0:65324

The ratio of exit pressure to the chamber total pressure is

El-ll_:[z-‘liu AR [T [ 7 )

Po pe Pr Poy  Pox Po
1
= 1£ mﬁ 0:8568£ 0:32834£ 1

= 0:12476



10.7. SUPERSONIC BRANCH 191

The actual pressure ratid=29:65 = 0:0338is smaller than the case in which
shock occurs at the entrance. Thus, the shock is somewhere downstream. One
possible way to nd the exit temperaturel, is by nding the location of the
shock. To nd the location of the shock ratio of the pressure rat@l, is needed.
With the location of shock, \claiming" upstream from the exit through shock

to the entrance. For example, calculate the parameters for shock location with
known ‘”T" in the \y" side. Then either by utilizing shock table or the program,
to obtain the upstream Mach number.

The procedure for the calculations:

Calculate the entrance Mach number assuming the shock occurs at the exit:
1) @) setMg =1 assume the °ow in the entire tube is supersonic:

b) calculatede

Note this Mach number is the high Value.

Calculate the entrance Mach assuming shock at the entrance.

a) setM, =1
2) b) add ‘”T" and calculatedM 1" for subsonic branch

¢) calculatedMy for M;'

Note this Mach number is the low Value.

According your root “nding algorithr calculate or guess the shock location

and then compute as above the new;.

a) setM, =1

b) for the new‘”TL and compute the newM ' for the subsonic branch

c) calculatedMy' for the My’

d) Add the leftover of‘”TL and calculated theM ;

4) guess new location for the shock according to your "nding root procedure and
according to the result, repeat previous stage until the solution is obtained.

3)

M1

M2

aL
D up

4L
D down

M

My

3:0000

1:0000

0:22019

0:57981

1:9899

0:57910

(c) The way of the numerical procedure for solving this problem is by _nd%_
up
that will produceM; = 3. In the processM, and My must be calculated (see

the chapter on the program with its algorithms.).

End solution

10.7 Supersonic Branch

In Chapter Q) it was shown that the isothermal model cannot describe adequately the
situation because the thermal entry length is relatively large compared to the pipe length
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and the heat transfer is not suxcient to maintain constant temperature. In the Fanno
model there is no heat transfer, and, furthermore, because the very limited amount of
heat transformed it is closer to an adiabatic °ow. The only limitation of the model is its
uniform velocity (assuming parabolic °ow for laminar and di®erent pro le for turbulent
°ow.). The information from the wall to the tube centéris slower in reality. However,
experiments from many starting with 1938 work by Frodskas shown that the error

is not signi cant. Nevertheless, the comparison with reality shows that heat transfer
cause changes to the °ow and they need/should to be expected. These changes include
the choking point at lower Mach number.

10.8 Maximum Length for the Supersonic Flow

It has to be noted and recognized that as opposed to subsonic branch the supersonic
branch has a limited length. It also must be recognized that there is a maximum
length for which only supersonic °ow can eXistThese results were obtained from the
mathematical derivations but were veri ed by numerous experimenihe maximum
length of the supersonic can be evaluated whén= 1 as follows:

Hlma _ 1i M2 kel o EME
D kM 2 2k 21+ KiIm2T

il +k+1ln(k+l)1
k£1 2k (ki 1)1
£+k+1|n(k+1)

K 2k (ki 1)
:MTL(M 1 ;k=1:4)=0:8215

MMl )»

The maximum length of the supersonic °ow is limited by the above number. From the
above analysis, it can be observed that no matter how high the entrance Mach number
will be the tube length is limited and depends only on speci ¢ heat rakijgs shown
in Figure (L0.5).

10.9 Working Conditions

It has to be recognized that there are two regimes that can occur in Fanno °ow model

one of subsonic °ow and the other supersonic °ow. Even the °ow in the tube starts as

a supersonic in parts of the tube can be transformed into the subsonic branch. A shock
wave can occur and some portions of the tube will be in a subsonic °ow pattern.

6The word information referred to is the shear stress transformed from the wall to the center of the
tube.

’See on the webhttp://naca.larc.nasa.gov/digidoc/report/tm/44/NACA-TM-844.PDF

8Many in the industry have di+culties in understanding this concept. The author seeks for a nice
explanation of this concept for non{°uid mechanics engineers. This solicitation is about how to explain
this issue to non-engineers or engineer without a proper background.

9If you have experiments demonstrating this point, please provide to the undersign so they can be
added to this book. Many of the pictures in the literature carry copyright statements.
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The maximum length in supersonic fl

In Fanno Flow
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D
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0
12 12513 13514 145 15 155 1.6 1.65

Thu Mar 3 16:24:00 2005 spesific heat, k

Fig. -10.5. The maximum length as a function of speci ¢ heaik

The discussion has to di®erentiate between two ways of feeding the tube: con-
verging nozzle or a converging-diverging nozzle. Three parameters, the dimensionless
friction, ‘”TL, the entrance Mach numbem ;, and the pressure ratioP,=P, are con-
trolling the °ow. Only a combination of these two parameters is truly independent.

However, all the three parameters can be varied and they are discussed separately here.

10.9.1 Variations of The Tube Length ( *-) E®ects

In the analysis of this e®ect, it should be assumed that back pressure is constant and/or
low as possible as needed to maintain a choked °ow. First, the treatment of the two
branches are separated.

Fanno Flow Subsonic branch

For converging nozzle feeding, increasing the tube length results in increasing the exit
Mach number (normally denoted herein &%;,). Once the Mach number reaches max-
imum (M = 1), no further increase of the exit Mach number can be achieved. In this
process, the mass °ow rate decreases. It is worth noting that entrance Mach number is
reduced (as some might explain it to reduce the °ow rate). The entrance temperature
increases as can be seen from Figut®.7). The velocity therefore must decrease be-
cause the loss of the enthalpy (stagnation temperature) is \used." The density decrease
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Fig. -10.6. The e®ects of increase df- on the Fanno line

because/s= % and when pressure is remains almost constant the density decreases.
Thus, the mass °ow rate must decrease. These results are applicable to the converging

nozzle.

In the case of the converging{diverging feeding nozzle, increase of the dimension-
less friction,‘”TL, results in a similar °ow pattern as in the converging nozzle. Once
the °ow becomes choked a di®erent °ow pattern emerges.

Fanno Flow Supersonic Branch

There are several transitional points that change the pattern of the °ow. Pairis the
choking point (for the supersonic branch) in which the exit Mach number reaches to
one. Pointb is the maximum possible °ow for supersonic °ow and is not dependent on
the nozzle. The next point, referred here as the critical pomtis the point in which

no supersonic °ow is possible in the tube i.e. the shock reaches to the nozzle. There
is another pointd, in which no supersonic °ow is possible in the entire nozzle{tube
system. Between these transitional points the e®ect parameters such as mass °ow rate,
entrance and exit Mach number are discussed.

At the starting point the °ow is choked in the nozzle, to achieve supersonic °ow.
The following ranges that has to be discussed includes (see Figlo)j:



10.9. WORKING CONDITIONS 195

Fanno lines
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Fig. -10.8. The Mach numbers at entrance and exit of tube and mass °ow rate for Fanno Flow
as a function of the 4.

The 0-a range, the mass °ow rate is constant because the °ow is choked at the nozzle.
The entrance Mach numbel ; is constant because it is a function of the nozzle design
only. The exit Mach numberM, decreases (remember this °ow is on the supersonic
branch) and starts (”D—L =0)asM;, = M;. At the end of the rangea, M, =1. In the
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range ofaj b the °ow is all supersonic.

In the next rangea jj b The °ow is double choked and make the adjustment
for the °ow rate at di®erent choking points by changing the shock location. The mass
°ow rate continues to be constant. The entrance Mach continues to be constant and
exit Mach number is constant. 3 g

The total maximum available for supersonic °dwj b° ‘”T" ,isonly a

theoretical length in which the supersonic °ow can occur if nozzle irgaxprovided with a
larger Mach number (a change to the nozzle area ratio which also reduces the mass
°ow rate). In the rangeb j c, it is a more practical point.

In semi supersonic °ow j ¢ (in which no supersonic is available in the tube but
only in the nozzle) the °ow is still double choked and the mass °ow rate is constant.
Notice that exit Mach numberM, is still one. However, the entrance Mach number,
M1, reduces with the increase éf#

It is worth noticing that in thea j c the mass °ow rate nozzle entrance velocity
and the exit velocity remains constan®!

In the last rangec j 1 the end is really the pressure limit or the break of the
model and the isothermal model is more appropriate to describe the °ow. In this range,
the °ow rate decreases sincen(/ M)t

To summarize the above discussion, Figurd®.8) exhibits the development of
M1, M> mass °ow rate as a function offD#. Somewhat di®erent then the subsonic
branch the mass °ow rate is constant even if the °ow in the tube is completely subsonic.
This situation is because of the \double" choked condition in the nozzle. The exit Mach
M5 is a continuous monotonic function that decreases WI‘%F. The entrance Mach
M, is a non continuous function with a jump at the point when shock occurs at the
entrance \moves" into the nozzle.

Figure (10.9 exhibits theM; as a function ofM,. The Figure was calculated by

utilizing the data from Figure 10.2) by obtaining the ‘”TL_ for M, and subtracting

max
the given‘”T" and nding the corresponding/ ;.

The Figure (L0.10 exhibits the entrance Mach number as a function of the,.
Obviously there can be two extreme possibilities for the subsonic exit branch. Subsonic
velocity occurs for supersonic entrance velocity, one, when the shock wave occurs at
the tube exit and two, at the tube entrance. In Figurd@.10 only for ‘”TL =0:1
and %= = 0:4 two extremes are shown. Fd— = 0:2 shown with only shock at the
exit only. Obviously, and as can be observed, the Iaréger creates larger di®erences

between exit Mach number for the di®erent shock locations. The Ia%er largerM
must occurs even for shock at the entrance.
For a given‘”TL, below the maximum critical length, the supersonic entrance °ow

has three di®erent regimes which depends on the back pressure. One, shockless °ow

100n a personal note, this situation is rather strange to explain. On one hand, the resistance increases
and on the other hand, the exit Mach number remains constant and equal to one. Does anyone have
an explanation for this strange behavior suitable for non{engineers or engineers without background in
°uid mechanics?

1INote that ¥4 increases with decreases oM 1 but this e®ect is less signi cant.



10.9. WORKING CONDITIONS 197

Fanno Flow
M, asa function of M
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Fig. -10.9. M1 as a functionM for various -

tow, shock at the entrance, and three, shock at the exit. Below, the maximum critical
length is mathematically

4fL 1 1+k, k+1
—>j -+ —In—
D k 2k kil
For cases o% above the maximum critical length no supersonic °ow can be over the
whole tube and at some point a shock will occur and the °ow becomes subsonit?°ow

10.9.2 The Pressure Ratio, E—i, e®ects

In this section the studied parameter is the variation of the back pressure and thus,
the pressure ratio,F;—i variations. For very low pressure ratio the °ow can be assumed
as incompressible with exit Mach number smaller than0:3. As the pressure ratio

125ee more on the discussion about changing the length of the tube.
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Fanno Flow

M1 as a function of Iglfor the subsonic brench
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Fig. -10.10. M as a functionM for di®erent‘”TL for supersonic entrance velocity.

increases (smaller back pressuf,), the exit and entrance Mach numbers increase.
According to Fanno model the value é% is constant (friction factorf , is independent

of the parameters such as, Mach number, Reynolds number et cetera) thus the °ow
remains on the same Fanno line. For cases where the supply come from a reservoir with
a constant pressure, the entrance pressure decreases as well because of the increase
the entrance Mach number (velocity).

Again a di®erentiation of the feeding is important to point out. If the feeding
nozzle is converging than the °ow will be only subsonic. If the nozzle is \converging{
diverging" than in some part supersonic °ow is possible. At rst the converging nozzle
is presented and later the converging-diverging nozzle is explained.

Choking explanation for pressure variation/reduction

Decreasing the pressure ratio or in actuality the back pressure, results in increase of the
entrance and the exit velocity until a maximum is reached for the exit velocity. The
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Fig. -10.11. The pressure distribution as a function o‘% for a short =5

maximum velocity is when exit Mach number equals one. The Mach number, as it was
shown in Chapter¥), can increases only if the area increase. In our model the tube area
is postulated as a constant therefore the velocity cannot increase any further. However,
for the °ow to be continuous the pressure must decrease and for that the velocity must
increase. Something must break since there are con’icting demands and it result in a
\jump" in the °ow. This jump is referred to as a choked °ow. Any additional reduction
in the back pressure will not change the situation in the tube. The only change will be
at tube surroundings which are irrelevant to this discussion.

If the feeding nozzle is a \converging{diverging" then it has to be di®erentiated
between two cases; One case is where is short or equal to the critical length. The

4fL —

critical length is the maximum-=g— that associate with entrance Mach number.
max

AfL
Short “5—

Figure (10.12 shows di®erent pressure pro les for di®erent back pressures. Before the
°ow reaches critical point a (in the Figure) the °ow is subsonic. Up to this stage the
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Fig. -10.12. The pressure distribution as a function off% for a long ‘”TL

nozzle feeding the tube increases the mass °ow rate (with decreasing back pressure).
Between point a and point b the shock is in the nozzle. In this range and further
reduction of the pressure the mass °ow rate is constant no matter how low the back
pressure is reduced. Once the back pressure is less than point b the supersonic reache
to the tube. Note however that exit Mach numbeM> < 1 and isnot 1. A back
pressure that is at the critical point c results in a shock wave that is at the exit. When
the back pressure is below point ¢, the tube is \clean" of any sndcK he back pressure
below pointc has some adjustment as it occurs with exceptions of palnt

Long 4t

4fL 4L —
aL s 2=

D D max
process as explained in the shc#@} up to point c. Howevet, point ¢ in this case is

di®erent from point ¢ at the case of short tub% < ‘”TL_ . In this point the

max

In the case of reduction of the back pressure results in the same

131t is common misconception that the back pressure has to be at point d.



10.9. WORKING CONDITIONS 201
Mach number in Fanno Flow
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Fig. -10.13. The e®ects of pressure variations on Mach number prole as a function‘«‘éﬂ#

when the total resistance*™ = 0:3 for Fanno Flow

exit Mach number is equal to 1 and the °ow is double shock. Further reduction of the
back pressure at this stage will not \move" the shock wave downstream the nozzle. At
point ¢ or location of the shock wave, is a function entrance Mach numiiég, and

nw A4AfL

the \extra" =5—. There is no analytical solution for the location of this point c. The

procedure is (will be) presented in later stage.

10.9.3 Entrance Mach number, M, e®ects

In this discussion, the e®ect of changing the throat area on the nozzle exciency is
neglected. In reality these e®ects have signi cance and needs to be accounted for some
instances. This dissection deals only with the °ow when it reaches the supersonic branch
reached otherwise the °ow is subsonic with regular e®ects. It is assumed that in this
discussion that the pressure rati%ll is large enough to create a choked °ow aﬁéL
is small enough to allow it to happen.

The entrance Mach numbeiM ; is a function of the ratio of the nozzle's throat
area to the nozzle exit area and its exciency. This e®ect is the third parameter discussed
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Fri Nov 12 04:07:34 2004

Fig. -10.14. Mach number as a function of’— when the total = =0:3

here. Practically, the nozzle area ratio is changed by changing the throat area.

As was shown before, there are two di®erent maximums%r; “rst is the total

maximum‘”TL of the supersonic which depends only on the speci ¢ h&agnd second

the maximum depends on the entrance-Mach numbMr,. This analysis deals with the

case wheré= is shorter than total 4=~
D D max -

Obviously, in this situation, the critical point is wher% is equal to ‘”TL_

as a result in the entrance Mach number. e

The process of decreasing the converging{diverging nozzle's throat increases the
entrancé* Mach number. If the tube contains no supersonic °ow then reducing the
nozzle throat area wouldn't increase the entrance Mach number.

This part is for the case where some part of the tube is under supersonic regime
and there is shock as a transition to subsonic branch. Decreasing the nozzle throat area

14The word \entrance" referred to the tube and not to the nozzle. The reference to the tube is
because it is the focus of the study.
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shock

Fig. -10.15. Schematic of a \long" tube in supersonic branch

moves the shock location downstream. The \payment" for increase in the supersonic
length is by reducing the mass °ow. Further, decrease of the throat area results in
°ushing the shock out of the tube. By doing so, the throat area decreases. The
mass °ow rate is proportionally linear to the throat area and therefore the mass °ow
rate reduces. The process of decreasing the throat area also results in increasing the
pressure drop of the nozzle (larger resistance in the nd2yie

In the case of large tub fDL > ‘”TL_ the exit Mach number increases with the

max
decrease of the throat area. Once the exit Mach number reaches one no further increases
is possible. However, the location of the shock wave approaches to the theoretical
location if entrance MachM, = 1 .

The maximum location of the shock The main point in this discussion however,

is 40 nd the furthest shock location downstream. Figurd@.16 shows the possible

¢ ‘”T" as function of retreat of the location of the shock wave from the maximum

location. When the entrance Mach number is in nit); = 1 , if the shock location
is at the maximum length, then shock &1, = 1 results inMy = 1.
The proposed procedure is based on Figuté.(6.

i) Calculate the extra’™= and subtract the actual extra’-- assuming shock at

the left side (at the max length).

i) Calculate the extra’l- and subtract the actual extra’- assuming shock at

the right side (at the entrance).

i) According to the positive or negative utilizes your root nding procedure.

15Strange? Frictionless nozzle has a larger resistance when the throat area decreases

161t is one of the strange phenomenon that in one way increasing the resistance (changing the throat

area) decreases the °ow rate while in a di®erent way (increasing the‘”D—L) does not a®ect the °ow

rate.
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v

Fig. -10.16. The extra tube length as a function of the shock Iocatior% supersonic branch

From numerical point of view, the Mach number equal in nity when left side
assumes result in in nity length of possible extra (the whole °ow in the tube is subsonic).
To overcome this numerical problem it is suggested to start the calculation flom
distance from the right hand side.

Let denote .
Mae T s 4L —
¢ — = — P — (10.51)
D D actwal D sup
Note that ‘”TL_ is smaller than‘”TL_ . The requirement that has to be satis-
sup max 1

4fL —

“ed is that denote "5~ as di®erence between the maximum possible of length
retreat

in which the supersonic °ow is achieved and the actual length in which the °ow is
supersonic see Figurd@.15. The retreating length is expressed as subsonic but

4L — _ 4L - 4L —
D D D

retreat max 1 sup

(10.52)

Figure (L0.17) shows the entrance Mach numbey] ; reduces after the maximum
length is exceeded.

Example 10.3:
Calculate the shock location for entrance Mach numbdr, = 8 and for ‘”TL =09
assume thatk = 1:4 (Mgt = 1).
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A

4L

D max1

Fig. -10.17. The maximum entrance Mach numberM; to the tube as a function of 4%
supersonic branch

Solution

The solution is obtained by an iterative process. The maximu‘ﬁﬁ_ for k =
max

1:4 is 0.821508116. Hencel exceed the maximum lengt-- for this entrance
Mach number. The maximum foM; = 8 is 4= = 0:7682Q thus the extra tube

o
is ¢ ‘”TL = 0:9; 0:76820 = 01318 The left side is when the shock occurs at

L =0:76820(°ow is choked and no additionaft-). Hence, the value of left side is

i 0:1318 The right side is when the shock is at the entrance at which the eX#a is
calculated forMy and My is

Mo | My | ow ] d | B | e
8:0000 0:39289 | 13:3867 5:5652 | 74:5000 0:00849
With (M1)°

M

4fL
D

P
ps

Po
POU

Yo
73

uU_
U=

T
T

0:39289 | 2:4417 | 2:7461 | 1:6136 | 2:3591 | 0:42390| 1:1641

The extra¢

3

AfL

D

is 22442 0:1318 = 2:3102 Now the solution is somewhere
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between the negative of left side to the positive of the right side
In a summary of the actions is done by the following algorithm:

(a) check if the - exceeds the maximurf-—
cordingly continue.

1 o
max fOr the supersonic “ow. Ac-

AfL — 4fL . 4fL —
(b) GueSSTup - T ] N

(c) Calculate the Mach number corresponding to the current gueségefup,

(d) Calculate the associate Mach numbev,, with the Mach numberM, calcu-
lated previously,

(e) Calculate‘”TL for supersonic branch for thi?

WL

(f) Calculate the \new and improved

D up
AfL — 4AfL . AfL
(9) Compute the \new=g—, = = "5~ i B

(h) Check the new and improveéfji_d against the old one. If it is satisfactory
own
stop or return to stage If).

Shock location are:

4L AL
M1 M2 D up D down M x M y

8:0000 1:0000 0:57068 | 0:32932 | 1:6706 0:64830

The iteration summary is also shown below

"What if the right side is also negative? The °ow is chocked and shock must occur in the nozzle
before entering the tube. Or in a very long tube the whole °ow will be subsonic.
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i AL AL AL
! D up D down M x My D
0 0:67426| 0:22574 | 1:3838 0:74664 | 0:90000
1 0:62170 0:27830 1:5286 0:69119| 0:90000
2 0:59506| 0:30494 | 1:.6021 0:66779| 0:90000
3 0:58217 0:31783 1:6382 0:65728| 0:90000
4 0:57605| 0:32395 | 1:6554 0:65246| 0:90000
5 0:57318 0:32682 1:6635 0:65023| 0:90000
6 0:57184| 0:32816 | 1.6673 0:64920| 0:90000
7 0:57122 0:32878 1:6691 0:64872| 0:90000
8 0:57093| 0:32907 | 1:6699 0:64850| 0:90000
9 0:57079 0:32921 1:6703 0:64839| 0:90000
10 0:57073| 0:32927 | 1.6705 0:64834| 0:90000
11 0:57070 0:32930 1:6706 0:64832| 0:90000
12 0:57069 0:32931 1:6706 0:64831| 0:90000
13 0:57068 0:32932 1:6706 0:64831| 0:90000
14 0:57068 0:32932 1:6706 0:64830| 0:90000
15 0:57068| 0:32932 | 1.6706 0:64830| 0:90000
16 0:57068 0:32932 1:6706 0:64830| 0:90000
17 0:57068| 0:32932 | 1:6706 0:64830| 0:90000

This procedure rapidly converted to the solution.

10.10 The Practical Questions and Examples of Subsonic

branch

The Fanno is applicable also when the °ow isn't ch&keln this case, several questions

End solution

207

appear for the subsonic branch. This is the area shown in Figlifeg] in beginning for

between points 0 and. This kind of questions made of pair given information to "nd
the conditions of the °ow, as oppose to only one piece of information given in choked
°ow. There many combinations that can appear in this situation but there are several

more physical and practical that will be discussed here.

18This questions were raised from many who didn't 'nd any book that discuss these practical aspects

and send questions to this author.
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4fL

10.10.1  Subsonic Fanno Flow for Given =5~ and Pressure Ratio

This pair of parameters is the most
natural to examine because, in most My 4L
cases, this information is the only in- .

formation that is provided. For a

given pipe = neither the en-

trance Mach numbgr nor the .eXIt Fig. -10.18. Unchoked °ow calculations showing the
Mach number are given (sometimes,ypothetical \full* tube when choked
the entrance Mach number is give

see the next section). There is no exact analytical solution. There are two possible
approaches to solve this problem: one, by building a representative function and nd
a root (or roots) of this representative function. Two, the problem can be solved by
an iterative procedure. The “rst approach require using root nding method and either
method of spline method or the half method found to be good. However, this author
experience show that these methods in this case were found to be relatively slow. The
Newton{Rapson method is much faster but not were found to be unstable (at lease
in the way that was implemented by this author). The iterative method used to solve
constructed on the properties of several physical quantities must be in a certain range.
The st fact is that the pressure ratidP,=P; is always between 0 and 1 (see Figure
10.18. In the "gure, a theoretical extra tube is added in such a length that cause the
°ow to choke (if it really was there). This length is always positive (at minimum is
zero).

The procedure for the calculations is as the following:

hypothetical section

0

1) Calculate the entrance Mach numbe¥) 10 assuming the‘”D—L = ‘”TL_

(chocked °ow);

max

2) Calculate the minimum pressure rati@,=P;) for M 10 (look at table (10.2))

min
3) Check if the °ow is choked:
There are two possibilities to check it.

a) Check if the given®fs- is smaller than®™ obtained from the giverP;=P,, or

b) check if the(P,=Py),,, is larger than(P,=Py),
continue if the criteria is satis ed. Or if not satis ed abort this procedure and
continue to calculation for choked °ow.

4) Calculate theM , based on thgP®=P,) = ( P1=P>),

5) calculate¢ %~ based onM,
33 - 3
6) calculate the new(P,=Py), based on the new Moo, e

(remember that¢ & = 4

2
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7) calculate the correspondiniyl; and M ,,

8) calculate the new and \improve" th& ‘”TL by

l )l P2
Ll¢ AL Ll¢ ML 5 7 given (10.53)
D new D old E—i .

old

Note, when the pressure ratios are matching also ﬁhé‘gi will also match.

9) Calculate the \improved/new"M, based on the improveé ‘”TL
3 4 3
AfL AfL +¢ 4fL

: fL —
10) calculate the mprovec% as-p- = o . b
given new

11) calculate the improvedM ; based on the improve%.

12) Compare the abs(P2=P1) ., i (P2=P1),4 ) and if not satis ed
returned to stage §) until the solution is obtained.

To demonstrate how this procedure is working consider a typical exampiékofz
1.7 and P,=P; = 0:5. Using the above algorithm the results are exhibited in the
following "gure. Figure (0.19 demonstrates that the conversion occur at about 7-8

0T T T

—r— —r——————
Conversion occurs around 7-9 times

L 1 ]

25 M, -

[ 4L

D ]

, SRR ]

20 4l ]
= D

15 —
10— —

=3 -

P e e e e e B et e e e e e e e i e e
0O 10 20 30 40 50 60 70 80 90 100 110 120 130
Number of Iterationsi,

QOctober 8, 2007

Fig. -10.19. The results of the algorithm showing the conversion rate for unchoked Fanno °ow

model with a given =~ and pressure ratio.

iterations. With better rst guess this conversion procedure will converts much faster
(under construction).
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10.10.2 Subsonic Fanno Flow for a Given M1 and Pressure Ratio

This situation pose a simple mathematical problem while the physical situation occurs
in cases where a speci ¢ °ow rate is required with a given pressure ratio (range) (this
problem was considered by some to be somewhat complicated). The speci ¢ °ow rate
can be converted to entrance Mach number and this simpli'es the problem. Thus,
the problem is reduced to 'nd for given entrance MadW,;, and given pressure ratio
calculate the °ow parameters, like the exit Mach numb®d,,. The procedure is based

on the fact that the entrance star pressure ratio can be calculated udihg Thus,
using the pressure ratio to calculate the star exit pressure ratio provide the exit Mach
number,M,. An example of such issue is the following example that combines also the
\Naughty professor" problems.

Example 10.4:
Calculate the exit Mach number faP,=P1 = 0:4 and entrance Mach numbe; =
0:25.

Solution

The star pressure can be obtained from a table or Potto-GDC as

M 4L P Po Yo U T
D pe Po® 7] us T

0:25000 8:4834 | 4:3546 | 2:4027 | 3:6742 | 0:27217 1:1852

And the star pressure ratio can be calculated at the exit as following

P, PP _ . ) .
P P, P° 0:4£ 4:3546 = 1:74184

And the corresponding exit Mach number for this pressure ratio reads

M 4L P Po 2 u T
D Pe Po® 7 VE Te

0:60694 0:46408 1:7418 | 1:1801 | 1:5585 | 0:64165 1:1177

A bit show o® the Potto{GDC can carry these calculations in one click as

My M2 S %
0:25000 0:60693 8.0193 0:40000

End solution

While the above example show the most simple from of this question, in reality
this question is more complicated. One common problem is situation that the diameter
is not given but the °ow rate and length and pressure (stagnation or static) with some
combination of the temperature. The following example deal with one of such example.
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Example 10.5:
A tank “Tled with air at stagnation pressure, [Bar] should be connected to a pipe
with a friction factor, f = 0:005 and and length o5[m]. The °ow rate is (should be)

0.1 SkTgc and the static temperature at the entrance of the pipe was measured to be

27*C. The pressure ratid®,=P; should not fall below 0.9F,=P; > 0:9). Calculate
the exit Mach numberM,, °ow rate, and minimum pipe diameter. You can assume
that k =1:4.

Solution

The direct mathematical solution isn't possible and some kind of iteration procedure
or root nding for a representative function. For the rst part the \naughty professor"”
procedure cannot be used becauseA is not provided and the other han(% is

not provided (missing Diameter). One possible solution is to guess the entrance Mach
and check whether and the mass °ow rate with the \naughty professor" procedure are
satis ed. For Fanno °ow at for several Mach numbers the following is obtained

M, M2 s B2 Diameter
0:10000 0:11109 13:3648 0:90000 0:00748
0:15000 0:16658 5:8260 0:90000 0:01716
0:20000 0:22202 3:1887 0:90000 0:03136

From the last table the diameter can be calculated for exampleMaor = 0:2 as

_ 4fL

D= 4fL

D

=4 £ 0:005£ 5=3:1887 = 0:03136M]

The same was done for all the other Mach number. Now the area can be calculated
and therefor them=A can be calculated. With this information the \naughty professor"

is given and the entrance Mach number can be calculated. For exampl® for 0:2

one can obtain the following:

m=A = 0:1=(%£ 0:03136=4) » 1294666798

The same order as the above table it shown in \naughty professor" (isentropic table).

v | 2] a8 R &
1:5781 | 0:66752 0:36404 1:2329 | 0:24300 0:29960 0:56009
0:36221 0:97443 0:93730 1:7268 | 0:91334 1:5772 | 0:77785
0:10979 0:99760 0:99400 5:3092 | 0:99161 5:2647 | 2:2306

The “rst result are not reasonable and this process can continue until the satisfactory
solution is achieved. Here an graphical approximation is shown.

From this exhibit it can be estimated thd¥1; = 0:18. For this Mach number the
following can be obtained
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‘e Mach Nubmer

fif
o

Solution|

015 0z 025
Conversion of the guesing the Mach Number

October 18, 2007

Fig. -10.20. Diagram for nding solution when the pressure ratio and entrance propertieb (
and Pg are given

M1 M2 % %
0:18000 0:19985 3:9839 0:90000

Thus, the diameter can be obtained & » 0:0251jm]
The °ow rate ism=A » 2021[kg=secE m?]

M T Yo A P AEP F
To % A7 Po AFEP, Fe

0:17109 0:99418 0:98551 3:4422 | 0:97978 3:3726 | 1:4628

The exact solution is between 0.17 to 0.18 if better accuracy is needed.

End solution

10.11 The Approximation of the Fanno Flow by Isothermal
Flow

The isothermal °ow model has equations that theoreticians nd easier to use and to
compare to the Fanno °ow model.

One must notice that the maximum temperature at the entranceTig,. When
the Mach number decreases the temperature approaches the stagnation temperature
(T ! To). Hence, if one allows certain deviation of temperature, say about 1% that
°ow can be assumed to be isothermal. This tolerance requires {fia T)=T, = 0:99
which requires that enough fav; < 0:15 even for largek = 1:67. This requirement
provides that somewhere (depend) in the vicinity%L = 25 the °ow can be assumed
isothermal. Hence the mass °ow rate is a function%ﬁ becauseéM ; changes. Looking
at the table or Figure 10.2) or the results from Potto{GDC attached to this book shows
that reduction of the mass °ow is very rapid. As it can be seen for the Figd@Z1)
the dominating parameter i%. The results are very similar for isothermal °ow. The

only di®erence is in small dimensionless frictié%ﬁ.
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M 1 Fanno flow

with comperison to Isothermal Flow
T T I T I T I T I T I T I T I T T

— P,/P, = 0.1is0
P2/P1 =0.8iso0
I P2/P1: 0.1 ]
P,/P =02

-~ P,IP =05
,,,,,,, P,/P, =08 .

1 I 1 I 1 I 1 I 1 I 1 I 1 I 1 I 1 I 1
0o 10 20 30 40 50 60 70 80 90 10
ik
Wed Mar 9 11:38:27 2005 D

Fig. -10.21. The entrance Mach number as a function of dimensionless resistance and com-
parison with Isothermal Flow

10.12 More Examples of Fanno Flow

Example 10.6:

To demonstrate the utility in Figure(10.21) consider the following example. Find the
mass °ow rate forf = 0:05 L = 4[m], D = 0:02[m] and pressure ratid?,=P; =
0:1; 0:3; 0:5; 0:8. The stagnation conditions at the entrance aBOK and 3[bar] air.

Solution
First calculate the dimensionless resistanéﬁ%.
AL _ 4£ 0.05£ 4 _

D 0:02 40

From Figure @0.27) for P,=P; =0:1 M; ¥4 0:13 etc.

or accurately by utilizing the program as in the following table.
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i [we | & [ [a, ] &
0:12728| 1:0000 | 40:0000 | 40:0000 0:0 0:11637
0:12420| 0:40790| 40:0000 | 421697 2:1697 0:30000
0:11392| 0:22697 | 40:0000 | 50:7569 | 10:7569 0:50000
0:07975| 0:09965| 40:0000 [107:42 67:4206 0:80000

Only for the pressure ratio of 0.1 the °ow is choked.
%

M Ty Y A7 Py | A%Ep
0:12728| 0:99677| 0:99195| 4:5910 0:98874 | 4:5393
0:12420| 0:99692| 0:99233| 4:7027 0:98928 | 4:6523
0:11392| 0:99741| 0:99354| 5:1196 0:99097 | 5:0733
0:07975| 0:99873| 0:99683| 7:2842 0:99556 | 7:2519

Therefore, T ¥ Ty and is the same for the pressure. Hence, the mass rate is a
function of the Mach number. The Mach number is indeed a function of the pressure
ratio but mass °ow rate is a function of pressure ratio only through Mach number.

The mass °ow rate is

r r u q
k Yaf 0:022 1:4 kg
= = - . 1 - =
m= PAM RT 300000£ £ 0:127£ 287300 Y, 0:48 sec
and for the rest
H 1 pooom
P, . i 0:1242 kg
MQ—OB » 0:48E JE139_ uﬁ
= P, .ﬂ ' 0:1273 ' secﬂ
P, . i 0:07975 _ kg
m Pil =0:8 » 0:48£ 01273 sec
End solution
10.13 The Table for Fanno Flow
Table -10.1. Fanno Flow Standard basic Table
f P Y
Mo|oa o B | 2| & | &
0:03 | 787.08 36:5116 |19:3005 |30:4318 | 0:03286 1:1998
0:04 | 44035 27:3817 (14:4815 (22:8254 | 0:04381 1:1996
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THE TABLE FOR FANNO FLOW

Table -10.1. Fanno Flow Standard basic Table (continue)

M 4 p Po % u T
D pe Po® v u® TS

0:05 | 28002 21:9034 |11:5914 |18:2620 | 0:05476 1:1994
0:06 | 19303 18:2508 | 9:6659 [15:2200 | 0:06570 1:1991
0:07 | 14066 156416 | 82915 |13.0474| 0:07664 1:1988
0:08 | 10672 13:6843 | 7:2616 |11:4182 | 0:08758 1:1985
0:09 | 834961 | 121618 | 6:4613 |10:1512| 0:09851 1:1981
0:10 | 669216 | 10:9435 | 58218 | 9:1378 | 0:10944 1:1976
0:20 | 145333 | 514554 | 2:9635 | 4:5826 | 0:21822 1:1905
0:25 8:4834 | 4:3546 | 2:4027 | 3:6742| 0:27217 1:1852
0:30 5:2993 | 3:6191 | 2:0351 | 3:0702| 0:32572 1:1788
0:35 3:4525 | 3:0922 | 1:7780 | 2:6400| 0:37879 1:1713
0:40 2:3085 2:6958 | 1:5901 | 2:3184 | 0:43133 1:1628
0:45 1:5664 | 2:3865 | 1:4487 | 2:0693 | 0:48326 1:1533
0:50 1:0691 2:1381 | 1:3398 | 1:8708 | 0:53452 1:1429
0:55 0:72805| 1:9341 | 1:2549 | 1:7092| 0:58506 1:1315
0:60 0:49082| 1:7634 | 1:1882 | 1:5753| 0:63481 1:1194
0:65 0:32459| 1:6183 | 1:1356 | 1:4626 | 0:68374 1:1065
0:70 0:20814| 1:4935 | 1:0944 | 1:3665 | 0:73179 1:0929
0:75 0:12728| 1:3848 | 1:0624 | 1:2838| 0:77894 1:.0787
0:80 0:07229| 1:2893 | 1:0382 | 1:2119| 0:82514 1:0638
0:85 0:03633| 1:2047 | 1:0207 | 1:1489| 0:87037 1:0485
0:90 0:01451| 1:1291 | 1:0089 | 1:0934| 0:9146Q 1:0327
0:95 0:00328| 1:061 1:002 1:.044 | 0:95781 1.017
1:00 0:0 1:00000 | 1:000 1:000 | 1:00 1:000
2:00 0:30500| 0:40825| 1:688 0:61237 1:633 | 0:66667
3:00 0:52216| 0:21822| 4:235 0:50918 1:964 | 0:42857
4:.00 0:63306| 0:13363|10:72 0:46771 2:138 | 0:28571
5:00 0:69380| 0:08944325.00 0:44721 2:236 | 0:20000
6:00 0:72988| 0:06375853:18 0:43568 2:295 | 0:14634
7:00 0:75280| 0:047619 1:0E+2 | 0:42857 2:333 | 0:11111
8:00 0:76819| 0:036860 1:9E+2 | 0:4239Q 2:359 | 0:086957
9:00 0:77899| 0:029348 3:3E+2 | 0:42066 2:377 | 0:069767
10:00 0:78683| 0:023905 5:4E+2 | 0:41833 2:390 | 0:057143
20:00 0:81265| 0:00609| 1:5E+4 | 0:41079 2:434 | 0:014815
25.00 0:81582| 0:00390| 4:6E+4 | 0:40988 2:440 | 0:00952
30:00 0:81755| 0:00271| 1:1E+5 | 0:4093§ 2:443 | 0:00663
35.00 0:81860| 0:00200| 2:5E+5 | 0:40908 2:445 | 0:00488
40:.00 0:81928| 0:00153| 4:8E+5 | 0:40889 2:446 | 0:00374
45.00 0:81975| 0:00121| 8:6E+5 | 0:40875 2:446 | 0:00296
50:00 0:82008 | 0:000979 1:5E+6 | 0:40866 2:447 | 0:00240

215
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Table -10.1. Fanno Flow Standard basic Table (continue)

M AfL P Po 23 U T
D pe Po® 5 VE Te

55:.00 0:82033| 0:000809 2:3E+6 | 0:40859 2:447 | 0:00198
60:00 0:82052| 0:000680 3:6E+6 | 0:40853 2:448 | 0:00166
6500 0:82066| 0:000579 5:4E+6 | 0:40849 2:448 | 0:00142
70:00 0:82078| 0:000500 7:8E+6 | 0:40846 2:448 | 0:00122

10.14 Appendix { Reynolds Number E®ects

Moody Diagram

Laminar Flow | : |
64 :

B 0,02 B JLHE

Friction Factor

0.0151

0.01

Factor = 25/ AP |-tk LA
b i v ‘ i [Smooth Pipe |}

L L ]
10’ 10" 10° 10° 10’ 10°
Reynolds Number, Re = #

Fig. -10.22. \Moody" diagram on the name Moody who netscaped H. Rouse work to claim
as his own. In this section the turbulent area is divided into 3 zones, constant, semi{constant,
and linear After S Beck and R. Collins.

The friction factor in equation 10.25 was assumed constant. In Chaptérit
was shown that the Reynolds number remains constant for ideal gas °uid. However, in
Fanno °ow the temperature does not remain constant hence, as it was discussed before,
the Reynolds number is increasing. Thus, the friction decreases with the exception of
the switch in the °ow pattern (laminar to turbulent °ow). For relatively large relative
roughness largef=D > 0:004 of 0.4% the friction factor is constant. For smother
pipe2=D < 0:001and Reynolds number between 10,000 to a million the friction factor
vary between 0.007 to 0.003 with is about factor of two. Thus, the error%’ff is
limited by a factor of two (2). For this range, the friction factor can be estimated as a
linear function of thelog;p(Re). The error in this assumption is probably small of the
assumption that involve in fanno °ow model construction. Hence,

f = Alogio(Re) + B (10.54)
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Where the constanA and B are function of the relative roughness. For most practical
purposes the slop coetcienh can be further assumed constant. The slop coezxcient
A = j 0:998125Thus, to carry this calculation relationship between the viscosity and
the temperature. If the viscosity expanded as Taylor or Maclaren series then

1

o

1T, ¢ee (10.55)
0

Where! ; is the viscosity at the entrance temperatufg .
Thus, Reynolds number is

D%U
Re= — —— (10.56)
Ao+ BT+ ¢ce

Substituting equation £0.56 into equation (10.54 yield
A !

D% U
f = Alo - +B 10.57
J10 Ao + % +¢CC ( )
Left hand side of equation1(0.25 is a function of the Mach number since it contains
the temperature. If the temperature functionality will not vary similarly to the case of
constant friction factor then the temperature can be expressed usmg equation().
1

COI"I?:LI/aﬂEJ
%Alogm% I - B2 § + Bg (10.58)

1+#|v| TaEay, oo

Equation (10.58 is only estimate of the functionally however, this estimate is almost
as good as the assumptions of Fanno °ow. Equation fanno:eq:°d2 can be improved by
using equation {0.58

0 0

1 1
constan
4L ZD'EI/{& 11; M2 k+1 k+l \ 2
max 2
D Alogio 1+ 5Iyge? + B »E E + K In1+ki1|v|2
Ag+ Ay ——2—— 2
3
(10.59)

In the most complicate case where the °ow pattern is change from laminar °ow to
turbulent °ow the whole Fanno °ow model is questionable and will produce poor results.

In summary, in the literature there are three approaches to this issue of non
constant friction factor. The friction potential is recommended by a researcher in
Germany and it is complicated. The second method substituting this physical approach
with numerical iteration. In the numerical iteration method, the expression of the
various relationships are inserted into governing di®erential equations. The numerical
methods does not allow °exibility and is very complicated. The methods described here
can be expended (if really really needed) and it will be done in very few iteration as it
was shown in the Isothermal Chapter.
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