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CHAPTER 14

Oblique Shock

14.1 Preface to Oblique Shock
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Fig. -14.1. A view of a straight normal shock
as a limited case for oblique shock.

In Chapter (6), discussion on a normal
shock was presented. A normal shock is
a special type of shock wave. The other
type of shock wave is the oblique shock.

In the literature oblique shock, nor-
mal shock, and Prandtl{Meyer function
are presented as three separate and dif-
ferent issues. However, one can view all
these cases as three di®erent regions of a
°ow over a plate with a de°ection section.
Clearly, variation of the de°ection angle from a zero (± = 0 ) to a positive value results
in oblique shock. Further changing the de°ection angle to a negative value results in
expansion waves. The common representation is done by not showing the boundaries
of these models. However, this section attempts to show the boundaries and the limits
or connections of these models1.

1In this chapter, even the whole book, a very limited discussion about re°ection shocks and collisions
of weak shock, Von Neumann paradox, triple shock intersection, etc are presented. The author believes
that these issues are not relevant to most engineering students and practices. Furthermore, these issues
should not be introduced in introductory textbook of compressible °ow. Those who would like to obtain
more information, should refer to J.B. Keller, \Rays, waves and asymptotics," Bull. Am. Math. Soc.
84, 727 (1978), and E.G. Tabak and R.R. Rosales, \Focusing of weak shock waves and the Von Neuman
paradox of oblique shock re°ection," Phys. Fluids 6, 1874 (1994).
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260 CHAPTER 14. OBLIQUE SHOCK

14.2 Introduction

14.2.1 Introduction to Oblique Shock

A normal shock occurs when there is a disturbance downstream which imposes a bound-
ary condition on the °ow in which the °uid/gas can react only by a sharp change in the
°ow direction. As it may be recalled, normal shock occurs when a wall is straight/°at
(± = 0 ) as shown in Figure (14.1) which occurs when somewhere downstream a distur-
bance2 appears. When the de°ection angle is increased, the gas °ow must match the
boundary conditions. This matching can occur only when there is a discontinuity in the
°ow ¯eld. Thus, the direction of the °ow is changed by a shock wave with an angle
to the °ow. This shock is commonly referred to as the oblique shock. Alternatively, as
discussed in Chapter (1)3 the °ow behaves as it does in a hyperbolic ¯eld. In such a
case, the °ow ¯eld is governed by a hyperbolic equation which deals with the case when
information (like boundary conditions) reaches from downstream only if they are within
the range of in°uence. For information such as the disturbance (boundary condition) to
reach deep into the °ow from the side requires time. During this time, the °ow moves
downstream and creates an angle.

14.2.2 Introduction to Prandtl{Meyer Function

0�

No Shock
zone

Oblique
Shock

� max(k)
Prandtl
Meyer
Function

� 1 (k)

Fig. -14.2. The regions where oblique shock or
Prandtl{Meyer function exist. Notice that both
have a maximum point and a \no solution" zone,
which is around zero. However, Prandtl-Meyer func-
tion approaches closer to a zero de°ection angle.

Decreasing the de°ection angle results
in the same e®ects as before. The
boundary conditions must match the
geometry. Yet, for a negative de°ec-
tion angle (in this section's notation),
the °ow must be continuous. The
analysis shows that the °ow velocity
must increase to achieve this require-
ment. This velocity increase is referred
to as the expansion wave. As it will be
shown in the next chapter, as opposed
to oblique shock analysis, the increase in the upstream Mach number determines the
downstream Mach number and the \negative" de°ection angle.

It has to be pointed out that both the oblique shock and the Prandtl{Meyer
function have a maximum point forM 1 ! 1 . However, the maximum point for the
Prandtl{Meyer function is much larger than the oblique shock by a factor of more than
2. What accounts for the larger maximum point is the e®ective turning (less entropy
production) which will be explained in the next chapter (see Figure (14.2)).

2Zero velocity, pressure boundary conditions, and di®erent inclination angle, are examples of forces
that create shock. The zero velocity can be found in a jet °owing into a still medium of gas.

3This section is under construction and does not appear in the book yet.
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14.2.3 Introduction to Zero Inclination

What happens when the inclination angle is zero? Which model is correct to use? Can
these two con°icting models, the oblique shock and the Prandtl{Meyer function, co-
exist? Or perhaps a di®erent model better describes the physics. In some books and
in the famous NACA report 1135 it was assumed that Mach wave and oblique shock
co{occur in the same zone. Previously (see Chapter6), it was assumed that normal
shock occurs at the same time. In this chapter, the stability issue will be examined in
greater detail.

14.3 Oblique Shock
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Fig. -14.3. A typical oblique shock schematic

The shock occurs in reality in
situations where the shock has
three{dimensional e®ects. The
three{dimensional e®ects of the
shock make it appear as a
curved plane. However, for a
chosen arbitrary accuracy it re-
quires a speci¯c small area, a
one{dimensional shock can be
considered. In such a case, the
change of the orientation makes
the shock considerations two{
dimensional. Alternately, using an in¯nite (or a two{dimensional) object produces a
two{dimensional shock. The two{dimensional e®ects occur when the °ow is a®ected
from the \side," i.e., a change in the °ow direction4.

To match the boundary conditions, the °ow turns after the shock to be parallel
to the inclination angle. Figure (14.3) exhibits the schematic of the oblique shock. The
de°ection angle,±, is the direction of the °ow after the shock (parallel to the wall).
The normal shock analysis dictates that after the shock, the °ow is always subsonic.
The total °ow after the oblique shock can also be supersonic, which depends on the
boundary layer.

Only the oblique shock's normal component undergoes the \shock." The tangent
component does not change because it does not \move" across the shock line. Hence,
the mass balance reads

½1U1n = ½2U2n (14.1)

The momentum equation reads

P1 + ½1U1n
2 = P2 + ½2U2n

2 (14.2)

4The author begs for forgiveness from those who view this description as o®ensive (There was an
unpleasant email to the author accusing him of revolt against the holy of the holies.). If you do not
like this description, please just ignore it. You can use the traditional explanation, you do not need the
author's permission.
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The momentum equation in the tangential direction yields

U1t = U2t (14.3)

The energy balance reads

CpT1 +
U1n

2

2
= CpT2 +

U2n
2

2
(14.4)

Equations (14.1), (14.2), and (14.4) are the same as the equations for normal shock
with the exception that the total velocity is replaced by the perpendicular components.

Yet the new relationship between the upstream Mach number, the de°ection angle,
±, and the Mach angle,µ has to be solved. From the geometry it can be observed that

tan µ =
U1n

U1t
(14.5)

and

tan(µ ¡ ±) =
U2n

U2t
(14.6)

Unlike in the normal shock, here there are three possible pairs5 of solutions to
these equations. The ¯rst is referred to as the weak shock; the second is the strong
shock; and the third is an impossible solution (thermodynamically)6. Experiments and
experience have shown that the common solution is the weak shock, in which the shock
turns to a lesser extent7.

tan µ
tan(µ ¡ ±)

=
U1n

U2n
(14.7)

The above velocity{geometry equations can also be expressed in term of Mach number,
as

sinµ =
M 1n

M 1
(14.8)

sin(µ ¡ ±) =
M 2n

M 2
(14.9)

cosµ =
M 1t

M 1
(14.10)

5This issue is due to R. Meniko®, who raised the solution completeness issue.
6The solution requires solving the entropy conservation equation. The author is not aware of

\simple" proof and a call to ¯nd a simple proof is needed.
7Actually this term is used from historical reasons. The lesser extent angle is the unstable angle

and the weak angle is the middle solution. But because the literature referred to only two roots, the
term lesser extent is used.
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cos(µ ¡ ±) =
M 2t

M 2
(14.11)

The total energy across an oblique shock wave is constant, and it follows that the
total speed of sound is constant across the (oblique) shock. It should be noted that
although, U1t = U2t the Mach number isM 1t 6= M 2t because the temperatures on
both sides of the shock are di®erent,T1 6= T2.

As opposed to the normal shock, here angles (the second dimension) have to
be determined. The solution from this set of four equations, (14.8) through (14.11),
is a function of four unknowns ofM 1, M 2, µ, and ±. Rearranging this set utilizing
geometrical identities such assin® = 2 sin ®cos® results in

tan ± = 2 cot µ
·

M 1
2 sin2 µ ¡ 1

M 1
2 (k + cos 2µ) + 2

¸
(14.12)

The relationship between the properties can be determined by substituting
M 1 sinµ for of M 1 into the normal shock relationship, which results in

P2

P1
=

2kM 1
2 sin2 µ ¡ (k ¡ 1)

k + 1
(14.13)

The density and normal velocity ratio can be determined by the following equation

½2

½1
=

U1n

U2n
=

(k + 1) M 1
2 sin2 µ

(k ¡ 1)M 1
2 sin2 µ + 2

(14.14)

The temperature ratio is expressed as

T2

T1
=

2kM 1
2 sin2 µ ¡ (k ¡ 1)

£
(k ¡ 1)M 1

2 + 2
¤

(k + 1) 2M 1
(14.15)

Prandtl's relation for oblique shock is

Un 1 Un 2 = c2 ¡
k ¡ 1
k + 1

Ut
2 (14.16)

The Rankine{Hugoniot relations are the same as the relationship for the normal shock

P2 ¡ P1

½2 ¡ ½1
= k

P2 ¡ P1

½2 ¡ ½1
(14.17)
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14.4 Solution of Mach Angle
Oblique shock, if orientated to a coordinate perpendicular and parallel shock plane is
like a normal shock. Thus, the relationship between the properties can be determined by
using the normal components or by utilizing the normal shock table developed earlier.
One has to be careful to use the normal components of the Mach numbers. The
stagnation temperature contains the total velocity.

Again, the normal shock is a one{dimensional problem, thus, only one parameter
is required (to solve the problem). Oblique shock is a two{dimensional problem and
two properties must be provided so a solution can be found. Probably, the most useful
properties are upstream Mach number,M 1 and the de°ection angle, which create a
somewhat complicated mathematical procedure, and this will be discussed later. Other
combinations of properties provide a relatively simple mathematical treatment, and the
solutions of selected pairs and selected relationships will be presented.

14.4.1 Upstream Mach Number, M 1, and De°ection Angle, ±

Again, this set of parameters is, perhaps, the most common and natural to examine.
Thompson (1950) has shown that the relationship of the shock angle is obtained from
the following cubic equation:

x3 + a1x2 + a2x + a3 = 0 (14.18)

where

x = sin 2 µ (14.19)

and

a1 = ¡
M 1

2 + 2

M 1
2 ¡ k sin2 ± (14.20)

a2 = ¡
2M 1

2 + 1

M 1
4 +

·
(k + 1) 2

4
+

k ¡ 1

M 1
2

¸
sin2 ± (14.21)

a3 = ¡
cos2 ±

M 1
4 (14.22)

Equation (14.18) requires thatx has to be a real and positive number to obtain
a real de°ection angle8. Clearly,sinµ must be positive, and the negative sign refers to
the mirror image of the solution. Thus, the negative root ofsinµ must be disregarded

The solution of a cubic equation such as (14.18) provides three roots9. These

8 This point was pointed out by R. Meniko®. He also suggested thatµ is bounded bysin¡ 1 1=M 1
and 1.

9The highest power of the equation (only with integer numbers) is the number of the roots. For
example, in a quadratic equation there are two roots.
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roots can be expressed as

x1 = ¡
1
3

a1 + ( S + T) (14.23)

x2 = ¡
1
3

a1 ¡
1
2

(S + T) +
1
2

i
p

3(S ¡ T) (14.24)

and

x3 = ¡
1
3

a1 ¡
1
2

(S + T) ¡
1
2

i
p

3(S ¡ T) (14.25)

Where

S =
3

q
R +

p
D; (14.26)

T =
3

q
R ¡

p
D (14.27)

and where the de¯nition of theD is

D = Q3 + R2 (14.28)

and where the de¯nitions ofQ and R are

Q =
3a2 ¡ a1

2

9
(14.29)

and

R =
9a1a2 ¡ 27a3 ¡ 2a1

3

54
(14.30)

Only three roots can exist for the Mach angle,µ. From a mathematical point of view,
if D > 0, one root is real and two roots are complex. For the caseD = 0 , all the roots
are real and at least two are identical. In the last case whereD < 0, all the roots are
real and unequal.

The physical meaning of the above analysis demonstrates that in the range where
D > 0 no solution can exist because no imaginary solution can exist10. D > 0 occurs
when no shock angle can be found, so that the shock normal component is reduced to
subsonic and yet parallel to the inclination angle.

10A call for suggestions, to explain about complex numbers and imaginary numbers should be in-
cluded. Maybe insert an example where imaginary solution results in no physical solution.
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Furthermore, only in some cases whenD = 0 does the solution have a physical
meaning. Hence, the solution in the case ofD = 0 has to be examined in the light of
other issues to determine the validity of the solution.

When D < 0, the three unique roots are reduced to two roots at least for the
steady state because thermodynamics dictates11 that. Physically, it can be shown that
the ¯rst solution(14.23), referred sometimes as a thermodynamically unstable root,
which is also related to a decrease in entropy, is \unrealistic." Therefore, the ¯rst
solution does not occur in reality, at least, in steady{state situations. This root has
only a mathematical meaning for steady{state analysis12.

These two roots represent two di®erent situations. First, for the second root, the
shock wave keeps the °ow almost all the time as a supersonic °ow and it is referred to
as the weak solution (there is a small section that the °ow is subsonic). Second, the
third root always turns the °ow into subsonic and it is referred to as the strong solution.
It should be noted that this case is where entropy increases in the largest amount.

In summary, if a hand moves the shock angle starting from the de°ection angle and
reaching the ¯rst angle that satis¯es the boundary condition, this situation is unstable
and the shock angle will jump to the second angle (root). If an additional \push" is
given, for example, by additional boundary conditions, the shock angle will jump to
the third root13. These two angles of the strong and weak shock are stable for a two{
dimensional wedge (see the appendix of this chapter for a limited discussion on the
stability14).

11This situation is somewhat similar to a cubical body rotation. The cubical body has three sym-
metrical axes which the body can rotate around. However, the body will freely rotate only around two
axes with small and large moments of inertia. The body rotation is unstable around the middle axes.
The reader can simply try it.

12There is no experimental or analytical evidence, that the author has found, showing that it is
totally impossible. The \unstable" terms can be thermodynamically stable in unsteady case. Though,
those who are dealing with rapid transient situations should be aware that this angle of oblique shock
can exist. There is no theoretical evidence that showing that in strong unsteady state this angle is
unstable. The shock will initially for a very brief time transient in it and will jump from this angle to
the thermodynamically stable angles.

13See the discussion on the stability. There are those who view this question not as a stability
equation but rather as under what conditions a strong or a weak shock will prevail.

14This material is extra and not recommended for standard undergraduate students.
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14.4.2 When No Oblique Shock Exist or When D > 0

Large de°ection angle for given, M 1

Fig. -14.4. Flow around spherically
blunted 30± cone-cylinder with Mach
number 2.0. It can be noticed that the
normal shock, the strong shock, and the
weak shock coexist.

The ¯rst range is when the de°ection angle
reaches above the maximum point. For a given
upstream Mach number,M 1, a change in the in-
clination angle requires a larger energy to change
the °ow direction. Once, the inclination an-
gle reaches the \maximum potential energy," a
change in the °ow direction is no longer possible.
In the alternative view, the °uid \sees" the dis-
turbance (in this case, the wedge) in front of it
and hence the normal shock occurs. Only when
the °uid is away from the object (smaller angle)
liquid \sees" the object in a di®erent inclination
angle. This di®erent inclination angle is some-
times referred to as an imaginary angle.

The simple procedure For example, in Figure (14.4) and (14.5), the imaginary angle
is shown. The °ow is far away from the object and does not \see' the object. For
example, for,M 1 ¡! 1 the maximum de°ection angle is calculated whenD = Q3 +
R2 = 0 . This can be done by evaluating the termsa1, a2, and a3 for M 1 = 1 .

a1 = ¡ 1 ¡ k sin2 ±

a2 =
(k + 1) 2 sin2 ±

4
a3 = 0

With these values the coe±cientsR and Q are

R =
9(¡ )(1 + k sin2 ±)

³
(k+1) 2 sin 2 ±

4

´
¡ (2)( ¡ )(1 + k sin2 ±)2

54

and

Q =
(1 + k sin2 ±)2

9

Solving equation (14.28) after substituting these values ofQ and R provides series of
roots from which only one root is possible. This root, in the casek = 1 :4, is just above
±max » ¼

4 (note that the maximum is also a function of the heat ratio,k).
While the above procedure provides the general solution for the three roots, there

is simpli¯ed transformation that provides solution for the strong and and weak solution.
It must be noted that in doing this transformation the ¯rst solution is \lost" suppos-
edly because it is \negative." In reality the ¯rst solution is not negative but rather
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M1

The fluid doesn't ''see'
the object

}
The fluid "sees" 
the object infront

The fluid ``sees''
the object with 
"imaginary" inclination
angle

Intermediate zone}
}

Fig. -14.5. The view of a large inclination angle from di®erent points in the °uid ¯eld.

some value between zero and the weak angle. Several researchers15 suggested that
instead Thompson's equation should be expressed by equation (14.18) by tan µ and is
transformed into
µ

1 +
k ¡ 1

2
M 1

2
¶

tan ±tan3 µ ¡
¡
M 1

2 ¡ 1
¢

tan2 µ +
µ

1 +
k + 1

2

¶
tan ±tan µ + 1 = 0

(14.31)

The solution to this equation (14.31) for the weak angle is

µweak = tan ¡ 1

0

@
M 1

2 ¡ 1 + 2f 1(M 1; ±) cos
³

4¼+cos ¡ 1 ( f 2 (M 1 ;±))
3

´

3
¡
1 + k ¡ 1

2 M 1
2¢

tan ±

1

A (14.32)

µstrong = tan ¡ 1
M 1

2 ¡ 1 + 2f 1(M 1; ±) cos
³

cos¡ 1 ( f 2 (M 1 ;±))
3

´

3
¡
1 + k ¡ 1

2 M 1
2¢

tan ±
(14.33)

15A whole discussion on the history of this can be found in \Open content approach to academic
writing" on http://www.potto.org/obliqueArticle.php
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where these additional functions are

f 1(M 1; ±) =

s
¡
M 1

2 ¡ 1
¢2

¡ 3
µ

1 +
k ¡ 1

2
M 1

2
¶ µ

1 +
k + 1

2
M 1

2
¶

tan2 ± (14.34)

and

f 2(M 1; ±) =

¡
M 1

2 ¡ 1
¢3

¡ 9
¡
1 + k ¡ 1

2 M 1
2¢ ¡

1 + k ¡ 1
2 M 1

2 + k+1
2 M 1

4¢
tan2 ±

f 1(M 1; ±)3

(14.35)

Figure (14.6) typical results for oblique shock for two de°ection angle of 5 and 25
degree. Generally, the strong shock is reduced as increase of the Mach number while
the weak shock is increase. The impossible shock for unsteady state is almost linear
function of the upstream Mach number and almost not a®ected by the de°ection angle.
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Fig. -14.6. The three di®erent Mach numbers after the oblique shock for two de°ection angles

The Procedure for Calculating The Maximum De°ection Point

The maximum is obtained whenD = 0 . When the right terms de¯ned in (14.20)-
(14.21), (14.29), and (14.30) are substituted into this equation and utilizing the trigono-
metrical sin2 ± + cos2 ± = 1 and other trigonometrical identities results in Maximum
De°ection Mach Number's equation in which is

M 1
2 (k + 1) ( M 1n

2 + 1) = 2( kM 1n
4 + 2M 1n

2 ¡ 1) (14.36)
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This equation and its twin equation can be obtained by an alternative procedure
proposed by someone16 who suggested another way to approach this issue. It can
be noticed that in equation (14.12), the de°ection angle is a function of the Mach
angle and the upstream Mach number,M 1. Thus, one can conclude that the maximum
Mach angle is only a function of the upstream Much number,M 1. This can be shown
mathematically by the argument that di®erentiating equation (14.12) and equating the
results to zero creates relationship between the Mach number,M 1 and the maximum
Mach angle,µ. Since in that equation there appears only the heat ratiok, and Mach
number, M 1, µmax is a function of only these parameters. The di®erentiation of the
equation (14.12) yields

d tan ±
dµ

=
kM 1

4 sin4 µ +
³

2 ¡ (k+1)
2 M 1

2
´

M 1
2 sin2 µ ¡

³
1 + (k+1)

2 M 1
2
´

kM 1
4 sin4 µ ¡

h
(k ¡ 1) + (k+1) 2 M 1

2

4

i
M 1

2 sin2 µ ¡ 1
(14.37)

Becausetan is a monotonous function, the maximum appears whenµ has its maximum.
The numerator of equation (14.37) is zero at di®erent values of the denominator. Thus,
it is su±cient to equate the numerator to zero to obtain the maximum. The nominator
produces a quadratic equation forsin2 µ and only the positive value forsin2 µ is applied
here. Thus, thesin2 µ is

sin2 µmax =
¡ 1 + k+1

4 M 1
2 +

r

(k + 1)
h
1 + k ¡ 1

2 M 1
2 +

¡
k+1

2 M 1
¢4

i

kM 1
2 (14.38)

Equation (14.38) should be referred to as the maximum's equation. It should be noted
that both the Maximum Mach De°ection equation and the maximum's equation lead
to the same conclusion that the maximumM 1n is only a function of upstream the
Mach number and the heat ratiok. It can be noticed that the Maximum De°ection
Mach Number's equation is also a quadratic equation forM 1n

2. OnceM 1n is found,
then the Mach angle can be easily calculated by equation (14.8). To compare these
two equations the simple case of Maximum for an in¯nite Mach number is examined.
It must be pointed out that similar procedures can also be proposed (even though it
does not appear in the literature). Instead, taking the derivative with respect toµ, a
derivative can be taken with respect toM 1. Thus,

d tan ±
dM1

= 0 (14.39)

and then solving equation (14.39) provides a solution forM max .
A simpli¯ed case of the Maximum De°ection Mach Number's equation for large

Mach number becomes

M 1n =

r
k + 1

2k
M 1 for M 1 >> 1 (14.40)

16At ¯rst, it was seen as C. J.Chapman, English mathematician to be the creator but later an earlier
version by several months was proposed by Bernard Grossman. At this stage it is not clear who was
the ¯rst to propose it.
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Hence, for large Mach numbers, the Mach angle issinµ =
q

k+1
2k (for k=1.4), which

makesµ = 1 :18 or µ = 67:79±.
With the value ofµ utilizing equation (14.12), the maximum de°ection angle can

be computed. Note that this procedure does not require an approximation ofM 1n to
be made. The general solution of equation (14.36) is

M 1n =

r q
(k + 1) 2 M 1

4 + 8 ( k2 ¡ 1) M 1
2 + 16 (k + 1) + ( k + 1) M 1

2 ¡ 4

2
p

k (14.41)

Note that Maximum De°ection Mach Number's equation can be extended to deal
with more complicated equations of state (aside from the perfect gas model).

This typical example is for those who like mathematics.

Example 14.1:
Derive the perturbation of Maximum De°ection Mach Number's equation for the case
of a very small upstream Mach number number of the formM 1 = 1 + ². Hint, Start
with equation(14.36) and neglect all the terms that are relatively small.

Solution

The solution can be done by substituting (M 1 = 1 + ²) into equation (14.36) and it
results in

M 1n =

s p
²(k) + ²2 + 2 ² ¡ 3 + k²2 + 2 k² + k

4k
(14.42)

where the epsilon function is

²(k) =( k2 + 2k + 1) ²4 + (4 k2 + 8 k + 4) ²3+

(14k2 + 12 k ¡ 2) ²2 + (20 k2 + 8 k ¡ 12)² + 9 ( k + 1) 2 (14.43)

Now neglecting all the terms with² results for the epsilon function in

²(k) » 9 (k + 1) 2 (14.44)

And the total operation results in

M 1n =

r
3 (k + 1) ¡ 3 + k

4k
= 1 (14.45)

Interesting to point out that as a consequence of this assumption the maximum shock
angle,µ is a normal shock. However, taking the second term results in di®erent value.
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Taking the second term in the explanation results in

M 1n =

vu
u
t

q
9 (k + 1) 2 + (20 k2 + 8 k ¡ 12)² ¡ 3 + k + 2 (1 + k)²

4k
(14.46)

Note this equation (14.46) produce an un realistic value and additional terms are
required to obtained to produce a realistic value.

End Solution

The case of D ¸ 0 or 0 ¸ ±

The second range in whichD > 0 is when± < 0. Thus, ¯rst the transition line in
whichD = 0 has to be determined. This can be achieved by the standard mathematical
procedure of equatingD = 0 . The analysis shows regardless of the value of the upstream
Mach numberD = 0 when ± = 0 . This can be partially demonstrated by evaluating
the termsa1, a2, and a3 for the speci¯c value ofM 1 as following

a1 =
M 1

2 + 2

M 1
2

a2 = ¡
2M 1

2 + 1

M 1
4

a3 = ¡
1

M 1
4 (14.47)

With values presented in equations (14.47) for R and Q becoming

R =
9

³
M 1

2 +2
M 1

2

´ ³
2M 1

2 +1
M 1

4

´
¡ 27

³
¡ 1

M 1
4

´
¡ 2

³
M 1

2 +2
M 1

2

´ 2

54

=
9

¡
M 1

2 + 2
¢ ¡

2M 1
2 + 1

¢
+ 27M 1

2 ¡ 2M 1
2 ¡

M 1
2 + 2

¢2

54M 1
6 (14.48)

and

Q =
3

³
2M 1

2 +1
M 1

4

´
¡

³
M 1

2 +2
M 1

2

´ 3

9
(14.49)

Substituting the values ofQ and R equations (14.48) (14.49) into equation (14.28)
provides the equation to be solved for±.

2

6
4

3
³

2M 1
2 +1

M 1
4

´
¡

³
M 1

2 +2
M 1

2

´ 3

9

3

7
5

3

+

"
9

¡
M 1

2 + 2
¢ ¡

2M 1
2 + 1

¢
+ 27M 1

2 ¡ 2M 1
2 ¡

M 1
2 + 2

¢2

54M 1
6

#2

= 0 (14.50)
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The author is not aware of any analytical demonstration in the literature which shows
that the solution is identical to zero for± = 0 17. Nevertheless, this identity can be
demonstrated by checking several points for example,M 1 = 1 :; 2:0; 1 . Table (14.7)
is provided for the following demonstration. Substitution of all the above values into
(14.28) results inD = 0 .

Utilizing the symmetry and antisymmetry of the qualities of thecos and sin for
± < 0 demonstrates thatD > 0 regardless of Mach number. Hence, the physical
interpretation of this fact is that either no shock exists and the °ow is without any
discontinuity or that a normal shock exists18. Note that, in the previous case, with a
positive large de°ection angle, there was a transition from one kind of discontinuity to
another.

X X X X X X X X XXM 1

coe±cients
a1 a2 a3

1.0 -3 -1 - 3
2

2.0 3 0 9
16

1 -1 0 - 1
16

Fig. -14.7. The various coe±cients of three di®erent
Mach numbers to demonstrate thatD is zero

In the range where± · 0, the
question is whether it is possi-
ble for an oblique shock to ex-
ist? The answer according to this
analysis and stability analysis is
no. And according to this anal-
ysis, no Mach wave can be gen-
erated from the wall withzero
de°ection . In other words, the
wall does not emit any signal to
the °ow (assuming zero viscos-
ity), which contradicts the com-
mon approach. Nevertheless, in
the literature, there are several
papers suggesting zero strength Mach wave; others suggest a singular point19. The
question of singular point or zero Mach wave strength are only of mathematical inter-
est.

17A mathematical challenge for those who like to work it out.
18There are several papers that attempt to prove this point in the past. Once this analytical solution

was published, this proof became trivial. But for non ideal gas (real gas) this solution is only an
indication.

19See for example, paper by Rosles, Tabak, \Caustics of weak shock waves," 206 Phys. Fluids 10
(1) , January 1998.
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� 1 � 2 � 3 � 1

Fig. -14.8. The Mach waves that are supposed
to be generated at zero inclination.

Suppose that there is a Mach wave at
the wall at zero inclination (see Figure
(14.8)). Obviously, another Mach wave
occurs after a small distance. But be-
cause the velocity after a Mach wave (even
for an extremely weak shock wave) is re-
duced, thus, the Mach angle will be larger
(¹ 2 > ¹ 1). If the situation keeps on oc-
curring over a ¯nite distance, there will be
a point where the Mach number will be 1
and a normal shock will occur, according the common explanation. However, the reality
is that no continuous Mach wave can occur because of the viscosity (boundary layer).
In reality, there are imperfections in the wall and in the °ow and there is the question of
boundary layer. It is well known, in the engineering world, that there is no such thing
as a perfect wall. The imperfections of the wall can be, for simplicity's sake, assumed
to be as a sinusoidal shape. For such a wall the zero inclination changes from small
positive value to a negative value. If the Mach number is large enough and the wall is
rough enough, there will be points where a weak20 weak will be created. On the other
hand, the boundary layer covers or smooths out the bumps. With these con°icting
mechanisms, both will not allow a situation of zero inclination with emission of Mach
wave. At the very extreme case, only in several points (depending on the bumps) at the
leading edge can a very weak shock occur. Therefore, for the purpose of an introductory
class, no Mach wave at zero inclination should be assumed.

Furthermore, if it was assumed that no boundary layer exists and the wall is perfect, any
deviations from the zero inclination angle creates a jump from a positive angle (Mach
wave) to a negative angle (expansion wave). This theoretical jump occurs because in
a Mach wave the velocity decreases while in the expansion wave the velocity increases.
Furthermore, the increase and the decrease depend on the upstream Mach number but
in di®erent directions. This jump has to be in reality either smoothed out or has a
physical meaning of jump (for example, detach normal shock). The analysis started by
looking at a normal shock which occurs when there is a zero inclination. After analysis
of the oblique shock, the same conclusion must be reached, i.e. that the normal shock
can occur at zero inclination. The analysis of the oblique shock suggests that the
inclination angle is not the source (boundary condition) that creates the shock. There
must be another boundary condition(s) that causes the normal shock. In the light of
this discussion, at least for a simple engineering analysis, the zone in the proximity of
zero inclination (small positive and negative inclination angle) should be viewed as a
zone without any change unless the boundary conditions cause a normal shock.

Nevertheless, emission of Mach wave can occur in other situations. The approximation
of weak weak wave with nonzero strength has engineering applicability in a very limited
cases, especially in acoustic engineering, but for most cases it should be ignored.

20It is not a mistake, there are two \weaks." These words mean two di®erent things. The ¯rst
\weak" means more of compression \line" while the other means the weak shock.
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Fig. -14.9. The calculation of D (possible error), shock angle, and exit Mach number for
M 1 = 3

14.4.3 Upstream Mach Number, M 1, and Shock Angle, µ

The solution for upstream Mach number,M 1, and shock angle,µ, are far much simpler
and a unique solution exists. The de°ection angle can be expressed as a function of
these variables as

cot ± = tan µ
·

(k + 1) M 1
2

2(M 1
2 sin2 µ ¡ 1)

¡ 1
¸

(14.51)

or

tan ± =
2 cotµ(M 1

2 sin2 µ ¡ 1)

2 + M 1
2(k + 1 ¡ 2 sin2 µ)

(14.52)
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The pressure ratio can be expressed as

P2

P1
=

2kM 1
2 sin2 µ ¡ (k ¡ 1)

k + 1
(14.53)

The density ratio can be expressed as

½2

½1
=

U1n

U2n
=

(k + 1) M 1
2 sin2 µ

(k ¡ 1)M 1
2 sin2 µ + 2

(14.54)

The temperature ratio expressed as

T2

T1
=

c2
2

c1
2 =

¡
2kM 1

2 sin2 µ ¡ (k ¡ 1)
¢ ¡

(k ¡ 1)M 1
2 sin2 µ + 2

¢

(k + 1) M 1
2 sin2 µ

(14.55)

The Mach number after the shock is

M 2
2 sin(µ ¡ ±) =

(k ¡ 1)M 1
2 sin2 µ + 2

2kM 1
2 sin2 µ ¡ (k ¡ 1)

(14.56)

or explicitly

M 2
2 =

(k + 1) 2M 1
4 sin2 µ ¡ 4(M 1

2 sin2 µ ¡ 1)(kM 1
2 sin2 µ + 1)

¡
2kM 1

2 sin2 µ ¡ (k ¡ 1)
¢ ¡

(k ¡ 1)M 1
2 sin2 µ + 2

¢ (14.57)

The ratio of the total pressure can be expressed as

P02

P01

=
·

(k + 1) M 1
2 sin2 µ

(k ¡ 1)M 1
2 sin2 µ + 2

¸ k
k ¡ 1

·
k + 1

2kM 1
2 sin2 µ ¡ (k ¡ 1)

¸ 1
k ¡ 1

(14.58)

Even though the solution for these variables,M 1 and µ, is unique, the possible range
de°ection angle,±, is limited. Examining equation (14.51) shows that the shock angle,
µ , has to be in the range ofsin¡ 1(1=M1) ¸ µ ¸ (¼=2) (see Figure14.10). The range

of givenµ, upstream Mach numberM 1, is limited between1 and
q

1=sin2 µ.

14.4.4 Given Two Angles, ± and µ

It is sometimes useful to obtain a relationship where the two angles are known. The
¯rst upstream Mach number,M 1 is

M 1
2 =

2(cot µ + tan ±)
sin 2µ ¡ (tan ±)(k + cos 2µ)

(14.59)
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Fig. -14.10. The possible range of solutions for di®erent parameters for given upstream Mach
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The reduced pressure di®erence is

2(P2 ¡ P1)
½U2 =

2 sinµsin±
cos(µ ¡ ±)

(14.60)

The reduced density is

½2 ¡ ½1

½2
=

sin±
sinµcos(µ ¡ ±)

(14.61)

For a large upstream Mach numberM 1 and a small shock angle (yet not approaching
zero), µ, the de°ection angle,± must also be small as well. Equation (14.51) can be
simpli¯ed into

µ »=
k + 1

2
± (14.62)

The results are consistent with the initial assumption which shows that it was an ap-
propriate assumption.
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Fig. -14.11. Color-schlieren image of a two dimensional °ow over a wedge. The total de°ection
angel (two sides) is20± and upper and lower Mach angel are» 28± and » 30± , respectively.
The image show the end{e®ects as it has thick (not sharp transition) compare to shock over
a cone. The image was taken by Dr. Gary Settles at Gas Dynamics laboratory, Penn State
University.

14.4.5 Flow in a Semi{2D Shape

Example 14.2:
In Figure14.11exhibits wedge in a supersonic °ow with unknown Mach number. Exam-
ination of the Figure reveals that it is in angle of attack. 1) Calculate the Mach number
assuming that the lower and the upper Mach angles are identical and equal to» 30±

each (no angle of attack). 2) Calculate the Mach number and angle of attack assuming
that the pressure after the shock for the two oblique shocks is equal. 3) What kind are
the shocks exhibits in the image? (strong, weak, unteady) 4) (Open question) Is there
possibilty to estimate the air stagnation temperature from the information provided in
the image. You can assume that spesi¯c heats,k is a monotonic increasing function of
the temperature.

Solution

Part (1)

The Mach angle and de°ection angle can be obtained from the Figure14.11. With this

data and either using equation (14.59) or potto-GDC results in

M 1 M x M y s M y w µs µw ± P 0 y

P 0 x

2:6810 2:3218 0 2:24 0 30 10 0:97172
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The actual Mach number after the shock is then

M 2 =
M 2n

sin (µ ¡ ±)
=

0:76617
sin(30¡ 10)

= 0 :839

The °ow after the shock is subsonic °ow.

Part (2)

For the lower part shock angle of» 28± the results are

M 1 M x M y s M y w µs µw ± P 0 y

P 0 x

2:9168 2:5754 0 2:437 0 28 10 0:96549

From the last table, it is clear that Mach number is between the two values of 2.9168
and 2.6810 and the pressure ratio is between 0.96549 and 0.97172. One of procedure to
calculate the attack angle is such that pressure has to match by \guessing" the Mach
number between the extreme values.

Part (3)

The shock must be weak shock because the shock angle is less than60±.
End Solution

2-D oblique shock
on both sides

{normal analysis

range{ {intermidiate analysis

range

{

{

edge analysis

range

no shock

no shock
flow direction

Fig. -14.12. Schematic of ¯nite wedge with zero
angle of attack.

The discussion so far was about
the straight in¯nite long wedge21 which
is a \pure" 2{D con¯guration. Clearly,
for any ¯nite length of the wedge, the
analysis needs to account for edge ef-
fects. The end of the wedge must
have a di®erent con¯guration (see Fig-
ure (14.12)). Yet, the analysis for the
middle section produces a close result to
reality (because of symmetry). The sec-
tion where the current analysis is close to
reality can be estimated from a dimen-
sional analysis for the required accuracy or by a numerical method. The dimensional
analysis shows that only the doted area to be area where current solution can be as-
sumed as correct22. In spite of the small area were the current solution can be assumed,
this solution is also act as a \reality check" to any numerical analysis. The analysis
also provides additional value of the expected range. In Figure14.11shows that \shock
angle" is not sharp. The thickness (into page) of the wedge is only one half times the
the wedge itself23. Even for this small ratio two dimensional it provide very good results.

21Even ¯nite wedge with limiting wall can be considered as an example for this discussion if the B.L.
is neglected.

22At this stage, dimensional analysis is not completed. The author is not aware of any such analysis
in literature. The common approach is to carry out numerical analysis. In spite of recent trends, for
most engineering applications, a simple tool is su±cient for limit accuracy. Additionally, the numerical
works require many times a \reality check."

23This information is according to Gary Settles which he provided the estimate only.
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Another geometry that can be considered as two{dimensional is the cone (some
referred to it as Taylor{Maccoll °ow). Even though, the cone is a three{dimensional
problem, the symmetrical nature of the cone creates a semi{2D problem. In this case
there are no edge e®ects and the geometry dictates slightly di®erent results. The
mathematics is much more complicated but there are three solutions. As before, the
¯rst solution is thermodynamical unstable. Experimental and analytical work shows that
the weak solution is the stable solution and a discussion is provided in the appendix
of this chapter. As opposed to the weak shock, the strong shock is unstable, at least,
for steady state and no known experiments showing that it exist can be found in the
literature. All the literature, known to the author, reports that only a weak shock is
possible.

14.4.6 Small ± \Weak Oblique shock"

This interest in this topic is mostly from an academic point of view. It is recommended
that this issue be skipped and the time be devoted to other issues. The author is not
aware of any single case in which this topic is used in real{world calculations. In fact,
after the explicit analytical solution has been provided, studying this topic seems to
come at the expense of other more important topics. However, the author admits that
as long as there are instructors who examine their students on this issue, it should be
covered in this book.

For small de°ection angles,±, and small normal upstream Mach numbers,M 1 »
1 + ²,

tan µ =
1

p
M 1

2 ¡ 1
(14.63)

... under construction.

14.4.7 Close and Far Views of the Oblique Shock

q

d

Fig. -14.13. A local and a far view of the
oblique shock.

In many cases, the close proximity view pro-
vides a continuous turning of the de°ection
angle,±. Yet, the far view shows a sharp tran-
sition. The traditional approach to reconcile
these two views is by suggesting that the far
view shock is a collection of many small weak
shocks (see Figure14.13). At the local view
close to the wall, the oblique shock is a weak
\weak oblique" shock. From the far view,
the oblique shock is an accumulation of many
small (or again weak) \weak shocks." How-
ever, these small \shocks" are built or accu-
mulate into a large and abrupt change (shock). In this theory, the boundary layer
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(B.L.) does not enter into the calculation. In reality, the boundary layer increases the
zone where a continuous °ow exists. The boundary layer reduces the upstream °ow
velocity and therefore the shock does not exist at close proximity to the wall. In larger
distance from the wall, the shock becomes possible.

14.4.8 Maximum Value of Oblique shock

The maximum values are summarized in the following Table .

Table -14.1. Table of maximum values of the oblique Shock k=1.4

M x M y ±max µmax

1:1000 0:97131 1:5152 76:2762
1:2000 0:95049 3:9442 71:9555
1:3000 0:93629 6:6621 69:3645
1:4000 0:92683 9:4272 67:7023
1:5000 0:92165 12:1127 66:5676
1:6000 0:91941 14:6515 65:7972
1:7000 0:91871 17:0119 65:3066
1:8000 0:91997 19:1833 64:9668
1:9000 0:92224 21:1675 64:7532
2:0000 0:92478 22:9735 64:6465
2:2000 0:93083 26:1028 64:6074
2:4000 0:93747 28:6814 64:6934
2:6000 0:94387 30:8137 64:8443
2:8000 0:94925 32:5875 65:0399
3:0000 0:95435 34:0734 65:2309
3:2000 0:95897 35:3275 65:4144
3:4000 0:96335 36:3934 65:5787
3:6000 0:96630 37:3059 65:7593
3:8000 0:96942 38:0922 65:9087
4:0000 0:97214 38:7739 66:0464
5:0000 0:98183 41:1177 66:5671
6:0000 0:98714 42:4398 66:9020
7:0000 0:99047 43:2546 67:1196
8:0000 0:99337 43:7908 67:2503
9:0000 0:99440 44:1619 67:3673

10:0000 0:99559 44:4290 67:4419

It must be noted that the calculations are for the perfect gas model. In some cases,
this assumption might not be su±cient and di®erent analysis is needed. Henderson
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and Meniko®24 suggested a procedure to calculate the maximum de°ection angle for
arbitrary equation of state25.

14.5 Detached Shock

M < 1

M > 1

Subsonic Area

zone A

Upstream U1

zone B

Sup ersoinic Area

zone C

Detachment Distance

For symmetrical b o dys

�

wea
k s

ho
ck

Normal Shock

Strong Shock

Fig. -14.14. The schematic for a round{tip bul-
let in a supersonic °ow.

When the mathematical quantityD be-
comes positive, for large de°ection angle,
there isn't a physical solution to an oblique
shock. Since the °ow \sees" the obstacle,
the only possible reaction is by a normal
shock which occurs at some distance from
the body. This shock is referred to as the
detach shock. The detached shock's dis-
tance from the body is a complex analysis
and should be left to graduate class and
researchers in this area. Nevertheless, a
graph and a general explanation to engi-
neers is provided. Even though this topic
has few applications, some might be used
in certain situations which the author isn't
aware of.

Analysis of the detached shock can be carried out by looking at a body with a
round section moving in a supersonic °ow (the absolute velocity isn't important for
this discussion). Figure14.14 exhibits a round{tip bullet with a detached shock. The
distance of the detachment is determined to a large degree by the upstream Mach
number. The zone A is zone where the °ow must be subsonic because at the body
the velocity must be zero (the no{slip condition). In such a case, the gas must go
through a shock. While at zone C the °ow must be supersonic. The weak oblique
shock is predicted to °ow around the cone. The °ow in zone A has to go through
some acceleration to became supersonic °ow. The explanation to such a phenomenon
is above the level of this book (where is the \throat" area question26. Yet, it can be
explained as the subsonic is \sucked" into gas in zone C. Regardless of the explanation,
these calculations can be summarized by the °owing equation

detachment distance
body thickness

= constant£ (µ ¡ f (M 1 )) (14.64)

where f (M 1 ) is a function of the upstream Mach number which tabulated in the
literature.

The constant and the function are di®erent for di®erent geometries. As a general
rule, the increase in the upstream Mach results in a decrease of the detachment distance.

24Henderson and Meniko® "Triple Shock Entropy Theorem" Journal of Fluid Mechanics 366 (1998)
pp. 179{210.

25The e®ect of the equation of state on the maximum and other parameters at this state is unknown
at this moment and there are more works underway.

26See example 14.6.
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Larger shock results in a smaller detachment distance, or, alternatively, the °ow becomes
\blinder" to obstacles. Thus, this phenomenon has a larger impact for a relatively
smaller supersonic °ow.

14.5.1 Issues Related to the Maximum De°ection Angle

oblique sho cks

� 1

�

2

Slip Plane

� 1

� 2

� 2

U

A

B C

Fig. -14.15. The schematic for a symmetrical suc-
tion section with Mach re°ection.

The issue of maximum de°ection has
a practical application aside from the
obvious con¯guration used as a typ-
ical simple example. In the typical
example, a wedge or a cone moves
into a still medium or gas °ows into
it. If the de°ection angle exceeds the
maximum possible, a detached shock
occurs. However, there are con¯g-
urations in which a detached shock
occurs in design and engineers need
to take it into consideration. Such
con¯gurations seem sometimes at ¯rst
glance not related to the detached shock issue. Consider, for example, a symmetrical
suction section in which the de°ection angle is just between the maximum de°ection
angle and above half of the maximum de°ection angle. In this situation, at least two
oblique shocks occur and after their interaction is shown in Figure (14.15). No detached
shock issues are raised when only the ¯rst oblique shock is considered. However, the
second oblique shock complicates the situation and the second oblique shock can cause
a detached shock. This situation is referred to in the scienti¯c literature as the Mach
re°ection.

It can be observed that the maximum of the oblique shock for the perfect gas
model depends only on the upstream Mach number i.e., for every upstream Mach
number there is only one maximum de°ection angle.

±max = f (M 1) (14.65)



284 CHAPTER 14. OBLIQUE SHOCK
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Fig. -14.16. The \detached" shock in a com-
plicated con¯guration sometimes referred to as
Mach re°ection.

Additionally, it can be observed for
a maximum oblique shock that a constant
de°ection angle decrease of the Mach
number results in an increase of Mach an-
gle (weak shock only)M 1 > M 2 =)
µ1 < µ2. The Mach number decreases
after every shock. Therefore, the maxi-
mum de°ection angle decreases with a de-
crease the Mach number. Additionally,
due to the symmetry a slip plane angle can
be guessed to be parallel to original °ow,
hence±1 = ±2. Thus, this situation causes
the detached shock to appear in the sec-
ond oblique shock. This detached shock
manifested itself in a form of curved shock (see Figure14.16).

The analysis of this situation is logically very simple, yet the mathematics is
somewhat complicated. The maximum de°ection angle in this case is, as before, only
a function of the upstream Mach number. The calculations for such a case can be
carried out by several approaches. It seems that the most straightforward method is
the following:

(a) CalculateM 1B ;

(b) Calculate the maximum de°ection angle,µ2, utilizing (14.36) equation

(c) Calculate the de°ection angle,±2 utilizing equation (14.12)

(d) Use the de°ection angle,±2 = ±1 and the Mach numberM 1B to calculateM 1B .
Note that no maximum angle is achieved in this shock. Potto{GDC can be used
to calculate this ratio.

This procedure can be extended to calculate the maximum incoming Mach number,M 1

by checking the relationship between the intermediate Mach number toM 1.
In discussing these issues, one must be aware that there are zones of dual solutions in
which sharp shock line coexists with a curved line. In general, this zone increases as
Mach number increases. For example, at Mach 5 this zone is8:5±. For engineering
purposes when the Mach number reaches this value, it can be ignored.

14.5.2 Oblique Shock Examples

Example 14.3:
Air °ows at Mach number (M 1) or M x = 4 is approaching a wedge. What is the
maximum wedge angle at which the oblique shock can occur? If the wedge angle is
20±, calculate the weak, the strong Mach numbers, and the respective shock angles.

Solution

The maximum wedge angle for (M x = 4 ) D has to be equal to zero. The wedge angle
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that satis¯es this requirement is by equation (14.28) (a side to the case proximity of
± = 0 ). The maximum values are:

M x M y ±max µmax

4:0000 0:97234 38:7738 66:0407

To obtain the results of the weak and the strong solutions either utilize the equa-
tion (14.28) or the GDC which yields the following results

M x M y s M y w µs µw ±

4:0000 0:48523 2:5686 1:4635 0:56660 0:34907

End Solution

�

�

Fig. -14.17. Oblique shock occurs around a cone. This photo is courtesy of Dr. Grigory Toker,
a Research Professor at Cuernavaco University of Mexico. According to his measurement, the
cone half angle is15± and the Mach number is 2.2.

Example 14.4:
A cone shown in Figure(14.17) is exposed to supersonic °ow and create an oblique
shock. Is the shock shown in the photo weak or strong shock? Explain. Using the
geometry provided in the photo, predict at which Mach number was the photo taken
based on the assumption that the cone is a wedge.

Solution

The measurement shows that cone angle is14:43± and the shock angle is30:099±.
With given two angles the solution can be obtained by utilizing equation (14.59) or the
Potto-GDC.

M 1 M y s M y w µs µw ± P 0 y

P 0 x

3:2318 0:56543 2:4522 71:0143 30:0990 14:4300 0:88737
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Because the °ow is around the cone it must be a weak shock. Even if the cone was
a wedge, the shock would be weak because the maximum (transition to a strong shock)
occurs at about60±. Note that the Mach number is larger than the one predicted by
the wedge.

End Solution

0

0.5

1

1.5

2

2.5

3

My

2.0 3.0 4.0 5.0 6.0 7.0 8.0 9.0 10.0
Mx

0

10

20

30

40

50

60

70

80

90

q
d

Oblique Shock
k = 1 4 

Thu Jun 30 15:14:53 2005

Fig. -14.18. Maximum values of the properties in an oblique shock
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14.5.3 Application of Oblique Shock

normal sho ck

oblique sho cks

�

1

�

2

�

3

Fig. -14.19. Two variations of inlet suction
for supersonic °ow.

One of the practical applications of the
oblique shock is the design of an inlet suc-
tion for a supersonic °ow. It is suggested
that a series of weak shocks should replace
one normal shock to increase the e±ciency
(see Figure (14.19))a. Clearly, with a
proper design, the °ow can be brought to
a subsonic °ow just belowM = 1 . In
such a case, there is less entropy produc-
tion (less pressure loss). To illustrate the
design signi¯cance of the oblique shock, the following example is provided.

aIn fact, there is general proof that regardless to the equation of state (any kind of gas), the entropy
is to be minimized through a series of oblique shocks rather than through a single normal shock. For
details see Henderson and Meniko® \Triple Shock Entropy Theorem," Journal of Fluid Mechanics 366,
(1998) pp. 179{210.

Example 14.5:
The Section described in Figure14.20air is °owing into a suction section atM = 2 :0,
P = 1 :0[bar], and T = 17±C. Compare the di®erent conditions in the two di®erent
con¯gurations. Assume that only a weak shock occurs.

7�

normal sho ck

oblique sho cks

�

1

�

2

7�

Normal shock

neglect
the detached
distance

1
2 3 4

Fig. -14.20. Schematic for Example(14.5).

Solution

The ¯rst con¯guration is of a normal shock for which the results27 are

M x M y
T y

T x

½y

½x

P y

P x

P 0 y

P 0 x

2:0000 0:57735 1:6875 2:6667 4:5000 0:72087

27The results in this example are obtained using the graphical interface of POTTO{GDC thus, no
input explanation is given. In the past the input ¯le was given but the graphical interface it is no longer
needed.
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In the oblique shock, the ¯rst angle shown is

M x M y s M y w µs µw ± P 0 y

P 0 x

2:0000 0:58974 1:7498 85:7021 36:2098 7:0000 0:99445

and the additional information by the minimal info in the Potto-GDC is

M x M y w µw ± P y

P x

T y

T x

P 0 y

P 0 x

2:0000 1:7498 36:2098 7:0000 1:2485 1:1931 0:99445

In the new region, the new angle is7± + 7 ± with new upstream Mach number of
M x = 1 :7498resulting in

M x M y s M y w µs µw ± P 0 y

P 0 x

1:7498 0:71761 1:2346 76:9831 51:5549 14:0000 0:96524

And the additional information is

M x M y w µw ± P y

P x

T y

T x

P 0 y

P 0 x

1:7498 1:5088 41:8770 7:0000 1:2626 1:1853 0:99549

An oblique shock is not possible and normal shock occurs. In such a case, the
results are:

M x M y
T y

T x

½y

½x

P y

P x

P 0 y

P 0 x

1:2346 0:82141 1:1497 1:4018 1:6116 0:98903

With two weak shock waves and a normal shock the total pressure loss is

P04

P01
=

P04

P03

P03

P02

P02

P01
= 0 :98903£ 0:96524£ 0:99445 = 0:9496

The static pressure ratio for the second case is

P4

P1
=

P4

P3

P3

P2

P2

P1
= 1 :6116£ 1:2626£ 1:285 = 2:6147

The loss in this case is much less than in a direct normal shock. In fact, the loss
in the normal shock is above than 31% of the total pressure.

End Solution
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Example 14.6:

10�

Mys

Myw

A �

Fig. -14.21. Schematic for
Example (14.6).

A supersonic °ow is approaching a very long two{
dimensional bland wedge body and creates a detached
shock at Mach 3.5 (see Figure14.21). The half wedge
angle is10±. What is the requited \throat" area ratio
to achieve acceleration from the subsonic region to the
supersonic region assuming the °ow is one{dimensional?

Solution

The detached shock is a normal shock and the results are

M x M y
T y

T x

½y

½x

P y

P x

P 0 y

P 0 x

3:5000 0:45115 3:3151 4:2609 14:1250 0:21295

Now utilizing the isentropic relationship fork = 1 :4 yields

M T
T 0

½
½0

A
A ?

P
P 0

A £ P
A ¤ £ P 0

0:45115 0:96089 0:90506 1:4458 0:86966 1:2574

Thus the area ratio has to be 1.4458. Note that the pressure after the weak shock is
irrelevant to the area ratio between the normal shock and the \throat" according to the
standard nozzle analysis.

End Solution

Example 14.7:

0 1
2

4

weak
oblique
shock

Slip Plane

M1

P3 = P4

A

B

C

D

3

E

weak
oblique
shock
or expension
wave

Fig. -14.22. Schematic of two angles turn with
two weak shocks.

The e®ects of a double wedge are ex-
plained in the government web site as
shown in Figure(14.22). Adopt this de-
scription and assume that the turn of6± is
made of two equal angles of3± (see Figure
14.22). Assume that there are no bound-
ary layers and all the shocks are weak
and straight. Perform the calculation for
M 1 = 3 :0. Find the required angle of
shock BE. Then, explain why this descrip-
tion has internal con°ict.

Solution

The shock BD is an oblique shock with a response to a total turn of6±. The conditions
for this shock are:

M x M y s M y w µs µw ± P 0 y

P 0 x

3:0000 0:48013 2:7008 87:8807 23:9356 6:0000 0:99105



290 CHAPTER 14. OBLIQUE SHOCK

The transition for shock AB is

M x M y s M y w µs µw ± P 0 y

P 0 x

3:0000 0:47641 2:8482 88:9476 21:5990 3:0000 0:99879

For the shock BC the results are

M x M y s M y w µs µw ± P 0 y

P 0 x

2:8482 0:48610 2:7049 88:8912 22:7080 3:0000 0:99894

And the isentropic relationships forM = 2 :7049; 2:7008are

M T
T 0

½
½0

A
A ?

P
P 0

A £ P
A ¤ £ P 0

2:7049 0:40596 0:10500 3:1978 0:04263 0:13632
2:7008 0:40669 0:10548 3:1854 0:04290 0:13665

The combined shocks AB and BC provide the base of calculating the total pressure
ratio at zone 3. The total pressure ratio at zone 2 is

P02

P00
=

P02

P01

P01

P00
= 0 :99894£ 0:99879 = 0:997731283

On the other hand, the pressure at 4 has to be

P4

P01
=

P4

P04

P04

P01
= 0 :04290£ 0:99105 = 0:042516045

The static pressure at zone 4 and zone 3 have to match according to the government
suggestion hence, the angle for BE shock which cause this pressure ratio needs to be
found. To do that, check whether the pressure at 2 is above or below or above the
pressure (ratio) in zone 4.

P2

P02
=

P02

P00

P2

P02
= 0 :997731283£ 0:04263 = 0:042436789

Since P2
P0 2

< P4
P0 1

a weak shock must occur to increase the static pressure (see Figure
6.4). The increase has to be

P3=P2 = 0 :042516045=0:042436789 = 1:001867743

To achieve this kind of pressure ratio the perpendicular component has to be

M x M y
T y

T x

½y

½x

P y

P x

P 0 y

P 0 x

1:0008 0:99920 1:0005 1:0013 1:0019 1:00000
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The shock angle,µ can be calculated from

µ = sin ¡ 1 1:0008=2:7049 = 21:715320879±

The de°ection angle for such shock angle with Mach number is

M x M y s M y w µs µw ± P 0 y

P 0 x

2:7049 0:49525 2:7037 0:0 21:72 0:0262331:00000

From the last calculation it is clear that the government proposed schematic of
the double wedge is in con°ict with the boundary condition. The °ow in zone 3 will °ow
into the wall in about2:7±. In reality the °ow of double wedge will produce a curved
shock surface with several zones. Only when the °ow is far away from the double wedge,
the °ow behaves as only one theoretical angle of6± exist.

End Solution

Example 14.8:
Calculate the °ow de°ection angle and other parameters downstream when the Mach
angle is34± and P1 = 3[bar], T1 = 27±C, and U1 = 1000m=sec. Assumek = 1 :4 and
R = 287J=KgK

Solution

The Mach angle of34± is below maximum de°ection which means that it is a weak
shock. Yet, the Upstream Mach number,M 1, has to be determined

M 1 =
U1p
kRT

=
1000

1:4 £ 287£ 300
= 2 :88

Using this Mach number and the Mach de°ection in either using the Table or the ¯gure
or POTTO-GDC results in

M x M y s M y w µs µw ± P 0 y

P 0 x

2:8800 0:48269 2:1280 0:0 34:00 15:78 0:89127

The relationship for the temperature and pressure can be obtained by using equation
(14.15) and (14.13) or simply converting theM 1 to perpendicular component.

M 1n = M 1 ¤ sinµ = 2 :88 sin(34:0) = 1 :61

From the Table (6.1) or GDC the following can be obtained.

M x M y
T y

T x

½y

½x

P y

P x

P 0 y

P 0 x

1:6100 0:66545 1:3949 2:0485 2:8575 0:89145
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The temperature ratio combined upstream temperature yield

T2 = 1 :3949£ 300» 418:5K

and the same for the pressure

P2 = 2 :8575£ 3 = 8:57[bar]

And the velocity

Un 2 = M y w

p
kRT = 2 :128

p
1:4 £ 287£ 418:5 = 872:6[m=sec]

End Solution

Example 14.9:
For Mach number 2.5 and wedge with a total angle of22±, calculate the ratio of the
stagnation pressure.

Utilizing GDC for Mach number 2.5 and the angle of11± results in

M x M y s M y w µs µw ± P 0 y

P 0 x

2.5000 0.53431 2.0443 85.0995 32.8124 11.0000 0.96873

Example 14.10:
What is the maximum pressure ratio that can be obtained on wedge when the gas is
°owing in 2.5 Mach without any close boundaries? Would it make any di®erence if the
wedge was °owing into the air? If so, what is the di®erence?

Solution

It has to be recognized that without any other boundary condition, the shock is weak
shock. For a weak shock the maximum pressure ratio is obtained at the de°ection
point because it is closest to a normal shock. To obtain the maximum point for 2.5
Mach number, either use the Maximum De°ection Mach number's equation or the
Potto{GDC

M x M y max µmax ± P y

P x

T y

T x

P 0 y

P 0 x

2.5000 0.94021 64.7822 29.7974 4.3573 2.6854 0.60027

In these calculations, Maximum De°ection Mach's equation was used to calculate the
normal component of the upstream, then the Mach angle was calculated using the
geometrical relationship ofµ = sin ¡ 1 M 1n =M1. With these two quantities, utilizing
equation (14.12) the de°ection angle,±, is obtained.

End Solution
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Example 14.11:
Consider the schematic shown in the following ¯gure.

stream line

�

�
M1 = 4

1
2

3

Assume that the upstream Mach number is 4 and the de°ection angle is± = 15±.
Compute the pressure ratio and the temperature ratio after the second shock (sometimes
referred to as the re°ective shock while the ¯rst shock is called the incidental shock).

Solution

This kind of problem is essentially two wedges placed in a certain geometry. It is clear
that the °ow must be parallel to the wall. For the ¯rst shock, the upstream Mach
number is known together with de°ection angle. Utilizing the table or the Potto{GDC,
the following can be obtained:

M x M y s M y w µs µw ± P 0 y

P 0 x

4:0000 0:46152 2:9290 85:5851 27:0629 15:0000 0:80382

And the additional information by using minimal information ratio button in
Potto{GDC is

M x M y w µw ± P y

P x

T y

T x

P 0 y

P 0 x

4:0000 2:9290 27:0629 15:0000 1:7985 1:7344 0:80382

With a Mach number ofM = 2 :929, the second de°ection angle is also15±. With
these values the following can be obtained:

M x M y s M y w µs µw ± P 0 y

P 0 x

2:9290 0:51367 2:2028 84:2808 32:7822 15:0000 0:90041

and the additional information is

M x M y w µw ± P y

P x

T y

T x

P 0 y

P 0 x

2:9290 2:2028 32:7822 15:0000 1:6695 1:5764 0:90041
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With the combined tables the ratios can be easily calculated. Note that hand calcula-
tions requires endless time looking up graphical representation of the solution. Utilizing
the POTTO{GDC which provides a solution in just a few clicks.

P1

P3
=

P1

P2

P2

P3
= 1 :7985£ 1:6695 = 3:0026

T1

T3
=

T1

T2

T2

T3
= 1 :7344£ 1:5764 = 2:632

End Solution

Example 14.12:
A similar example as before but here Mach angle is29± and Mach number is 2.85.
Again calculate the downstream ratios after the second shock and the de°ection angle.

Solution

Here the Mach number and the Mach angle are given. With these pieces of information
by utilizing the Potto-GDC the following is obtained:

M x M y s M y w µs µw ± P 0 y

P 0 x

2:8500 0:48469 2:3575 0:0 29:00 10:51 0:96263

and the additional information by utilizing the minimal info button in GDC provides

M x M y w µw ± P y

P x

T y

T x

P 0 y

P 0 x

2:8500 2:3575 29:0000 10:5131 1:4089 1:3582 0:96263

With the de°ection angle of± = 10:51 the so called re°ective shock gives the following
information

M x M y s M y w µs µw ± P 0 y

P 0 x

2:3575 0:54894 1:9419 84:9398 34:0590 10:5100 0:97569

and the additional information of

M x M y w µw ± P y

P x

T y

T x

P 0 y

P 0 x

2:3575 1:9419 34:0590 10:5100 1:3984 1:3268 0:97569

P1

P3
=

P1

P2

P2

P3
= 1 :4089£ 1:3984» 1:97

T1

T3
=

T1

T2

T2

T3
= 1 :3582£ 1:3268» 1:8021

End Solution
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Example 14.13:
Compare a direct normal shock to oblique shock with a normal shock. Where will the
total pressure loss (entropy) be larger? Assume that upstream Mach number is 5 and
the ¯rst oblique shock has Mach angle of30±. What is the de°ection angle in this case?

Solution

For the normal shock the results are

M x M y
T y

T x

½y

½x

P y

P x

P 0 y

P 0 x

5:0000 0:41523 5:8000 5:0000 29:0000 0:06172

While the results for the oblique shock are

M x M y s M y w µs µw ± P 0 y

P 0 x

5:0000 0:41523 3:0058 0:0 30:00 20:17 0:49901

And the additional information is

M x M y w µw ± P y

P x

T y

T x

P 0 y

P 0 x

5:0000 3:0058 30:0000 20:1736 2:6375 2:5141 0:49901

The normal shock that follows this oblique is

M x M y
T y

T x

½y

½x

P y

P x

P 0 y

P 0 x

3:0058 0:47485 2:6858 3:8625 10:3740 0:32671

The pressure ratios of the oblique shock with normal shock is the total shock in the
second case.

P1

P3
=

P1

P2

P2

P3
= 2 :6375£ 10:374» 27:36

T1

T3
=

T1

T2

T2

T3
= 2 :5141£ 2:6858» 6:75

Note the static pressure raised is less than the combination shocks as compared to the
normal shock but the total pressure has the opposite result.

End Solution

Example 14.14:
A °ow in a tunnel ends up with two de°ection angles from both sides (see the following
Figure (14.14)).
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Illustration for example(14.14)

For upstream Mach number of 5 and de°ection angle of12± and 15±, calculate the
pressure at zones 3 and 4 based on the assumption that the slip plane is half of the
di®erence between the two de°ection angles. Based on these calculations, explain
whether the slip angle is larger or smaller than the di®erence of the de°ection angle.

Solution

The ¯rst two zones immediately after are computed using the same techniques that
were developed and discussed earlier.

For the ¯rst direction of 15± and Mach number =5.

M x M y s M y w µs µw ± P 0 y

P 0 x

5:0000 0:43914 3:5040 86:0739 24:3217 15:0000 0:69317

And the additional conditions are

M x M y w µw ± P y

P x

T y

T x

P 0 y

P 0 x

5:0000 3:5040 24:3217 15:0000 1:9791 1:9238 0:69317

For the second direction of12± and Mach number =5.

M x M y s M y w µs µw ± P 0 y

P 0 x

5:0000 0:43016 3:8006 86:9122 21:2845 12:0000 0:80600

And the additional conditions are

M x M y w µw ± P y

P x

T y

T x

P 0 y

P 0 x

5:0000 3:8006 21:2845 12:0000 1:6963 1:6625 0:80600
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The conditions in zone 4 and zone 3 have two things that are equal. They are the
pressure and the velocity direction. It has to be noticed that the velocity magnitudes in
zone 3 and 4 do not have to be equal. This non{continuous velocity pro¯le can occur
in our model because it is assumed that °uid is non{viscous.

If the two sides were equal because of symmetry the slip angle is also zero. It
is to say, for the analysis, that only one de°ection angle exist. For the two di®erent
de°ection angles, the slip angle has two extreme cases. The ¯rst case is where match
lower de°ection angle and second is to match the higher de°ection angle. In this case,
it is assumed that the slip angle moves half of the angle to satisfy both of the de°ection
angles (¯rst approximation). Under this assumption the conditions in zone 3 are solved
by looking at the de°ection angle of12± + 1 :5± = 13:5± which results in

M x M y s M y w µs µw ± P 0 y

P 0 x

3:5040 0:47413 2:6986 85:6819 27:6668 13:5000 0:88496

with the additional information

M x M y w µw ± P y

P x

T y

T x

P 0 y

P 0 x

3:5040 2:6986 27:6668 13:5000 1:6247 1:5656 0:88496

And in zone 4 the conditions are due to de°ection angle of13:5± and Mach 3.8006

M x M y s M y w µs µw ± P 0 y

P 0 x

3:8006 0:46259 2:9035 85:9316 26:3226 13:5000 0:86179

with the additional information

M x M y w µw ± P y

P x

T y

T x

P 0 y

P 0 x

3:8006 2:9035 26:3226 13:5000 1:6577 1:6038 0:86179

From these tables the pressure ratio at zone 3 and 4 can be calculated

P3

P4
=

P3

P2

P2

P0

P0

P1

P1

P4
= 1 :6247£ 1:9791

1
1:6963

1
1:6038

» 1:18192

To reduce the pressure ratio the de°ection angle has to be reduced (remember that at
weak weak shock almost no pressure change). Thus, the pressure at zone 3 has to be
reduced. To reduce the pressure the angle of slip plane has to increase from1:5± to a
larger number.

End Solution
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Example 14.15:
The previous example gave rise to another question on the order of the de°ection angles.
Consider the same values as previous analysis, will the oblique shock with ¯rst angle of
15± and then12± or opposite order make a di®erence (M = 5 )? If not what order will
make a bigger entropy production or pressure loss? (No general proof is needed).

Solution

Waiting for the solution
End Solution

14.5.4 Optimization of Suction Section Design

Under heavy construction please ignore
The question raised is what is the optimum design for inlet suction unit? There are

several considerations that have to be taken into account besides supersonic °ow which
includes for example the material strength consideration and the operation factors.

The optimum de°ection angle is a function of the Mach number range in which
the suction section is operated in. There are researchers which suggest that the
numerical work is the solution.

14.5.5 Retouch of Shock or Wave Drag

stream lines

� 2
U2 6= 0

A2

P2

� 1
U1 = 0

A1
P1

moving 
object

stationary control 
volume

Fig. -14.23. The diagram that explains the shock drag e®ect of a moving shock considering
the oblique shock e®ects.

Since it was established that the common explanation is erroneous and the steam
lines are bending/changing direction when they touching the oblique shock (compare
with ¯gure (6.7)). The correct explanation is that increase of the momentum into
control volume is either requires increase of the force and/or results in acceleration of
gas. So, what is the e®ects of the oblique shock on the Shock Drag? Figure (14.23)
exhibits schematic of the oblique shock which show clearly that stream lines are bended.
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There two main points that should be discussed in this context are the additional e®ects
and in¯nite/¯nal structure. The additional e®ects are the mass start to have a vertical
component. The vertical component one hand increase the energy needed and thus
increase need to move the body (larger shock drag) (note the there is a zero momentum
net change for symmetrical bodies.). However, the oblique shock reduces the normal
component that undergoes the shock and hence the total shock drag is reduced. The
oblique shock creates a ¯nite amount of drag (momentum and energy lost) while a
normal shock as indirectly implied in the common explanation creates de facto situation
where the shock grows to be in¯nite which of course impossible. It should be noted
that, oblique shock becomes less \oblique" and more parallel when other e®ects start
to kick in.

14.6 Summary

As with normal shock, the oblique shock with upstream Mach number,M 1 is always
greater than 1. However, in oblique, as oppose to the normal shock, the downstream
Mach number,M 2 could be larger or smaller then 1. The perpendicular component
of the downstream Mach number,M 1n is always smaller than 1. GivenM 1 and the
de°ection angle,± there could be three solutions: the ¯rst one is the \impossible"
solution in the case where D is negative, two is weak shock, and three is strong shock.
When D is positive there is no physical solution and only normal shock exist. When
D is equal to zero, a special case is created because the weak and strong solutions are
equal (for large de°ection angle). WhenD > 0, for large de°ection angle, there is a
possibility of no two{dimensional solution resulting in a detached shock case.
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k = 1:4

The relationship between the shock wave angle,µ and de°ection angle,±, and
Mach number for k=1.4. Graphs for other value can be found in separate accompanying
book for gas dynamics tables. Several additional graphs (di®erent k) are in a Gas
Dynamics Tables by the same author.

14.7 Appendix: Oblique Shock Stability Analysis

Unstable Stable

Fig. -14.24. Typical examples of unstable and
stable situations.

The stability analysis is an analysis which
answers the question of what happens if
for some reason, the situation moves away
from the expected solution. If the answer
turns out to be that the situation will re-
turn to its original state then it is referred
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to as the stable situation. On the other hand, if the answer is negative, then the sit-
uation is referred to as unstable. An example to this situation, is a ball shown in the
Figure (14.24). Instinctively, the stable and unstable can be recognized. There is also
the situation where the ball is between the stable and unstable situations when the ball
is on a plane ¯eld which is referred to as the neutrally stable. In the same manner,
the analysis for the oblique shock wave is carried out. The only di®erence is that here,
there are more than one parameter that can be changed, for example, the shock angle,
de°ection angle, and upstream Mach number. In this example only the weak solution
is explained. The similar analysis can be applied to strong shock. Yet, in that analysis
it has to be remembered that when the °ow becomes subsonic the equation changes
from hyperbolic to an elliptic equation. This change complicates the explanation and is
omitted in this section. Of course, in the analysis the strong shock results in an elliptic
solution (or region) as opposed to a hyperbolic in weak shock. As results, the discussion
is more complicated but similar analysis can be applied to the strong shock.

� � �

� � �

� � +

� � +

Fig. -14.25. The schematic of stability analysis
for oblique shock.

The change in the inclination angle results
in a di®erent upstream Mach number and
a di®erent pressure. On the other hand, to
maintain the same direction stream lines,
the virtual change in the de°ection angle
has to be in the opposite direction of the
change of the shock angle. The change
is determined from the solution provided
before or from the approximation (14.62).

¢ µ =
k + 1

2
¢ ± (14.66)

Equation (14.66) can be applied for either positive,¢ µ+ or negative¢ µ¡ values.
The pressure di®erence at the wall becomes a negative increment which tends to pull
the shock angle to the opposite direction. The opposite happens when the de°ection
increment becomes negative, the de°ection angle becomes positive which increases the
pressure at the wall. Thus, the weak shock is stable.
Please note that this analysis doesn't apply to the case of the close proximity of the
± = 0 . In fact, the shock wave is unstable according to this analysis to one direction
but stable to the other direction. Yet, it must be pointed out that it doesn't mean
that the °ow is unstable but rather that the model is incorrect. There isn't any known
experimental evidence to show that °ow is unstable for± = 0 .
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CHAPTER 15

Prandtl-Meyer Function

15.1 Introduction
positive

angle

m
ax

im
um

 a
ng

le

Fig. -15.1. The de¯nition of the angle for
the Prandtl{Meyer function.

As discussed in Chapter (14) when the de°ec-
tion turns to the opposite direction of the °ow,
the °ow accelerates to match the boundary
condition. The transition, as opposed to the
oblique shock, is smooth, without any jump in
properties. Here because of the tradition, the
de°ection angle is denoted as a positive when
it is away from the °ow (see Figure (15.1)). In a somewhat a similar concept to oblique
shock there exists a \detachment" point above which this model breaks and another
model has to be implemented. Yet, when this model breaks down, the °ow becomes
complicated, °ow separation occurs, and no known simple model can describe the sit-
uation. As opposed to the oblique shock, there is no limitation for the Prandtl-Meyer
function to approach zero. Yet, for very small angles, because of imperfections of the
wall and the boundary layer, it has to be assumed to be insigni¯cant.

�

M

1

p

M

2

� 1

U�

c

Fig. -15.2. The angles of the Mach
line triangle

Supersonic expansion and isentropic com-
pression (Prandtl-Meyer function), are an exten-
sion of the Mach line concept. The Mach line
shows that a disturbance in a ¯eld of supersonic
°ow moves in an angle of¹ , which is de¯ned as (as
shown in Figure (15.2))

¹ = sin ¡ 1
µ

1
M

¶
(15.1)
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or

¹ = tan ¡ 1 1
p

M 1 ¡ 1
(15.2)

A Mach line results because of a small disturbance in the wall contour. This Mach line
is assumed to be a result of the positive angle. The reason that a \negative" angle is
not applicable is that the coalescing of the small Mach wave which results in a shock
wave. However, no shock is created from many small positive angles.

The Mach line is the chief line in the analysis because of the wall contour shape
information propagates along this line. Once the contour is changed, the °ow direction
will change to ¯t the wall. This direction change results in a change of the °ow
properties, and it is assumed here to be isotropic for a positive angle. This assumption,
as it turns out, is close to reality. In this chapter, a discussion on the relationship
between the °ow properties and the °ow direction is presented.

15.2 Geometrical Explanation

�

d�

U

U + dU

M
ac

h 
lin

e

U

x

U

y

x

U

y

+ dU

y

( U + dU ) cos( d� ) � U

dx = dUy cos(90� � )

(90 � � )

�

dy

Fig. -15.3. The schematic of the turning
°ow.

The change in the °ow direction is assume to
be result of the change in the tangential com-
ponent. Hence, the total Mach number in-
creases. Therefore, the Mach angle increase
and result in a change in the direction of the
°ow. The velocity component in the direction
of the Mach line is assumed to be constant to
satisfy the assumption that the change is a re-
sult of the contour only. Later, this assumption
will be examined. The typical simpli¯cations
for geometrical functions are used:

dº » sin(dº ); (15.3)

cos(dº ) » 1

These simpli¯cations are the core reasons why the change occurs only in the per-
pendicular direction (dº << 1). The change of the velocity in the °ow direction,dx
is

dx = ( U + dU) cosº ¡ U = dU (15.4)

In the same manner, the velocity perpendicular to the °ow,dy, is

dy = ( U + dU) sin(dº ) = Udº (15.5)

The tan ¹ is the ratio ofdy=dx (see Figure (15.3))

tan ¹ =
dx
dy

=
dU

Udº
(15.6)
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The ratio dU=U was shown to be

dU
U

=
dM 2

2M 2
¡
1 + k ¡ 1

2 M 2
¢ (15.7)

Combining equations (15.6) and (15.7) transforms it into

dº = ¡

p
M 2 ¡ 1dM 2

2M 2
¡
1 + k ¡ 1

2 M 2
¢ (15.8)

After integration of equation (15.8) becomes

º (M ) = ¡

r
k + 1
k ¡ 1

tan¡ 1

r
k ¡ 1
k + 1

(M 2 ¡ 1) + tan ¡ 1
p

(M 2 ¡ 1) + constant
(15.9)

The constant can be chosen in a such a way thatº = 0 at M = 1 .

15.2.1 Alternative Approach to Governing Equations

back
Mach
line

Front
Mach
line

Ur

U�

r

�

Fig. -15.4. The schematic of the coordinate
based on the mathematical description.

In the previous section, a simpli¯ed ver-
sion was derived based on geometrical ar-
guments. In this section, a more rigorous
explanation is provided. It must be recog-
nized that here the cylindrical coordinates
are advantageous because the °ow turns
around a single point.

For this coordinate system, the mass
conservation can be written as

@(½rUr )
@r

+
@(½Uµ)

@µ
= 0 (15.10)

The momentum equations are expressed as

Ur
@Ur
@r

+
Uµ

r
@Ur
@µ

¡
Uµ

2

r
= ¡

1
½

@P
@r

= ¡
c2

½
@½
@r

(15.11)

and

Ur
@Uµ
@r

+
Uµ

r
@Uµ
@µ

¡
UµUr

r
= ¡

1
r½

@P
@µ

= ¡
c2

r½
@½
@µ

(15.12)

If the assumption is that the °ow isn't a function of the radius,r , then all the derivatives
with respect to the radius will vanish. One has to remember that whenr enters to the
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function, like the ¯rst term in the mass equation, the derivative isn't zero. Hence, the
mass equation is reduced to

½Ur +
@(½Uµ)

@µ
= 0 (15.13)

Equation (15.13) can be rearranged as transformed into

¡
1

Uµ

µ
Ur +

@Uµ
@µ

¶
=

1
½

@½
@µ

(15.14)

The momentum equations now obtain the form of

Uµ

r
@Ur
@µ

¡
Uµ

2

r
= 0

Uµ

µ
@Ur
@µ

¡ Uµ

¶
= 0 (15.15)

Uµ

r
@Uµ
@µ

¡
UµUr

r
= ¡

c2

r½
@½
@µ

Uµ

µ
@Uµ
@µ

¡ Ur

¶
= ¡

c2

½
@½
@µ

(15.16)

Substituting the term 1
½

@½
@µ from equation (15.14) into equation (15.16) results in

Uµ

µ
@Uµ
@µ

¡ Ur

¶
=

c2

Uµ

µ
Ur +

@Uµ
@µ

¶
(15.17)

or

Uµ
2

µ
Ur +

@Uµ
@µ

¶
= c2

µ
Ur +

@Uµ
@µ

¶
(15.18)

And an additional rearrangement results in

¡
c2 ¡ Uµ

2¢
µ

Ur +
@Uµ
@µ

¶
= 0 (15.19)

From equation (15.19) it follows that

Uµ = c (15.20)

It is remarkable that the tangential velocity at every turn is at the speed of sound!
It must be pointed out that the total velocity isn't at the speed of sound, but only

the tangential component. In fact, based on the de¯nition of the Mach angle, the
component shown in Figure (15.3) under Uy is equal to the speed of sound,M = 1 .
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After some additional rearrangement, equation (15.15) becomes

Uµ

r

µ
@Ur
@µ

¡ Uµ

¶
= 0 (15.21)

If r isn't approaching in¯nity,1 and sinceUµ 6= 0 leads to

@Ur
@µ

= Uµ (15.22)

In the literature, these results are associated with the characteristic line. This analysis
can be also applied to the same equation when they are normalized by Mach number.
However, the non{dimensionalization can be applied at this stage as well.

The energy equation for any point on a stream line is

h(µ) +
Uµ

2 + Ur
2

2
= h0 (15.23)

Enthalpy in perfect gas with a constant speci¯c heat,k, is

h(µ) = CpT = Cp
R
R

T =
1

(k ¡ 1)

c(µ)2

z }| {
kz}|{

Cp

Cv
RT =

c2

k ¡ 1
(15.24)

and substituting this equality, equation (15.24), into equation (15.23) results in

c2

k ¡ 1
+

Uµ
2 + Ur

2

2
= h0 (15.25)

Utilizing equation (15.20) for the speed of sound and substituting equation (15.22)
which is the radial velocity transforms equation (15.25) into

¡ @Ur
@µ

¢2

k ¡ 1
+

¡ @Ur
@µ

¢2
+ Ur

2

2
= h0 (15.26)

After some rearrangement, equation (15.26) becomes

k + 1
k ¡ 1

µ
@Ur
@µ

¶ 2

+ Ur
2 = 2h0 (15.27)

Note that Ur must be positive. The solution of the di®erential equation (15.27)
incorporating the constant becomes

Ur =
p

2h0 sin

Ã

µ

r
k ¡ 1
k + 1

!

(15.28)
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which satis¯es equation (15.27) becausesin2 µ+ cos2 µ = 1 . The arbitrary constant in
equation (15.28) is chosen such thatUr (µ = 0) = 0 . The tangential velocity obtains
the form

Uµ = c =
@Ur
@µ

=

r
k ¡ 1
k + 1

p
2 h0 cos

Ã

µ

r
k ¡ 1
k + 1

!

(15.29)

The Mach number in the turning area is

M 2 =
Uµ

2 + Ur
2

c2 =
Uµ

2 + Ur
2

Uµ
2 = 1 +

µ
Ur

Uµ

¶ 2

(15.30)

Now utilizing the expression that was obtained forUr and Uµ equations (15.29) and
(15.28) results for the Mach number is

M 2 = 1 +
k + 1
k ¡ 1

tan2

Ã

µ

r
k ¡ 1
k + 1

!

(15.31)

or the reverse function forµ is

µ =

r
k + 1
k ¡ 1

tan¡ 1

Ãr
k ¡ 1
k + 1

¡
M 2 ¡ 1

¢
!

(15.32)

What happens when the upstream Mach number is not 1? That is when the
initial condition for the turning angle doesn't start withM = 1 but is already at a
di®erent angle. The upstream Mach number is denoted in this segment asM starting .
For this upstream Mach number (see Figure (15.2))

tan º =
q

M starting
2 ¡ 1 (15.33)

The de°ection angleº , has to match to the de¯nition of the angle that is chosen here
(µ = 0 whenM = 1), so

º (M ) = µ(M ) ¡ µ(M starting ) (15.34)

º (M ) =

r
k + 1
k ¡ 1

tan¡ 1

Ãr
k ¡ 1
k + 1

p
M 2 ¡ 1

!

¡ tan¡ 1
p

M 2 ¡ 1 (15.35)

These relationships are plotted in Figure (15.6).
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15.2.2 Comparison And Limitations between the Two Ap-
proaches

The two models produce exactly the same results, but the assumptions for the construc-
tion of these models are di®erent. In the geometrical model, the assumption is that the
velocity change in the radial direction is zero. In the rigorous model, it was assumed
that radial velocity is only a function ofµ. The statement for the construction of the
geometrical model can be improved by assuming that the frame of reference is moving
radially in a constant velocity.

Regardless of the assumptions that were used in the construction of these models,
the fact remains that there is a radial velocity atUr (r = 0) = constant. At this point
(r = 0 ) these models fail to satisfy the boundary conditions and something else happens
there. On top of the complication of the turning point, the question of boundary layer
arises. For example, how did the gas accelerate to above the speed of sound when
there is no nozzle (where is the nozzle?)? These questions are of interest in engineering
but are beyond the scope of this book (at least at this stage). Normally, the author
recommends that this function be used everywhere beyond 2-4 the thickness of the
boundary layer based on the upstream length.

In fact, analysis of design commonly used in the industry and even questions
posted to students show that many assume that the turning point can be sharp. At a
small Mach number,(1 + ²) the radial velocity is small². However, an increase in the
Mach number can result in a very signi¯cant radial velocity. The radial velocity is \fed"
through the reduction of the density. Aside from its close proximity to turning point,
mass balance is maintained by the reduction of the density. Thus, some researchers
recommend that, in many instances, the sharp point should be replaced by a smoother
transition.

15.3 The Maximum Turning Angle
The maximum turning angle is obtained when the starting Mach number is 1 and the
end Mach number approaches in¯nity. In this case, Prandtl{Meyer function becomes

º 1 =
¼
2

" r
k + 1
k ¡ 1

¡ 1

#

(15.36)

The maximum of the de°ection point and the maximum turning point are only
a function of the speci¯c heat ratios. However, the maximum turning angle is much
larger than the maximum de°ection point because the process is isentropic.

What happens when the de°ection angel exceeds the maximum angle? The °ow
in this case behaves as if there is almost a maximum angle and in that region beyond
the °ow will became vortex street see Figure (15.5)
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slip line
Maximum
turning

Fig. -15.5. Expansion of Prandtl-Meyer function when it exceeds the maximum angle.

15.4 The Working Equations for the Prandtl-Meyer Function
The change in the de°ection angle is calculated by

º 2 ¡ º 1 = º (M 2) ¡ º (M 1) (15.37)

15.5 d'Alembert's Paradox
� 1

1 2

3

4

1 2

� 1

3

4

� 2

� 2

w

Fig. -15.7. A simpli¯ed diamond shape
to illustrate the supersonic d'Alembert's
Paradox.

In ideal inviscid incompressible °ows, the
movement of body does not encounter any re-
sistance. This result is known as d'Alembert's
Paradox, and this paradox is examined here.

Supposed that a two{dimensional diamond{
shape body is stationed in a supersonic °ow as
shown in Figure (15.7). Again, it is assumed
that the °uid is inviscid. The net force in °ow
direction, the drag, is

D = 2
³ w

2
(P2 ¡ P4)

´
= w(P2 ¡ P4) (15.38)

It can be observed that only the area that \seems" to be by the °ow was used
in expressing equation (15.38). The relation betweenP2 and P4 is such that the °ow
depends on the upstream Mach number,M 1, and the speci¯c heat,k. Regardless in the
equation of the state of the gas, the pressure at zone 2,P2, is larger than the pressure
at zone 4,P4. Thus, there is always drag when the °ow is supersonic which depends on
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Fig. -15.6. The angle as a function of the Mach number

the upstream Mach number,M 1, speci¯c heat,k, and the \visible" area of the object.
This drag is known in the literature as (shock) wave drag.

15.6 Flat Body with an Angle of Attack

Slip plane�

w

`
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21

Fig. -15.8. The de¯nition of attack
angle for the Prandtl{Meyer function.

Previously, the thickness of a body was shown to
have a drag. Now, a body with zero thickness but
with an angle of attack will be examined. As op-
posed to the thickness of the body, in addition to
the drag, the body also obtains lift. Again, the
slip condition is such that the pressure in region 5
and 7 are the same, and additionally the direction
of the velocity must be the same. As before, the
magnitude of the velocity will be di®erent between
the two regions.

15.7 Examples For Prandtl{Meyer Function
Example 15.1:
A wall is included with20:0± an inclination. A °ow of air with a temperature of20±C
and a speed ofU = 450m=sec°ows (see Figure15.9). Calculate the pressure reduction
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ratio, and the Mach number after the bending point. If the air °ows in an imaginary
two{dimensional tunnel with width of 0.1[m] what will the width of this imaginary
tunnel after the bend? Calculate the \fan" angle. Assume the speci¯c heat ratio is
k = 1 :4.

U = 450 m=sec

T = 20

�

C

� � = 20

�

M =?

�

1

x

1

= 0 : 1[ m ]

x

2

=?

�

2

Fig. -15.9. The schematic of Example 15.1

Solution

First, the initial Mach number has to be calculated (the initial speed of sound).

a =
p

kRT =
p

1:4 ¤ 287¤ 293 = 343:1m=sec

The Mach number is then
M =

450
343:1

= 1 :31

this Mach number is associated with

M º P
P 0

T
T 0

½
½0

¹

1:3100 6:4449 0:35603 0:74448 0:47822 52:6434

The \new" angle should be

º 2 = 6 :4449 + 20 = 26:4449±

and results in

M º P
P 0

T
T 0

½
½0

¹

2:0024 26:4449 0:12734 0:55497 0:22944 63:4620

Note that P01 = P02

P2

P1
=

P01

P1

P2

P02
=

0:12734
0:35603

= 0 :35766
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The \new" width can be calculated from the mass conservation equation.

½1x1M 1c1 = ½2x2M 2c2 =) x2 = x1
½1

½2

M 1

M 2

r
T1

T2

x2 = 0 :1 £
0:47822
0:22944

£
1:31

2:0024

r
0:74448
0:55497

= 0 :1579[m]

Note that the compression \fan" stream lines are note and their function can be obtain
either by numerical method of going over small angle increments. The other alternative
is using the exact solution1. The expansion \fan" angle changes in the Mach angle
between the two sides of the bend

fan angle= 63:4 + 20:0 ¡ 52:6 = 30:8±

End Solution

Reverse the example, and this time the pressure on both sides are given and the
angle has to be obtained2.

Example 15.2:
Gas withk = 1 :67 °ows over bend (see Figure15.2). Compute the Mach number after

M = 1 : 4

P = 1[ bar ]

M =?

�

1

�

2

P = 1 : 2[ bar ]

Fig. -15.10. The schematic for the reversed question of example(15.2)

the bend, and the bend angle.

Solution

1It isn't really di®erent from this explanation but shown in a more mathematical form, due to Landau
and friends. It will be presented in the future version. It isn't present now because of the low priority
to this issue.

2This example is for academic understanding. There is very little with practicality in this kind of
problem.
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The Mach number is determined by satisfying the condition that the pressure down-
stream are and Mach given. The relative pressure downstream can be calculated by the
relationship

P2

P02
=

P2

P1

P1

P01
=

1
1:2

£ 0:31424 = 0:2619

M º P
P 0

T
T 0

½
½0

¹

1:4000 7:7720 0:28418 0:60365 0:47077 54:4623

With this pressure ratio ¹P = 0 :2619 require either locking in the table or using the
enclosed program.

M º P
P 0

T
T 0

½
½0

¹

1:4576 9:1719 0:26190 0:58419 0:44831 55:5479

For the rest of the calculation the initial condition is used. The Mach number after the
bend isM = 1 :4576. It should be noted that speci¯c heat isn'tk = 1 :4 but k = 1 :67.
The bend angle is

¢ º = 9 :1719¡ 7:7720» 1:4±

¢ ¹ = 55:5479¡ 54:4623 = 1:0±

End Solution

15.8 Combination of the Oblique Shock and Isentropic Ex-
pansion

Example 15.3:
Consider two{dimensional °at thin plate at an angle of attack of4± and a Mach number
of 3.3. Assume that the speci¯c heat ratio at stage isk = 1 :3, calculate the drag
coe±cient and lift coe±cient.

Solution

For M = 3 :3, the following table can be obtained:

M º P
P 0

T
T 0

½
½0

¹

3:3000 62:3113 0:01506 0:37972 0:03965 73:1416

With the angle of attack the region 3 will be atº » 62:31 + 4 for which the following
table can be obtained (Potto-GDC)
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M º P
P 0

T
T 0

½
½0

¹

3:4996 66:3100 0:01090 0:35248 0:03093 74:0528

On the other side, the oblique shock (assuming weak shock) results in

M x M y s M y w µs µw ± P 0 y

P 0 x

3:3000 0:43534 3:1115 88:9313 20:3467 4:0000 0:99676

and the additional information, by clicking on the minimal button, provides

M x M y w µw ± P y

P x

T y

T x

P 0 y

P 0 x

3:3000 3:1115 20:3467 4:0000 1:1157 1:1066 0:99676

The pressure ratio at point 3 is

P3

P1
=

P3

P03

P03

P01

P01

P1
= 0 :0109£ 1 £

1
0:01506

» 0:7238

The pressure ratio at point 4 is
P3

P1
= 1 :1157

dL =
2

kP1M 1
2 (P4 ¡ P3) cos® =

2

kM 1
2

µ
P4

P1
¡

P3

P1

¶
cos®

dL =
2

1:33:32 (1:1157¡ 0:7238) cos 4± » :054

dd =
2

kM 1
2

µ
P4

P1
¡

P3

P1

¶
sin® =

2
1:33:32 (1:1157¡ 0:7238) sin 4± » :0039

This shows that on the expense of a small drag, a large lift can be obtained. Discussion
on the optimum design is left for the next versions.

End Solution

Example 15.4:
To understand the °ow after a nozzle consider a °ow in a nozzle shown in Figure
15.4. The °ow is choked and additionally the °ow pressure reaches the nozzle exit
above the surrounding pressure. Assume that there is an isentropic expansion (Prandtl{
Meyer expansion) after the nozzle with slip lines in which there is a theoretical angle
of expansion to match the surroundings pressure with the exit. The ratio of exit area
to throat area ratio is 1:3. The stagnation pressure is 1000 [kPa]. The surroundings
pressure is 100[kPa]. Assume that the speci¯c heat,k = 1 :3. Estimate the Mach
number after the expansion.
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A �
Aexit

M jet 1

Slip lines
expenssion

lines

�

�

Psurroundings

Fig. -15.11. Schematic of the nozzle and Prandtl{Meyer expansion.

Solution

The Mach number a the nozzle exit can be calculated using Potto-GDC which provides

M T
T 0

½
½0

A
A ?

P
P 0

A £ P
A ¤ £ P 0

F
F ¤

1:7632 0:61661 0:29855 1:4000 0:18409 0:25773 0:57478

Thus the exit Mach number is 1.7632 and the pressure at the exit is

Pexit = P0
P ¡ exit

P ¡ 0
= 1000 £ 0:18409 = 184:09[kPa]

This pressure is higher than the surroundings pressure and additional expansion must
occur. This pressure ratio is associated with a expansion angle that Potto-GDC provide
as

M º P
P 0

T
T 0

½
½0

¹

1:7632 19:6578 0:18409 0:61661 0:29855 60:4403

The need additional pressure ratio reduction is

Psurroundings

P0
=

Psurroundings

Pexit

Pexit

P0
=

100
184:09

£ 0:18409 = 0:1

Potto-GDC provides for this pressure ratio

M º P
P 0

T
T 0

½
½0

¹

2:1572 30:6147 0:10000 0:51795 0:19307 65:1292

The change of the angle is

¢ angle= 30:6147¡ 19:6578 = 10:9569
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Thus the angle,̄ is
¯ = 90 ¡ 10:9569» 79:0

The pressure at this point is as the surroundings. However, the stagnation pressure is
the same as originally was enter the nozzle! This stagnation pressure has to go through
serious of oblique shocks and Prandtl-Meyer expansion to match the surroundings stag-
nation pressure.

End Solution
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