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CHAPTER 6

Normal Shock

In this chapter the relationships between the two sides of normal shock are presented.
In this discussion, the °ow is assumed to be in a steady state, and the thickness of
the shock is assumed to be very small. A discussion on the shock thickness will be
presented in a forthcoming sectién

A shock can occur in at least two N
di®erent mechanisms. The rst is when a fow
large di®erence (above a small minimum direction
value) between the two sides of a mem-
brane, and when the membrane bursts (see
the discussion about the shock tube). Of AN
course, the shock travels from the high c.v.
pressure to the low pressure side. The sec-
ond is when many sound waves \run into"rig. -6.1. A shock wave inside a tube, but it
each other and accumulate (some refer t@an also be viewed as a one{dimensional shock
it as \coalescing") into a large di®erence wave.
which is the shock wave. In fact, the sound
wave can be viewed as an extremely weak shock. In the speed of sound analysis, it was
assumed the medium is continuous, without any abrupt changes. This assumption
is no longer valid in the case of a shock. Here, the relationship for a perfect gas is
constructed.

In Figure 6.1) a control volume for this analysis is shown, and the gas °ows
from left to right. The conditions, to the left and to the right of the shock, are assumed
to be uniforn?. The conditions to the right of the shock wave are uniform, but di®erent

> _ — - - — ]

1Currently under construction.
2Clearly the change in the shock is so signi cant compared to the changes in medium before and
after the shock that the changes in the mediums (°ow) can be considered uniform.
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94 CHAPTER 6. NORMAL SHOCK

from the left side. The transition in the shock is abrupt and in a very narrow width.

The chemical reactions (even condensation) are neglected, and the shock occurs
at a very narrow section. Clearly, the isentropic transition assumption is not appropriate
in this case because the shock wave is a discontinued area. Therefore, the increase o
the entropy is fundamental to the phenomenon and the understanding of it.

It is further assumed that there is no friction or heat loss at the shock (because
the heat transfer is negligible due to the fact that it occurs on a relatively small sur-
face). It is customary in this "eld to denote as the upstream condition ang as the
downstream condition.

The mass °ow rate is constant from the two sides of the shock and therefore
the mass balance is reduced to

14Uy = %Uy (6.1)

In a shock wave, the momentum is the quantity that remains constant because
there are no external forces. Thus, it can be written that

i ¢
P«i Py = ll/gUyzi Yo Uy 2 (6.2)

The process is adiabatic, or nearly adiabatic, and therefore the energy equation can be
written as

2 2
CpTx + U% = CpTy + U% (6.3)
The equation of state for perfect gas reads
P = »RT (6.4)

If the conditions upstream are known, then there are four unknown conditions
downstream. A system of four unknowns and four equations is solvable. Nevertheless,
one can note that there are two solutions because of the quadratic of equatio8).(
These two possible solutions refer to the direction of the °ow. Physics dictates that
there is only one possible solution. One cannot deduce the direction of the °ow from the
pressure on both sides of the shock wave. The only tool that brings us to the direction
of the °ow is the second law of thermodynamics. This law dictates the direction of the
°ow, and as it will be shown, the gas °ows from a supersonic °ow to a subsonic °ow.
Mathematically, the second law is expressed by the entropy. For the adiabatic process,
the entropy must increase. In mathematical terms, it can be written as follows:

Syi x>0 (6.5)

Note that the greater{equal signs were not used. The reason is that the process is
irreversible, and therefore no equality can exist. Mathematically, the parameters are
P; T; U; and % which are needed to be solved. For ideal gas, equat@b)(is

Ty

In
Tx

i (ki 1)g> 0 (6.6)
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It can also be noticed that entropy, can be expressed as a function of the other
parameters. Now one can view these equations as two di®erent subsets of equations.
The “rst set is the energy, continuity, and state equations, and the second set is the
momentum, continuity, and state equations. The solution of every set of these equations
produces one additional degree of freedom, which will produce a range of possible
solutions. Thus, one can have a whole range of solutions. In the rst case, the energy
equation is used, producing various resistance to the °ow. This case is called Fanno
°ow, and Chapter (L0) deals extensively with this topic. The mathematical explanation
is given Chapter 10) in greater detail. Instead of solving all the equations that were
presented, one can solve only four (4) equations (including the second law), which will
require additional parameters. If the energy, continuity, and state equations are solved
for the arbitrary value of thely, a parabola in theT jj s diagram will be obtained. On
the other hand, when the momentum equation is solved instead of the energy equation,
the degree of freedom is now energy, i.e., the energy amount \added" to the shock.
This situation is similar to a frictionless °ow with the addition of heat, and this °ow is
known as Rayleigh °ow. This °ow is dealt with in greater detail in Chapté&d)

Since the shock has
no heat transfer (a special

_ subsonic e
\ f‘low e
.7 supersonic

case of Rayleigh °ow) and " flow
there isn't essentially any T AN
momentum transfer (a spe- shock jump

cial case of Fanno °ow),
the intersection of these two
curves is what really hap-
pened in the shock. In Fig-
ure (6.2, the intersection is
shown and two solutions are
obtained. Clearly, the in- 5
crease of the entropy deter-

znines the direction of the kg g2 The intersection of Fanno °ow and Rayleigh °ow
ow. The entropy increases produces two solutions for the shock wave.
from point x to pointy. Itis

also worth noting that the temperature aM = 1 on Rayleigh °ow is larger than that
on the Fanno line.

“~—___ Rayleigh
line

6.1 Solution of the Governing Equations
6.1.1 Informal Model

Accepting the fact that the shock is adiabatic or nearly adiabatic requires that total
energy is conservedlp, = To,. The relationship between the temperature and the
stagnation temperature provides the relationship of the temperature for both sides of
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the shock.
T .
Ty — ﬁ — 1+ %MXZ (6 7)
T 7 T, T 14 Kkilpn 2 :
Tx oo 1+ 5EMy

All the other relationships are essentially derived from this equation. The only
issue left to derive is the relationship betwekh, andMy. Note that the Mach number
is a function of temperature, and thus for know x all the other quantities can be
determined, at least, numerically. The analytical solution is discussed in the next section.

6.1.2 Formal Model

Equations 6.1), (6.2), and (6.3) can be converted into a dimensionless form. The
reason that dimensionless forms are heavily used in this book is because by doing st
it simpli'es and clari es the solution. It can also be noted that in many cases the
dimensionless equations set is more easily solved.
From the continuity equation §.1) substituting for density,%; the equation of
state yields
Px Py

RT, X~ RT,

U, (6.8)

Squaring equation §.8) results in

P, ?
R2T,2

2
Py ;
R2T,

U2 = U, 2 (6.9)
Multiplying the two sides by the ratio of the speci ¢ heat, k, provides a way to obtain

the speed of sound de nition/equation for perfect gas® = kRT to be used for the
Mach number de nition, as follows:

P, ? )
cy 2

Note that the speed of sound on the di®erent sides of the shock is di®erent. Utilizing
the de nition of Mach number results in

=B Uy 2 (6.10)
=Y _y, _
|y
Yy

PX2 2 Py2 2
M2= LM 6.11
T, X T Y (6.11)

Rearranging equationg.11) results in

po Top o 1o
T, _te ', 612
Tx Px My '
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Energy equation.3) can be converted to a dimensionless form which can be expressed
as
H _ f H _ 1
T, 1+ Ki 1My2 =T, 1+ Ny 2 (6.13)

It can also be observed that equatiof.(3 means that the stagnation temperature is
the same,To, = Toy. Under the perfect gas mode¥zf is identical tokP M ? because

g
= PR U Ear
5\ F o % kRT = kPM 2 (6.14)
Using the identity 6.14) transforms the momentum equationt(2) into
Py + kPyMy? = Py + kPyM,? (6.15)
Rearranging equationg,15) yields

Py _ 1+kM,?

=X 6.16
Px 1+kM,? (6.16)

The pressure ratio in equatior6(16) can be interpreted as the loss of the static pressure.
The loss of the total pressure ratio can be expressed by utilizing the relationship between
the pressure and total pressure (see equatiénl()) as

i kK
POy PyI1+ kilMyZ K

1
= 2 6.17
F)Ox ( )

C
ki1

P, 1+ Kilm, 2

The relationship betweeM, and My is needed to be solved from the above set of
equations. This relationship can be obtained from the combination of mass, momentum,
and energy equations. From equatiof.(3 (energy) and equation §.12) (mass) the
temperature ratio can be eliminated.

[ 12

PMy "2 1+ Kim,2 6.18
Px My B 1+ Kiz—lMyz ( . )
Combining the results of§.18) with equation (6.16) results in
T VAL VIR BTV 610
1+kM,2 My 1+ Klm,2 (6.19)

Equation (6.19 is a symmetrical equation in the sense thathf, is substituted with
M, and M, substituted withM, the equation remains the same. Thus, one solution is

My = M, (6.20)
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It can be observed that equation6(19 is biquadratic. According to the Gauss
Biquadratic Reciprocity Theorem this kind of equation has a real solution in a certain
rang€ which will be discussed later. The solution can be obtained by rewriting equation
(6.19 as a polynomial (fourth ordgr). It is also possible to cross{multiply equation
(6.19 and divide it by M,? | My? results in

ki 1i ¢
1+ = 'M, 2+ M2 | kM,2M,% =0 (6.21)
Equation (6.21) becomes
M2+ 2
My? = e (6.22)
mMX ] 1

The “rst solution (6.20) is the trivial solution in which the two sides are identical
and no shock wave occurs. Clearly, in this case, the pressure and the temperature from
both sides of the nonexistent shock are the same, Tg.= Ty; Py = Py. The second
solution is where the shock wave occurs.

The pressure ratio between the two sides can now be as a function of only a
single Mach number, for exampl®] . Utilizing equation €.16) and equation 6.22)
provides the pressure ratio as only a function of the upstream Mach number as

Py 2k 2. kil
_J = M H
P, k+1 * i gyr @
e 2k i, ¢
=1l My“i 1 2

The density and upstream Mach number relationship can be obtained in the
same fashion to became

% _ U (K¥D)M,’

= = 6.24
Yoo Uy 2+ (ki DM, (6.:24)

The fact that the pressure ratio is a function of the upstream Mach numbs,, pro-
vides additional way of obtaining an additional useful relationship. And the temperature
ratio, as a function of pressure ratio, is transformed into

M T];\kl Py
o P kite (6.25)
Ty Px l+%§—i’

Slreland, K. and Rosen, M. "Cubic and Biquadratic Reciprocity." Ch. 9 in A Classical Introduction
to Modern Number Theory, 2nd ed. New York: Springer-Verlag, pp. 108-137, 1990.
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In the same way, the relationship between the density ratio and pressure ratio is

2 22

k+1 2
Y2 13+ kil g Pi,
% ke P (6.26)
L o S
which is associated with the shock wave.
Shock Wave relationship
My and Pu/Pox as a function of M
The Maximum Conditions A B B B B B B
0.9+ -
The maximum speed of sound is when the o8] M, 3
highest temperature is achieved. The max- o7} Fo/For 7
imum temperature that can be achieved is ost .
the stagnation temperature = o5 E
o A é
2k -3 b
Umax = RTo (6.27) 0.2f =
ki 1 [ ]
0.15 —
The stagnation speed of sound is R TS S S S
p FriJun 18 15:47:34 2004 Mx
¢ = KkRTg (6.28)

Fig. -6.3. The exit Mach number and the stag-
Based on this de nition a new Mach num-nation pressure ratio as a function of upstream
ber can be de ned Mach number.

U
Mo= — 6.29
0% & (6.29)

The Star Conditions

The speed of sound at the critical condition can also be a good reference velocity. The
speed of sound at that velocity is

p____
¢ = KkRT® (6.30)
In the same manner, an additional Mach number can be de ned as

U

anf 31
= (6.31)

6.1.3 Prandtl's Condition

It can be easily observed that the temperature from both sides of the shock wave is
discontinuous. Therefore, the speed of sound is di®erent in these adjoining mediums.
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It is therefore convenient to de ne the star Mach number that will be independent of
the speci ¢ Mach number (independent of the temperature).

]
M*? = = ——= =M 6.32
= (632)

The jump condition across the shock must satisfy the constant energy.

2 a2 a2
¢ V¢ et k+l (6.33)
kil 2 kil 2 2(ki 1)
Dividing the mass equation by the momentum equation and combining it with the
perfect gas model yields

o = @y (6.34)
kU; ' kU 2 '

Combining equation .33 and (6.34) results in

K+ i > Tk+ i
1 k 1Cn2i K i 1Ul +U1:i k 1c“2i k|21

- + .
kU, 2 2 kKU, 2 Uz + Uz (6:39)

After rearranging and diving equatior6(35) the following can be obtained:
U U, = ¢°? (6.36)
or in a dimensionless form

M®iM %, = ¢°? (6.37)

6.2 Operating Equations and Analysis

In Figure ©.3), the Mach number after the shockMy, and the ratio of the total
pressurePoy =Py, are plotted as a function of the entrance Mach number. The working
equations were presented earlier. Note that thlg, has a minimum value which depends
on the speci ¢ heat ratio. It can be noticed that the density ratio (velocity ratio) also
has a "nite value regardless of the upstream Mach number.

The typical situations in which these equations can be used also include the
moving shocks. The equations should be used with the Mach number (upstream or
downstream) for a given pressure ratio or density ratio (velocity ratio). This kind of
equations requires examining Tablé.{) for k = 1:4 or utilizing Potto-GDC for for value
of the speci ¢ heat ratio. Finding the Mach number for a pressure rati®&0879and
k = 1:32and is only a few mouse clicks away from the following table.
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To illustrate the use of Shock Wave relationship
the above equations, an example PJR,1r, and /T, as a function of 1
is provided. 0 L A B B B B
110.0F
100.0F
Example 6.1: 90.0F- - i/;
Air °ows with a Mach number of 8001 — o
My = 3, at a pressure of 0.5 [bar] 700~

60.0F
50.0F
40.0F
30.0F

and a temperature of 9C goes
through a normal shock. Cal-
culate the temperature, pressure,

N T T T B RN S PN N R R

total pressure, and velocity down- 2000 )
stream of the shock. Assume that 10.0F e -
k=1:4. 0'01 2--‘” 3”‘ 4 ‘ ‘5 ‘6 ‘7 g g (

Fri Jun 18 15:48:25 2004 Mx

Solution

Fig. -6.4. The ratios of the static properties of the two
Analysis: sides of the shock.
First, the known information are
My =3, Px = 1:5]bar] and Ty = 273K . Using these data, the total pressure can be
obtained (through an isentropic relationship in Tablé.), i.e., Pox is known). Also
with the temperature,Ty, the velocity can readily be calculated. The relationship that
was calculated will be utilized to obtain the ratios for the downstream of the normal

shock. £ = 0:0272237 3 Poy = 1:5=0:0272237 = 551 bar]

cx = KkRTy = P 1.4£ 287£ 273 = 331L2m=sec

Ty i3 Py Poy
MX My Tx Ya Px POx

3:0000 0:47519| 2:6790 3:8571 | 10:3333 0:32834

Ux = My £ ¢ =3 £ 3312 = 993:6[m=se(
Now the velocity downstream is determined by the inverse ratio¥pf% =
Ux=U, = 3:85714

Uy = 993:6=3:85714 = 2576[m=sed

1
_ “POy

POy - POx

£ Poy = 0:32834£ 55:1[bar] = 18:09bar]

End solution
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6.2.1 The Limitations of the Shock Wave

When the upstream Mach number becomes very large, the downstream Mach number
(see equation §.22) is limited by

» »0
o _ Lt _ ki1
M y - » 0 - 2k
2k . l%
ki1l 34,
This result is shown in Figure6(3). The limits of the pressure ratio can be obtained
by looking at equation §.16) and by utilizing the limit that was obtained in equation

(6.39.

(6.38)

6.2.2 Small Perturbation Solution

The small perturbation solution refers to an analytical solution where only a small change
(or several small changes) occurs. In this case, it refers to a case where only a \small
shock" occurs, which is up tdMy = 1:3. This approach had a major signi cance
and usefulness at a time when personal computers were not available. Now, during
the writing of this version of the book, this technique is used mostly in obtaining
analytical expressions for simpli ed models. This technique also has an academic value
and therefore will be described in the next version (0.5.x series).

The strength of the shock wave is de ned as

P, = P—Xi 1 (6.39)
By using equation §.23) transforms equation §.39) into
N S PP
el My%i 1 (6.40)

or by utilizing equation 6.24) the following is obtained:
3 ,

ki 1 Yx ,
e & — (6.41)
il omil

P =

6.2.3 Shock Thickness

The issue of shock thickness (which will be presented in a later version) is presented here
for completeness. This issue has a very limited practical application for most students;
however, to convince the students that indeed the assumption of very thin shock is
validated by analytical and experimental studies, the issue should be presented.

The shock thickness can be de ned in several ways. The most common de nition
is by passing a tangent to the velocity at the center and "nding out where the theoretical
upstream and downstream conditions are meet.
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6.2.4 Shock or Wave Drag

It is communally believed that regardless to the cause of the shock, the shock creates
a drag (due to increase of entropy). In this section, the “rst touch of this phenomenon
will be presented. The fact that it is assumed that the °ow is frictionless does not
change whether or not shock drag occur. This explanation is broken into two sections:
one for stationary shock wave, two for moving shock shock wave. A better explanation
should appear in the oblique shock chapter.

Consider a normal shock as shown in guré.§). Gas °ows in a supersonic

Fig. -6.5. The diagram that reexplains the shock drag e®ect.

velocity around a two{dimensional body and creates a shock. This shock is an oblique
shock, however in this discussion, if the control volume is chosen close enough to the
body is can be considered as almost a normal shock (in the oblique shock chapter a
section on this issue will be presented that explains the fact that shock is oblique, to

be irrelevant).

The control volume that is used here is along two stream lines. The other two
boundaries are arbitrary but close enough to the body. Along the stream lines there
is no mass exchange and therefore there is no momentum exchange. Moreover, it is
assumed that the gas is frictionless, therefore no friction occurs along any stream line.
The only change is two arbitrary surfaces since the pressure, velocity, and density are
changing. The velocity is reduceld, > Uy. However, the density is increasing, and
in addition, the pressure is increasing. So what is the momentum net change in this
situation? To answer this question, the momentum equation must be written and it will
be similar to equation§.104. However, sincq% = ,EX there is no net force acting on
the body. For example, consider upstreamMf = 3: and for which

Ty % Py POy
M« My T T o ok

3:0000 0:47519| 2:6790 3:8571 | 10:3333 0:32834

and the corespondent Isentropic information for the Mach numbers is

M I Iz A P AEP F
To % A7 Po AFEP, Fe

3:0000 | 0:35714 0:07623 4:2346 | 0:02722 0:11528 0:653264
0:47519 0:95679 0:89545 1:3904 | 0:85676 1:1912 | 0:65324
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Now, after it was established, it is not a surprising result. After all, the shock
analysis started with the assumption that no momentum is change. As conclusion there
is no shock drag at stationary shock. This is not true for moving shock as it will be
discussed in sectiors(3.1).

6.3 The Moving Shocks

In some situations, the shock wave is not stationary. This kind of situation arises in
many industrial applications. For example, when a valve is suddérdjosed and a
shock propagates upstream. On the other extreme, when a valve is suddenly openec
or a membrane is ruptured, a shock occurs and propagates downstream (the opposite
direction of the previous case). In some industrial applications, a liquid (metal) is pushed
in two rapid stages to a cavity through a pipe system. This liquid (metal) is pushing
gas (mostly) air, which creates two shock stages. As a general rule, the shock can move
downstream or upstream. The last situation is the most general case, which this section
will be dealing with. There are more genera cases where the moving shock is created
which include a change in the physical properties, but this book will not deal with them
at this stage. The reluctance to deal with the most general case is due to fact it is
highly specialized and complicated even beyond early graduate students level. In these
changes (of opening a valve and closing a valve on the other side) create situations in
which di®erent shocks are moving in the tube. The general case is where two shocks
collide into one shock and moves upstream or downstream is the general case. A speci ¢
example is common in die{casting: after the rst shock moves a second shock is created
in which its velocity is dictated by the upstream and downstream velocities.

In cases where the shock velocity
can be approximated as a constant (in
the majority of cases) or as near con-
stant, the previous analysis, equations,
and the tools developed in this chapter
can be employed. The problem can be
reduced to the previously studied shock,
i.e., to the stationary case when the coor-
dinates are attached to the shock front.
In such a case, the steady state is ob-
tained in the moving control value.

For this analysis, the Coordinates':ig- -6.6._ Comparigon between stationary shock
move with the shock. Here, the prime2nd moving shock in ducts.

' denote the values of the static coordinates. Note that this notation is contrary to
the conventional notation found in the literature. The reason for the deviation is that
this choice reduces the programing work (especially for object{oriented programing like
C++). An observer moving with the shock will notice that the pressure in the shock is

Moving Coordinates

0

P, =P, P, =P 6.42
y y

41t will be explained using dimensional analysis what is suddenly open
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The temperature measured by the observer is
Txo = Ty Ty, =Ty (6.43)

Assuming that the shock is moving to the right, (refer to Figuré.g)) the velocity
measured by the observer is

Uc= Usj Uy’ (6.44)

Where Us is the shock velocity which is moving to the right. The \downstream"
velocity is

U, = Usi Uy (6.45)

The speed of sound on both sides of the shock depends only on the temperature and
it is assumed to be constant. The upstream prime Mach number can be de ned as
0 Usi Ug Us
My = —== — | My=Mgxi M 6.46

X C C | X sx | X ( )
It can be noted that the additional de nition was introduced for the shock upstream
Mach numberMgy = ‘CJ— The downstream prime Mach number can be expressed as

O:M:EiMy:MSyiMy (6.47)
5 g

Similar to the previous case, an additional de nition was introduced for the shock
downstream Mach number,. The relationship between the two new shock Mach
numbers is

My

YU _oUs
G O G
Tf
sx = %Msy (6.48)
X
The \upstream™ stagnation temperature of the °uid is
""""""" 1* SR
ki1 !
Tox = T 1+ —5-M2
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, (6.49)
and the \upstream" prime stagnation pressure is
H kil Zﬂkikil
Pox = Px 1+ 2 M (6.50)

The same can be said for the \downstream" side of the shock. The di®erence between
the stagnation temperature is in the moving coordinates

TOy i Tox = 0 (651)
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It should be noted that the stagnation temperature (in the stationary coordinates)
rises as opposed to the stationary normal shock. The rise in the total temperature is
due to the fact that a new material has entered the c.v. at a very high velocity, and is
\converted" or added into the total temperature,

K K i 13 0,2‘" H K i 13 0,2‘"
Toyi Tox =Ty 1+ Msy i My i Tx 1+ Msx i My
T 0
w |<ﬁf 1 2"{ ki1
0
0=T, 1+-1L-M, +TyMsle(Msyi 2My)
0
z T}’[‘ o
15 ft
ki1l o2 kil
i Tx 1+ My iTstxT(Msxi 2My) (6.52)

and according to equationg.51) leads to
u 1
Tekij 1l T, ki1
axlT(MSX i 2My) i gyli(Msy i 2My) (6.53)

0 0
Toy i Tox = Us 2

Again, this di®erence in the moving shock is expected because moving material velocity
(kinetic energy) is converted into internal energy. This di®erence can also be viewed as
a result of the unsteady state of the shock.

6.3.1 Shock or Wave Drag Result from a Moving Shock

stationary lines at the
speed of the object

— e I
U=0] F e 1280
S BRI ooy S AN -
P! | Az

stream lines
Fig. -6.7. The diagram that reexplains the shock drag e®ect of a moving shock.

In section 6.2.4) it was shown that there is no shock drag in stationary shock.
However, the shock or wave drag is very signi cant so much so that at one point it
was considered the sound barrier . Consider the "guerY where the stream lines are
moving with the object speed. The other boundaries are stationary but the velocity at
right boundary is not zero. The same arguments, as discussed before in the stationary
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case, are applied. What is di®erent in the present case (as oppose to the stationary
shock), one side has increase the momentum of the control volume. This increase
momentum in the control volume causes the shock drag. In way, it can be view as
continuous acceleration of the gas around the body from zero. Note this drag is only
applicable to a moving shock (unsteady shock).

The moving shock is either results from a body that moves in gas or from a sudden
imposed boundary like close or open véla the st case, the forces/energy °ows
from body to gas and there for there is a need for large force to accelerate the gas over
extremely short distance (shock thickness). In the second case, the gas contains the
energy (as high pressure, for example in the open valve case) and the energy potential
is lost in the shock process (like shock drag).

For some strange reasons, this topic has several misconceptions that even appear
in many popular and good textbooksConsider the following example taken from such
a book.

i Stream tube
: ream tu —\__/
|
| I
I Shock wave {
M| D, | My
e TR Se——e——e—
i Body 1V, <V
P I lp =M
A‘¥1 | 42
A

A

|

| B e ¥ A
| LFrit:ti::nless flow

|

2 2
Dy, = o Vi'=p,V;

Development of shock (or wave) drag.

Fig. -6.8. The diagram for the common explanation for shock or wave drag e®ect a shock.
Please notice the strange notations (e.g. V and not U) and they result from a verbatim copy.

Example 6.2:

A book explains the shock drag is based on the following rational: The body is moving
in a stationary frictionless °uid under one{dimensional °ow. The left plane is moving
with body at the same speed. The second plane is located \downstream from the
body where the gas has expanded isotropically (after the shock wave) to the upstream
static pressure". the bottom and upper stream line close the control volume. Since
the pressure is the same on the both planes there is no unbalanced pressure forces.
However, there is a change in the momentum in the °ow direction becduse U ;.

The force is acting on the body. There several mistakes in this explanation including

5According to my son, the di®erence between these two cases is the direction of the information.
Both case there essentially bodies, however, in one the information °ows from inside the “eld to the
boundary while the other case it is the opposite.

6Similar situation exist in the surface tension area.



108 CHAPTER 6. NORMAL SHOCK

the drawing. Explain what is wrong in this description (do not describe the error results
from oblique shock).

Solution

Neglecting the mistake around the contact of the stream lines with the oblique shock(see
for retouch in the oblique chapter), the control volume suggested is stretched with time.
However, the common explanation fall to notice that when the isentropic explanation
occurs the width of the area change. Thus, the simple explanation in a change only
in momentum (velocity) is not appropriate. Moreover, in an expanding control volume
this simple explanation is not appropriate. Notice that the relative velocity at the front
of the control volumeU; is actually zero. Hence, the claim &f; > U, is actually the
opposite,U; < U,.

End solution

6.3.2 Shock Result from a Sudden and Complete Stop

The general discussion can be simpli ed in the extreme case when the shock is moving
from a still medium. This situation arises in many cases in the industry, for example,
in a sudden and complete closing of a valve. The sudden closing of the valve must
result in a zero velocity of the gas. This shock is viewed by some as a re°ective
shock. The information propagates upstream in which the gas velocity is converted
into temperature. In many such cases the steady state is established quite rapidly. In
such a case, the shock velocity \downstream"Ug. Equations 6.42) to (6.53 can be
transformed into simpler equations whél, is zero andUs is a positive value.

N

C.v. C.v.
Stationary Coordinates Moving Coordinates

Fig. -6.9. Comparison between a stationary shock and a moving shock in a stationary medium
in ducts.

The \upstream" Mach number reads

My = =X = Mg + My (6.54)

Cx

My = == = Mg, (6.55)
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Again, the shock is moving to the left. In the moving coordinates, the observer (with
the shock) sees the °ow moving from the left to the right. The °ow is moving to the
right. The upstream is on the left of the shock. The stagnation temperature increases
by

U 1

T k 1 Ty ki 1
Toyi Tox = Mg +2M — M .
oy I 0x Us C ( SX x) i Cy 2 ( sy) (6 56)

C.V. C.V.
Stationary Coordinates Moving Coordinates

Fig. -6.10. Comparison between a stationary shock and a moving shock in a stationary medium
in ducts.

The prominent question in this situation is what will be the shock wave velocity
for a given °uid veIocity,UXO, and for a given speci ¢ heat ratio. The \upstream" or
the \downstream" Mach number is not known even if the pressure and the temperature
downstream are given. The dizculty lies in the jump from the stationary coordinates
to the moving coordinates. It turns out that it is very useful to use the dimensionless
parameterMs,, or Mg, instead of the velocity because it combines the temperature
and the velocity into one parameter.

The relationship between the Mach number on the two sides of the shock are tied
through equations §.54) and (6.55 by

+
(,«,2 (6.57)

(My)? = ——
2k My + Mgy 1

And substituting equation §.57) into (6.48) results in

f (M s
Yy o
M _ Tx P MX + MSX k 1 (658)
X = .
Ty 2k IMX + MSX i 1




110 CHAPTER 6. NORMAL SHOCK

The temperature ratio in equa- Shock in A Suddenly Close Valve
tion (6.58 and the rest of k=14

the right{hand side show clearly AR T
that Mg, has four possible so- I M
lutions (fourth{order polynomial I
Mg has four solutions). Only 2r 7
one real solution is possible. The I 1
solution to equation 6.58 can I I
be obtained by several numerical
methods. Note, an analytical so-
lution can be obtained for equa-
tion (6.58 but it seems utilizing o T
numerical methods is much more

simple. The typical method is the Thu Aug 3 18:54:21 2006
\smart" guessing of M¢. For

very small values 0of the upstrean¥ig. -6.11. The moving shock Mach numbers as a result
Mach number,M, » 2 equation of a sudden and complete stop.

(6.58 provides thatM ¢ » 1+ 12

andMgy =1 %2 (the coexcient is only approximated as 0.5) as shown in Figusel().

From the same "gure it can also be observed that a high velocity can result in a much
larger velocity for the re°ective shock. For example, a Mach number close to one (1),
which can easily be obtained in a Fanno °ow, the result is about double the sonic
velocity of the re°ective shock. Sometimes this phenomenon can have a tremendou:
signi cance in industrial applications.

Note that to achieve supersonic velocity (in stationary coordinates) a diverging{converging
nozzle is required. Here no such device is needed! Luckily and hopefully, engineers whi
are dealing with a supersonic °ow when installing the nozzle and pipe systems for
gaseous mediums understand the importance of the re°ective shock wave.
Two numerical methods and the algorithm employed to solve this problem for given,
MXO, is provided herein:

(a) Guesdvl, > 1,

(b) Using shock table or use Potto{GDC to calculate temperature ratio avig,

q
(c) Calculate theMy = My j %My

(d) Compare to the calculatech0 to the given MXO. and adjust the new guess
My > 1 accordingly.

<p> The second method is \successive substitutions," which has better convergence to
the solution initially in most ranges but less e®ective for higher accuracies.

(a) GuessMy =1+ My,

(b) using the shock table or use Potto{GDC to calculate the temperature ratio and
My,
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L
(c) calculate theMy = My ﬁMy

(d) Compare the neviM « approoach the oldM , if not satisfactory use the ne\MX0
to calculateMy =1+ My then return to part ).

6.3.3 Moving Shock into Stationary Medium (Suddenly Open
Valve)

General Velocities Issues

When a valve or membrane is suddenly opened, a shock is created and propagates
downstream. With the exception of close proximity to the valve, the shock moves in a
constant velocity 6.12(a)). Using a coordinates system which moves with the shock
results in a stationary shock and the °ow is moving to the left see FigugelZ(b)).

The \upstream” will be on the right (see Figure6(12(b))).

C.v. C.v.

(a) Stationary coordinates (b) Moving coordinates

Fig. -6.12. A shock moves into a still medium as a result of a sudden and complete opening
of a valve

Similar de nitions of the right side and the left side of the shock Mach numbers can
be utilized. It has to be noted that the \upstream" and \downstream" are the reverse
from the previous case. The \upstream" Mach number is

U
My = as = Mgy (6.59)
The \downstream" Mach number is
0
Usij U
M, = S'Cy Y= Mg i M, (6.60)

Note that in this case the stagnation temperature in stationary coordinates changes
(as in the previous case) whereas the thermal energy (due to pressure di®erence) is
converted into velocity. The stagnation temperature (of moving coordinates) is

H 1 H f

ki1l kil
Topi Tox =Ty 1+ 5= (Msyi My)* i T 1+ -5-(My)® =0 (6.61)
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A similar rearrangement to the previous case results in

H : 1
o o _ ki 1i ,%
TOy | TOx - Ty 1+ 1 ZMSyMy + My (662)
Shock in A Suddenly Open Valve Shock in A Suddenly Open Valve
k=14,4'=03 k=14,M=13
LIS — 4
M E — M,

r m, 3.5:— w, E
ot T ] - g E
125 / - i

: /\ — E

F/ ]

:/ |

1 7 E|

L | ] 05, | | | e
07% 10 0 5 10 15 20

Number of Iteration Number of Iteration
Wed Aug 23 17:20:59 2006 Wed Aug 23 17:46:15 2006
0 0
(@ My =0:3 (b) My =1:3

Fig. -6.13. The number of iterations to achieve convergence.

The same question that was prominent in the previous case appears now, what will be
the shock velocity for a given upstream Mach number? Again, the relationship between
the two sides is

v

u 2 >
0 (Msx) TG
Mgy, = My ot - (6.63)

ki1 (Msx) i1

SinceMs, can be represented byls, theoretically equation §.63) can be solved. It
is common practice to solve this equation by numerical methods. One such methods is
\successive substitutions." This method is applied by the following algorithm:

(&) Assume thatM, =1:0.
(b) Calculate the Mach numbeMy by utilizing the tables or Potto{GDC.

(c) Utilizing

rT73
0
My = TJ My + My

X

calculate the new \improved™ .

(d) Check the new and improvell, against the old one. If it is satisfactory, stop or
return to stage 0).
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To illustrate the convergence of the procedure, consider the casMp% = 0:3 and
0
My = 0:3. The results show that the convergence occurs very rapidly (see Figure

(6.13). The larger the value oﬂ\/lyo, the larger number of the iterations required to
achieve the same accuracy. Yet, for most practical purposes, suztcient results can be
achieved after 3-4 iterations.

Piston Velocity When a piston is moving, it creates a shock that moves at a speed
greater than that of the piston itself. The unknown data are the piston velocity, the
temperature, and, other conditions ahead of the shock. Therefore, no Mach number is
given but pieces of information on both sides of the shock. In this case, the calculations
for Us can be obtained from equatior6(24) that relate the shock velocities and Shock
Mach number as

U - Mg (k+1) Mg

X = = (6.64)
Uy Mei % 2+(ki DM

Equation 6.64) is a quadratic equation foMgy. There are three solutions of which
the “rst one isMg = 0 and this is immediately disregarded. The other two solutions
are

9
Lk DUS UK +1662

Ic. (6.65)

SX

The negative sign provides a negative value which is disregarded, and the only solution
left is

0 9e 0 =7
(k+1)Uy + Uy (1+ k) +16¢?
sx — 4c, (6.66)
or in a dimensionless form

”””””””””””””” o JgE—— o —

_(k+1)MyX T My (1+ k) +16

sx — i
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, 4 (6.67)

Where the \strange" Mach number iM SXO = Uy°=q<. The limit of the equation
whenc, !'1 leads to

_ (k+ )My
SX — 4
As one additional \strange" it can be seen that the shock is close to the piston when
the gas ahead of the piston is very hot. This phenomenon occurs in many industrial ap-

plications, such as the internal combustion engines and die casting. Some use equation
(6.68 to explain the next Shock-Choke phenomenon.

(6.68)



114 CHAPTER 6. NORMAL SHOCK

In one of the best book in °uid mechanics provides a problem that is the similar
to the piston pushing but with a twist. In this section analysis will carried for the error
in neglecting the moving shock. This problem is discussed here because at rst glance
looks a simple problem, however, the physics of the problem is a bit complicated and
deserve a discussibn

A piston with a known dimensions (shown in
Figure 6.14 is pushed by a constant force. The

gas (air) with an initial temperature is pushed | em—
through a converging nozzle (shown in the origi- j .
nal schematic). The point where the moving shock T

reaches to the exit there are two situations:choked

and unchoked °ow. If the °ow is choked, then

the Mach number at the exit is one. If the °owFig. -6.14. Schematic of showing the
is unchoked, then the exit Mach number is unPiston pushing air.

known but the pressure ratio is know. Assuming

the °ow isldchoked (%ee later for the calculation) the exit Mach number is 1 and there-
for, Us =  KRT = = 1.4£ 287£ 0:833£ 29315 » 313jm=sed The velocity at the
cylinder is assumed to be isentropic and hence area ratl=i5" = 1600 the condition

at the cylinder can be obtained from Potto-GDC as

‘ —

M kA P AEP F
o % Po | A"EP, Fe

A
Ai?
3614 4| 1: 1.0 1.6E+3| 1.0 1.6E+3 6:7TE+2

-

The piston velocity is thenUpision = 0:000361425F P 1:4£ 287£ 29715 »

0:124jm=seq.

Before the semi state state is achieved, the piston is accelerated to the constant
velocity (or at least most constant velocity). A this stage, a shock wave is moving
away from piston toward the nozzle. If this shock reaches to exit before the semi
state is achieved, the only way to solve this problem is by a numerical method (either
characteristic methods or other numerical method) and it is out of the scope of this
chapter. The transition of the moving shock through the converging nozzle is neglected
in this discussion. However, if a quasi steady state is obtained, this discussion deals with
that case. Before the shock is reaching to exit no °ow occur at the exit (as opposite
to the solution which neglects the moving shock).

The rst case (choked, which is the more common, for example, syringe when
pushing air has similar situations), is determined from the fact that pressure at the
cylinder can be calculated. If the pressure ratio is equal or higher than the critical ratio
then the °ow is choked. For the unchoked case, the exit Mach number is unknown.
However, the pressure ratio between the cylinder and the outside world is known. The
temperature in the cylinder has to be calculated using moving shock relationship.

A student from France forward this problem to this author after argument with his instructor. The
instructor used the book's manual solution and refused to accept the student improved solution which
he learned from this book/author. Therefore, this problem will be referred as the French problem.
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In the present case, the critical force should be calculated rst. The speci ¢ heat
ratio is k = 1:4 and therefore critical pressure ratio is 0.528282. The critical force is

P
Feritical = Peritical Apiston = Pa crll-_l:cal A piston (6.69)
a

In this case

ViE 0:122
Feitca = 101325(1=0:528282 1) £ “T » 102274N]

Since the force is 1100 [N], it is above the critical force the °ow is chocked. The
pressure ratio between the cylinder and the choking point is the critical pressure ratio.
It should be noted that further increase of the force will not change the pressure ratio
but the pressure at the choking point (see the Figure below).

b 101325 + 1100
cylinder —

= — =1
Pa 101325 %

The moving shock conditions are determined from the velocity of the piston. As
“rst approximation the piston Mach number is og)tained from the area ratio in isentropic
°ow (3.614E1 #). Using this Mach number i#1, Potto-GDC provides

Ma | My M| oMy | e | E
1:0002 | 0:99978 0.0 | 0:000361| L0 | 1:001 | L0

The improved the piston pressure ratio (\piston" pressure to the nozzle pressure)
is changed by only 0.1%. Improved accuracy can be obtained in the second iteration by
taking this shock pressure ratio into consideration. However, here, for most engineer-

ing propose this improvement is insigni cant. This information provides the ability to
calculate the moving shock velocity.

Vshock = CMg = cMy = 1:00023 1.4£ 287£ 29315» 3433[m=sed
The time for the moving shock to reach depends on the length of the cylinder as

t = Lcylinder

6.70
Vshock ( )

For example, in case the length is three times the diameter will result then the time is

_ 3£ 012

3433 » 0:001fed
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In most case this time is insigni cant, how-
ever, there are process and conditions that this
shock a®ects the calculations. In Figu8el 7 shows :
the pressure at the nozzle and the piston velocity. |“5ma”
It can be observed that piston velocity increase to
constant velocity very fast. Initially the transition
continue until a quasi steady state is obtained. This
guasi steady state continues until the shock reaches
to the nuzzle and the pressure at the nozzle jump
in a small amount (see Figuré.17). Fig. -6.15. Time the pressure at the

nozzle for the French problem.

Nozzle
Pressure

Piston
Velocity

Time[Msec]

Shock{Choke Phenomenon

Assuming that the gas velocity is supersonic (in stationary coordinates) before the shock

moves, what is the maximum velocity that can be reached before this model fails? In

other words, is there a point where the moving shock is fast enough to reduce the

\upstream" relative Mach number below the speed of sound? This is the point where

regardless of the pressure di®erence is, the shock Mach number cannot be increased.
This shock{choking phenomenon

is somewhat similar to the choking phe- S ol Vaive
nomenon that was discussed earlier in i o

a nozzle °ow and in other pipe °ow o7 f
models (later chapters). The di®er- e\ E

ence is that the actual velocity has no
limit. It must be noted that in the pre- 25 :
vious case of suddenly and completely 1 S~ E
closing of valve results in no limit (at T
least from the model point of view).

To explain this phenomenon, look at
the normal shock. Consider when the

Maximum M
-

5oe
Qo

T T

| |

The spesific heat ratio, k

Thu Aug 24 17:46:07 2006

\upstream” Mach approaches in nity, Fig. -6.16. The maximum of \downstream" Mach

My = Mg !l and the downstrea_m number as a function of the specic heatk.
Mach number, according to equation

(6.39), is approaching to(k j 1)=2k. One can view this as the source of the shock{
choking phenomenon. These limits determine the maximum velocity after the shock
sinceUmax = ¢,My. From the upstream side, the Mach number is
1
r M 1
TH ki 1
My = Mgy = i?: 2'k (6.71)

Thus, the Mach number is approaching in nity because of the temperature ratio but
the velocity is nite.

To understand this limit, consider that the maximum Mach number is obtained
when the pressure ratio is approaching in_nigxt !'1 . By applying equation §.23
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to this situation the following is obtained:
S

H ff
k+1 " Py
= _ + .
and the mass conservation leads to
Usi U, % = U
r—u 1
o Ty 7!
Substituting equations §.26) and (6.25) into equation 6.73) results in
W 3 ‘3 e
vV — u
H U 2 U1+ ket Py
1 P i -
My'= o 1i o too gl Wi, P (6.74)
X Ptk tiﬂl e

When the pressure ratio is approaching in nity (extremely strong pressure ratio), the

results is
S

0 2
My = Kk 1) (6.75)
What happens when a gas with a Mach number larger than the maximum Mach
number possible is °owing in the tube? Obviously, the semi steady state described by
the moving shock cannot be sustained. A similar phenomenon to the choking in the
nozzle and later in an internal pipe °ow is obtained. The Mach number is reduced to
the maximum value very rapidly. The reduction occurs by an increase of temperature
after the shock or a stationary shock occurs as it will be shown in chapters on internal

°ow.

k M M, M, 2
1:30 | 107325 | 0:33968| 2:2645 | 16984229
140 | 98585 | 0:37797| 18898 | 18898296
150 | 92223 | 0:40825| 1.6330 | 20412486
1:60 | 87309 | 0:43301| 14434 | 21650705
1.70 | 83361 | 0:45374| 1.2964 | 22687199
1.80 | 80102 | 0:47141| 1.1785 | 23570293
1:.90 | 77354 | 0:48667| 1.0815 | 24333279
200 | 75000 | 0:50000| 1:00000 | 25000064
210 | 72956 | 051177| 0.93048 | 25588378
220 | 71162 | 052223| 0.87039 | 26111709
230 | 69574 | 0.53161| 0.81786 | 26580536
240 | 68156 | 0.54006| 0:77151 | 27003144
250 | 66881 | 0.54772| 0.73029 | 27386185
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Table of maximum values of the shock-choking phenomenon.
The mass °ow rate when the pressure ratio is approaching in"nity, is

%
e

m 0 0 0
A=Y % =Mg% =M, kRTyR—Tyy
op —
M, kP
= ﬁaﬁy (6.76)
y

Equation (6.76) and equation 6.25 can be transferred for large pressure ratios into
m P_—Pykijl

= - 6.77
A7 YT k+1 ©77)
p__ Since the right hand side of equatior6(77) is constant, with the exception of

Ty the mass °ow rate is approaching in nity when the pressure ratio is approaching
in nity. Thus, the shock{choke phenomenon means that the Mach number is only
limited in stationary coordinates but the actual °ow rate isn't.

Moving Shock in Two and Three Dimensions

A moving shock into a still gas can occur in a cylindrical or a spherical coordifates
For example, explosion can be estimated as a shock moving in a three dimensional
direction in uniform way. A long line of explosive can create a cylindrical moving shock.
These shocks are similar to one dimensional shock in which a moving gas is entering
a still gas. In one dimensional shock the velocity of the shock is constant. In two
and three dimensions the pressure and shock velocity and velocity behind the shock
are function of time. These di®erence decrease the accuracy of the calculation because
the unsteady part is not accounted for. However, the gain is the simplicity of the
calculations. The relationships that have been developed so far for the normal shock
are can be used for this case because the shock is perpendicular to the °ow. However,
it has to be remembered that for very large pressure di®erence the unsteadiness ha:
to be accounted. The deviation increases as the pressure di®erence decrease and th
geometry became larger. Thus, these result provides the limit for the unsteady state.
This principle can be demonstrated by looking in the following simple example.

Example 6.3:

After sometime after an explosion a spherical \bubble" is created with pressure of
20Bar]. Assume that the atmospheric pressurelifdar] and temperature of27C
Estimate the higher limit of the velocity of the shock, the velocity of the gas inside
the \bubble" and the temperature inside the bubble. Assume that 1:4 andR =
287]=kg=K and no chemical reactions occur.

8Dr. Attiyerah asked me to provide example for this issue. Explosion is not my area of research but
it turned to be similar to the author's work on evacuation and Tling of semi rigid chambers. It also
similar to shock tube and will be expanded later.
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Solution
The Mach number can be estimated from the pressure ratio

Pinside =20

Poutside

. One can obtain using Potto{gdc the following

Ty 1/:;, F’y POy
M x My i % Py Pox

4:1576 0:43095| 4:2975 4:6538 | 20:0000 0:12155

or by using the shock dynamics section the following

Mu | My | My My | e
41576 | 0:43095 0 1575 | 4298 |20 0:12155

The shock velocity estimate is then

Z{ S
Us = Ms ¢, =4:1576£ P 1.4 £ 287£ 300» 144347]m=seq

The temperature inside the \bubble" is then

T
Ty=%

Ty =4:298£ 300» 12894K

The velocity of the gas inside the \bubble" is then

U,"= M,’c, = 1575 " T4E 287€ 12894 » 113365[m=sed

These velocities estimates are only the upper limits. The actual velocity will be lower

due to the unsteadiness of the situation.

End solution
This problem is unsteady state but

can be considered as a semi steady state.

T outside

Poutside
This kind of analysis creates a larger er-
ror but gives the trends and limits. The N Uy = Uy
common problem is that for a given pres- T
sure ratio and initial radius (volume) the P(t)

shock velocity and inside gas velocity in-
side are needed. As rst approximation it
can be assumed material inside the \bub-

ble is uniform and undergoes isentropig:g .17, Time the pressure at the nozzle for
process. This is similar to shock tube.  the French problem.



120 CHAPTER 6. NORMAL SHOCK

The assumption of isentropic pro-
cess is realistic but the uniformaty produce
large error as the velocity must as function
of the radius to keep mass conservation. However, similar functionality (see boundray
layer argument) is hope°y exist. In that case, the uniformality assumption produces
smaller error than otherwise expected. Under this assumption the volume behind the
shock has uniform pressure and temperature. This model is built under the assumption
that there is no chemical reactions. For these assumptions, the mass can be expresse
(for cylinder) as

m = == (6.78)

It can be noticed that all the variables are function of time with the exption of gas
constant. The enterging mass behide the shock is then
zj| {
Mmij, = 2%r L Uy Yaside (679)
The mass ballance on the material behide the shock is
m(t) i min =0 (6.80)

Substituting equaitons §.78) and (6.79) into equation (6.80) results in

d Z_}\riz_{
P 1
a% i 2% Uy Yauside =0 (6.81)
or after simpli cation as
dPr?
G RT i 2rUy Yausige =0 (6.82)

The velocityM is given by equation@.72) and can be used to expressed the velocity
as

Z s {
> st i

8}
k+1 I:)outside
. + )
ok 501 +1 (6.83)

P
Uy = ¢ My = kR Toutside

Subsituting equation §.83) into equation 6.82) yields

S P

H 1l
dPr? P k+1
aﬁ i 2r k RToutside

471
Al

S
U § 1 +1=0 (6.84)

2k P
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which is a “rst order di®erenctial equation. The temperature behide the shock are
afected by the conversion of the kinetic energy the The isentropic relationship for the
radius behide the shock can be exprssed as

V1
= lini

p 1ok

5 (6.85)

Equations (?) and (6.85 can be substituted into §.84) and denotingP = P=Py;
to yeild

‘é 05— T
o1 UK Ll outside
dPinilﬂrinilﬁ'k 1P — 0 T k+1 P §
— M i 21 PT 2Kk KR Tous i 1% +1=0
dt ki1 | ini out5|de%J 2K ) i
R Tini |§' k

(6.86)

6.3.4 Partially Open Valve

The previous case is a special case of the moving shock. The general case is when
one gas °ows into another gas with a given velocity. The only limitation is that the
\downstream' gas velocity is higher than the \upstream" gas velocity as shown in Figure

(6.20).

>

WUe= Us Uy

| T
I e
| ! Uy ' Upstream
|
N u’>u,’
R4
W R
c.v. cv
(a) Stationary coordinates (b) Moving coordinates

Fig. -6.18. A shock moves into a moving medium as a result of a sudden and complete open
valve.

The relationship between the di®erent Mach numbers on the \upstream" side is
My = Mg i My (6.87)
The relationship between the di®erent Mach on the \downstream" side is
My = Mg i My (6.88)

An additional parameter has be supplied to solve the problem. A common problem
is to nd the moving shock velocity when the velocity \downstream" or the pressure
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is suddenly increased. It has to be mentioned that the temperature \downstream"
is unknown (the °ow of the gas with the higher velocity). The procedure for the
calculations can be done by the following algorithm:

(&) Assume thatM, = MX°+1:

(b) Calculate the Mach numbely by utilizing the tables or Potto{GDC.

(c) Calculate the \downstream" shock Mach numbédsy = My + My0

(d) Utilizing . —

My = = (My) i My
X

calculate the new \improved'M

(e) Check the new and improvelll, against the old one. If it is satisfactory, stop or
return to stage 0).

Earlier, it was shown that the shock Shack in A Suddenly Open Valve
choking phenomenon occurs when the ®ow e ey
is running into a still medium. This phe- 09 .
nomenon also occurs in the case where a osf- O Twle
faster °ow is running into a slower °uid. 07 Mezeo
The mathematics is cumbersome but re- % o : 1
sults show that the shock choking phe- osf- \ b
nomenon is still there (the Mach number 04t 1
is limited, not the actual °ow). Figure ov7”‘0{4‘”‘O‘_g‘”1‘_‘2“M‘1“_g”“2””2‘;”‘2‘_57

(6.19 exhibits some \downstream" Mach ’
numbers for various static Mach numbers, Thy Ot 18 20:3039 2000

Myo, and for various static \upstream" _ _

Mach numberS,MXD. The ~gure demon- Fig. -6.19. The results of the partial opening of
. the valve.

strates that the maximum can also occurs

in the vicinity of the previous value (see following question/example).

6.3.5 Partially Closed Valve

The totally closed valve is a special case of a partially closed valve in which there is
a sudden change and the resistance increases in the pipe. The information propagates
upstream in the same way as before. Similar equations can be written:

U= Us+ Uy (6.89)

Uy = Us+ U, (6.90)
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AR

C.v.

(a) Stationary coordinates (b) Moving coordinates

Fig. -6.20. A shock as a result of a sudden and partially a valve closing or a narrowing the
passage to the °ow

My = Mg+ M, (6.91)

My = Mg+ M, (6.92)

For given static Mach numbers the procedure for the calculation is as follows:

(@) Assume thatM, = MX0 +1:
(b) . Calculate the Mach numbeM, by utilizing the tables or Potto{GDC

(c) Calculate the \downstream" shock Mach numbé&fsy = My j My0

(d) Utilizing ,

T 0
My = T*y (M sy) + My
X
calculate the new \improved'M 4

(e) Check the new and improvellly against the old one. If it is satisfactory, stop or
return to stage ).

6.3.6 Worked{out Examples for Shock Dynamics

Example 6.4:

A shock is moving at a speed of 450 [m/sec] in a stagnated gas at pressurfBaf 1
and temperature oR7*C. Compute the pressure and the temperature behind the shock.
Assume the speci ¢ heat ratio is k=1.3.
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Solution

It can be observed that the gas behind the shock is moving while the gas ahead of the
shock is still. Thus, it is the case of a shock moving into still medium (suddenly opened
valve case). First, the Mach velocity ahead of the shock has to calculated.

0 U 450

v = PiRT T PI3E 2872 300

» 1:296

By utilizing Potto{GDC or Table ©.4) one can obtain the following table:

0 0 T P Po
y y y
M My M My T . By

2:4179| 0:50193 0:0 1:296 | 1:809 | 6:479 | 0:49693

Using the above table, the temperature behind the shock is
T
Ty = Ty0 = %Tx =1:809£ 300» 5427K
X

In same manner, it can be done for the pressure ratio as following

P
P, =P = 52 Px = 6:4792 1:0» 6:479Bar]
X
The velocity behind the shock wave is obtained (for con rmation)
. . p hpi
Uy = My c =1:296€£ 1L:3£ 287£ 5427 » 450 sec

End solution

Example 6.5:

Gas °ows in a tube with a velocity o#450jm=sed. The static pressure at the tube

is 2Bar and the (static) temperature of300K . The gas is brought into a complete
stop by a sudden closing a valve. Calculate the velocity and the pressure behind the
re°ecting shock. The speci ¢ heat ratio can be assumed tokbe 1:4.

Solution

The “rst thing that needs to be done is to "'nd the prime Mach numbeo =1:2961
Then, the prime properties can be found. At this stage the re°ecting shock velocity is
unknown.

Simply using the Potto{GDC provides for the temperature and velocity the fol-
lowing table:

0 0 T P Po
y y y
Mo | My | M | ™M, L8 Py a

2:0445| 0:56993 1:2961 | 0:0 1:724 | 4710 | 0:70009
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If you insist on doing the steps yourself, 'nd the upstream prime Malsm@0 to
be 1.2961. Then using Table6(2) you can nd the properMy. If this detail is not
suzcient then simply utilize the iterations procedure described earlier and obtain the
following:

i M, M, T M,y
0 2:2961 0:53487 1:9432 0:.0
1 2:042 0:57040 1.722 0.0
2 2:045 0:56994 1:724 0:.0
3 2:044 0:56995 1:724 0:0
4 2:044 0:56995 1:724 0:0

The table was obtained by utilizing Potto{GDC with the iteration request.

End solution

Example 6.6:

What should be the prime Mach number (or the combination of the velocity with the
temperature, for those who like an additional step) in order to double the temperature
when the valve is suddenly and totally closed?

Solution

The ratio can be obtained from Table5(3). It can also be obtained from the stationary
normal shock wave table. Potto-GDC provides for this temperature ratio the following
table:

Ty Yy Py Poy
M My T A P Fo,
2:3574 0:52778 | 2:0000 3:1583 6:3166 0:55832
using the required = 2:3574in the moving shock table provides
My | My | M| My o e
2:3574 | 0:52778 0:78928 0:0 2:000 | 6:317 | 0:5583(

End solution

Example 6.7:

A gas is °owing in a pipe with a Mach number of 0.4. Calculate the speed of the shock
when a valve is closed in such a way that the Mach number is reduced by half. Hint,
this is the case of a partially closed valve case in which the ratio of the prime Mach
number is half (the new parameter that is added in the general case).
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Solution

Refer to section §.3.5 for the calculation procedure. Potto-GDC provides the solution
of the above data

0 0 T P Po
y y y
M My M My T By Bo.

1:1220 | 0:89509 0:40000 0:2000Q 1:0789 | 1:3020 | 0:99813

If the information about the iterations is needed please refer to the following table.

M M, Iy Py M,
14000 | 0.73971| 1.2547 | 2:1200 | 020000
1.0045 | 0.99548| 1.0030 | 1:0106 | 020000
11967 | 0.:84424| 1.1259 | 1:5041 | 020000
1.0836 | 0092479| 1.0545 | 1.2032 | 020000
11443 | 0.87903| 1.0930 | 1:3609 | 0:20000
11099 | 0.90416| 1.0712 | 1.2705 | 0:20000
11288 | 0.89009| 1.0832 | 1:3199 | 020000
11182 | 0:89789| 1.0765 | 1:2922 | 0:20000
11241 | 0.89354| 1.0802 | 1:3075 | 020000
11208 | 0:89595| 1.0782 | 1.2989 | 020000
10 | 11226 | 0:89461| 1:.0793 | 1:3037 | 0:20000
11 | 11216 | 0:89536| 1.0787 | 1:3011 | 0.20000
12 | 11222 | 0:89494| 1:.0790 | 1:3025 | 0:20000
13 | 11219 | 0:89517| 1.0788 | 1:3017 | 0.20000
14 | 11221 | 0:89504| 1:.0789 | 1:3022 | 0:20000
15 | 11220 | 0:89512| 1.0789 | 1:3019 | 020000
16 | 11220 | 0.89508| 1.0789 | 1:3020 | 0.20000
17 | 11220 | 0:89510| 1.0789 | 1:3020 | 020000
18 | 11220 | 0:89509| 1.0789 | 1:3020 | 0.20000
19 | 11220 | 0:89509| 1.0789 | 1:3020 | 020000
20 | 11220 | 0:89509| 1:0789 | 1.3020 | 0:20000
21 | 11220 | 0:89509| 1:0789 | 13020 | 0:20000
22 | 11220 | 0:89509| 1.0789 | 1:3020 | 0:20000

O ON|O| U AW N O

End solution

Example 6.8:
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A piston is pushing air that °ows in a tube with a
Mach number ofM = 0:4 and 300fC. The piston
is accelerated very rapidly and the air adjoined the
piston obtains Mach numbeM = 0:8. Calculate
the velocity of the shock created by the piston in:
the air. Calculate the time it takes for the shock to
reach the end of the tube af:0m length. Assume | . e
that there is no friction and the Fanno °ow model P!Ston pushing air in a
is not applicable. tube.

Fig. Schematic of a

Solution

Using the procedure described in this section, the solution is

0 0 T P Po
y y y
M 4 My M 4 My T E® Bo

1:2380 | 0:81942 0:5000Q 0:80000 1:1519| 1:6215 | 0:9886(

The complete iteration is provided below.

i M, M, = £ M,
1:5000 | 0:70109| 1:3202 | 24583 | 0:80000
12248 | 0:82716| 1:1435 | 1:5834 | 0:80000
1:2400 | 0:81829| 1.1531 | 16273 | 0:80000
1:2378 | 0:81958| 11517 | 1.:6207 | 0:80000
12381 | 0:81940| 1:1519 | 1:6217 | 0:80000
12380 | 0:81943| 1.1519 | 16215 | 0.80000
1:2380 | 0:81942| 1.1519 | 16216 | 0:80000

OO AW N RO

The time it takes for the shock to reach the end of the cylinder is

- length _, 1 = 0:0034Bed
m TAE 287E 300(12380; 0:4)
Cx (Mx i Mxo)

End solution

Example 6.9:
From the previous examplé??) calculate the velocity di®erence between initial piston
velocity and "nal piston velocity.

beginlatexonly
Solution
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The stationary di®erence between the two sides of the shock is:
0 0 0 0
cU=Uy | Ut =gV i U
0 q_—— 1

Ty
a____ H{
= 1.4£ 287£ 300B0:8£ 1:1519; 0:5

» 1244]m=se(q

End solution

Example 6.10:

An engine is designed so that two
pistons are moving toward each

other (see Figurd6.21)). The air 1 (Bar]

between the pistons is at[Bar] 300K

and 30K . The distance between 40 misec «Lsm/ 70 misec
the two pistons isl[m]. Calculate e

the time it will take for the two SN

shocks to collide.
Solution Fig. -6.21. Figure for Example(6.10)
This situation is an open valve case where the prime information is given. The solution

is given by equation@.66), and, it is the explicit analytical solution. For this case the
following table can easily be obtain from Potto{GDC for the left piston

° ° T P Po 0
y y y
M & My M x My T . o Uy Cx

1:0715| 0:93471| 0:0 | 0:95890| 1:047 | 1:173 | 0:99959 | 40.0 | 347

while the velocity of the right piston is

° ° T P Po 0
y y y
M & My M x My T . o Uy Cx

1:1283 | 0:89048 | 0:0 | 0:93451| 1:083 | 1:318 | 0:99785 | 70:0 | 347

The time for the shocks to collide is

length 1[m]

= = X 1
Ui+ Us,  (1:0715+ L1283)347 > O'0013ked

End solution
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6.4 Shock Tube

The shock tube is a study tool with very little practical purposes. It is used in many
cases to understand certain phenomena. Other situations can be examined and extended
from these phenomena. A cylinder with two chambers connected by a diaphragm. On
one side the pressure is high, while the pressure on the other side is low. When the
diaphragm is ruptured the gas from the high pressure section °ows into the low pressure
section. When the pressure is high enough, a shock is created that it travels to the
low pressure chamber. This is the same case as in the suddenly opened valve case
described previously. At the back of the shock, expansion waves occur with a reduction
of pressure. The temperature is known to reach several thousands degrees in a very
brief period of time. The high pressure chamber is referred to in the literature is the
driver section and the low section is referred to as #ansion section.

Initially, the gas from the
driver section is coalescing from 5 AT 3]
small shock waves into a large ~ )
shock wave. In this analysis, it is ﬁzﬂfns'on Diaphragm
assumed that this time is essen-
tially zero. Zone 1 is an undis- reflective

. shock

turbed gas and zone 2 is an area wave
where the shock already passed. o \
The assumption is that the shock R e
. . . tq 3 ey
is very sharp with zero width. & goc¥
On the other side, the expansion %
waves are moving into the high /
pressure chamber i.e. the driver distance
section. The shock is moving at
a supersonic speed (it depends OFig. -6.22. The shock tube schematic with a pressure
the de nition, i.e., what reference \diagram."
temperature is being used) and the medium behind the shock is also moving but at a
velocity, U,, which can be supersonic or subsonic in stationary coordinates. The ve-
locities in the expansion chamber vary between three zones. In zone 3 is the original
material that was in the high pressure chamber but is now the same pressure as zone
2. Zone 4 is where the gradual transition occurs between original high pressure to low
pressure. The boundaries of zone 4 are de ned by initial conditions. The expansion
front is moving at the local speed of sound in the high pressure section. The expansion
back front is moving at the local speed of sound velocity but the actual gas is moving in
the opposite direction irlJ,. In fact, material in the expansion chamber and the front
are moving to the left while the actual °ow of the gas is moving to the right (refer to
Figure 6.22). In zone 5, the velocity is zero and the pressure is in its original value.

The properties in the di®erent zones have di®erent relationships. The relationship
between zone 1 and zone 2 is that of a moving shock into still medium (again, this is
a case of sudden opened valve). The material in zone 2 and 3 is moving at the same
velocity (speed) but the temperature and the entropy are di®erent, while the pressure in
the two zones are the same. The pressure, the temperature and their properties in zone

2 | ! l
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4 aren't constant and continuous between the conditions in zone 3 to the conditions
in zone 5. The expansion front wave velocity is larger than the velocity at the back
front expansion wave velocity. Zone 4 is expanding during the initial stage (until the
expansion reaches the wall).

The shock tube is a relatively sgall lengthy 2[m] and the typical velocity is in
the range of the speed of sound,» = 340 thus the whole process takes only a few
milliseconds or less. Thus, these kinds of experiments require fast recording devices (c
relatively fast camera and fast data acquisition devices.). A typical design problem of a
shock tube is "nding the pressure to achieve the desired temperature or Mach number.
The relationship between the di®erent properties was discussed earlier and because it i
a common problem, a review of the material is provided thus far.

The following equations were developed earlier and are repeated here for clari -
cation. The pressure ratio between the two sides of the shock is

P2 _ k| 1 H ﬂ

2k 2.
P71— k+1 mMsl ] 1 (693)

Rearranging equationg.93 becomes

r
kl l+ k+lP2

Ms1 = —— = 6.94
st 2k 2k P, (6.94)
Or expressing the velocity as
r
kil k+1P;
Us= Mg =¢ ——+ —= 6.95
S sitl 1 2k 2k Pl ( )
And the velocity ratio between the two sides of the shock is
Ui %1t iGae (6.96)
0" TRR |
The °uid velocity in zone 2 is the same
M 1
0_ (] - _ . U2
U,"=Usj Up=Us 1) —= (6.97)
Us
From the mass conservation, it follows that
U _ %
== = 6.98
0.~ % (6.98)
r V—
0 ki 1. k+1P,H ol oy B2
U, = ¢ + e . 6.99
2T T 2k P T 1+ kLlP (6.99)

k] 1P,
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After rearranging equation@.99 the result is

v
M Tu K
o_ € Py )
U2 - ? P71l 1 P72|(' 1 (6100)

On the isentropic side, in zone 4, taking the derivative of the continuity equation,
d(*2Y = 0, and dividing by the continuity equation the following is obtained:
dvs_ du

=i o (6.101)

Since the process in zone 4 is isentropic, applying the isentropic relationShip ¥5i 1)
yields

r— p_ Y
c T Yo 2
- = _—_= = 6.102
Cs Ts % ( )
From equation 6.101) it follows that
Mo Twis
dve Yo 2
= i — = — 1
du=jc m Cs Y dvz (6.103)
Equation 6.103 can be integrated as follows:
Z U3 z Yz H ]/21-[ k'Tl
du = G dvz (6.104)
Us=0 Yy Z3
The results of the integration are
A !
Mo et
2Cs 1 2
= 1 = A
Us o1 Y1 (6.105)
Or in terms of the pressure ratio as
A !
Mo Teia
205 P3 2K
= 1;i — 1
Us 1 NR (6.106)

As it was mentioned earlier the velocity at poirﬁ% and 3 are identical, hence equation
(6.106 and equation 6.100 can be combined to yield

(6.107)

T
i
[y
+ -
=~
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After some rearrangement, equatio®.(L0?) is transformed into
O 3 4 1 . A

. cp Ps .
Ps P, (ki g pri 1
5o 2R, ¢ (6.108)
2k 2k+(k+1) P21
1

Or in terms of the Mach numbenv ¢,

_ u 1" Kido iy 2. 1O 2
P5_ k1| 1 2k Mslzi 1 1| fqé Msl | 1

P, k+1+1 kij 1 Mgz (6.109)

Using the Rankine{Hugoniot relationship and the perfect gas model, the following is
obtained:

T 1+ kli 1P72
L Kitl Py (6.110)

T, kiji 1Py
T 1+ g h

By utilizing the isentropic relationship for zone 3 to 5 results in

o M T Met e
S 282 = & (6.111)
Ts Ps B

Example 6.11:
A shock tube with an initial pressure ratio (ﬁf = 20 and an initial temperature of
30K . Find the shock velocity and temperature behind the shock if the pressure ratio

1 P5 —
Is 5= =407

Solution

End solution

6.5 Shock with Real Gases
6.6 Shock in Wet Steam
6.7 Normal Shock in Ducts

The °ow in ducts is related to boundary layer issues. For a high Reynolds number, the
assumption of an uniform °ow in the duct is closer to reality. It is normal to have a large
Mach number with a large Re number. In that case, the assumptions in construction
of these models are acceptable and reasonable.
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6.8 More Examples for Moving Shocks
Example 6.12:

This problem was taken from _

the real industrial manufacturing distance |
world. An engineer is required
to design a cooling system for g _
a critical electronic device. The valve exit
temperature should not increase
above a certain value. In this sys-
tem, air is supposed to reach the
pipe exit as quickly as possible
when the valve is opened (see Figu(@.23). The distance between between the
valve and the pipe exit i8[m]. The conditions upstream of the valve aB9Bar] and

27+C . Assume that there isn't any resistance whatsoever in the pipe. The ambient
temperature is27¢C and 1[Bar]. Assume that the time scale for opening the valve is
signi cantly smaller than the typical time of the pipe (totally unrealistic even though
the valve manufacture claims of 0.0002 [sec] to be opened). After building the sys-
tem, the engineer notices that the system does not cool the device fast enough and
proposes to increase the pressure and increase the diameter of the pipe. Comment on
this proposal. Where any of these advises make any sense in the light of the above as-
sumptions? What will be your recommendations to the manufacturing company? Plot
the exit temperature and the mass °ow rate as a function of the time.

Fig. -6.23. Figure for Example(6.12)

Solution

This problem is known as the suddenly open valve problem in which the shock choking
phenomenon occurs. The time it takes for the shock to travel from the valve depends
on the pressure rati% = 30 for which the following table is obtained

0 0 T P Po
_y oy y
M My M x My T = e

5:0850 | 0:41404 0:0 1:668 | 5:967 | 30:00 0:057811

The direct calculation will be by using the \upstream" Mach numbeévy, = Mg =
5:085Q Therefore, the time is

_ distance _ .3
Ms KRTyx 50850 L4E 287E£ 300

» 0:0017ked

The mass °ow rate after reaching the exit under these assumptions remains constant
until the uncooled material reaches the exit. The time it takes for the material from
the valve to reach the exit is
_ distance _ o 3
Myw kRTy 1:668 L.4£ 287E 300£ 5.967

» 0:0021ped
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During that di®erence of time the material
is get heated instead of cooling down because of
the high temperature. The suggestion of the engi-
neer to increase the pressure will decrease the time Mass Flow
but will increase the temperature at the exit during
this critical time period. Thus, this suggestion con- |

tradicts the purpose of the required manufacturing Ve
needs. } }
To increase the pipe diameter will not change Time[Msec]

the temperature and therefore will not change the
e®ects of heating. It can only increase the ratBig. -6.24. The results for Example
after the initial heating spike (6.12)

A possible solution is to have the valve very close to the pipe exit. Thus, the
heating time is reduced signi cantly. There is also the possibility of steps increase in
which every step heat released will not be enough to over heat the device. The last
possible requirement a programmable valve and very fast which its valve probably exceec
the moving shock the valve downstream. The plot of the mass °ow rate and the velocity
are given in Figure@.24).

End solution

Example 6.13:

Example(6.12) deals with a damaging of electronic product by the temperature increase.
Try to estimate the temperature increase of the product. Plot the pipe exit temperature
as a function of the time.

Solution

To be developed

End solution

6.9 Tables of Normal Shockls,= 1:4 Ideal Gas

Table -6.1. The shock wave table for k = 1.4

Ty i3 Py Poy
Mx My Tx Ya Px P ox

1:00 | 1:00000 1:00000 1:00000 1:00000 1:00000
1:05| 0:95313 1:03284 1:08398 1:11958 0:99985
1:10 | 0:91177 1:06494 1:16908 1:24500 0:99893
1:15 | 0:87502 1:09658 1:25504 1:37625 0:99669
1:20 | 0:84217 1:12799 1:34161 1:51333 0:99280
1:25 | 0:81264 1:15938 1:42857 1:65625 0:98706
1:30 | 0:78596 1:19087 1:51570 1:80500 0:97937
1:35| 0:76175 1:22261 1:60278 1:95958 0:96974
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Table -6.1. The shock wave table for k = 1.4 (continue)

Ty % Py Poy

M x My T W Py Poc

140 | 073971 | 1.25469 | 168966 | 212000 | 0:95819
145 | 071956 | 1.28720 | 177614 | 2:28625 | 0:04484
150 | 070100 | 1.32022 | 186207 | 245833 | 0:92979
155 | 068410 | 1.35379 | 194732 | 2:63625 | 0:91319
160 | 066844 | 1.38797 | 203175 | 2:82000 | 0:89520
165 | 065396 | 142280 | 211525 | 3:.00958 | 0:87599
170 | 0:64054 | 145833 | 219772 | 3.20500 | 0:85572
175 | 062800 | 149458 | 227907 | 340625 | 0.83457
180 | 061650 | 153158 | 235922 | 361333 | 0:81268
185 | 060570 | 156935 | 243811 | 3:82625 | 0:79023
190 | 059562 | 1.60792 | 251568 | 404500 | 0:76736
195 | 058618 | 164729 | 259188 | 426958 | 0:74420
2:00 | 057735 | 168750 | 2:66667 | 450000 | 0:72087
2:05 | 056906 | 172855 | 2:74002 | 473625 | 0:69751
210 | 056128 | 1.77045 | 2:81190 | 4:97833 | 067420
215 | 055395 | 1.81322 | 2:88231 | 5122625 | 0:65105
220 | 054706 | 185686 | 295122 | 548000 | 0:62814
225 | 054055 | 1:.90138 | 3.01863 | 573958 | 0:60553
230 | 053441 | 1:.94680 | 3.08455 | 600500 | 0:583290
235 | 052861 | 199311 | 3.14897 | 627625 | 0:56148
240 | 052312 | 2:04033 | 3.21190 | 655333 | 0:54014
245 | 051792 | 2:08846 | 3.27335 | 683625 | 0:51931
250 | 051299 | 2:13750 | 3:33333 | 7.12500 | 0:49901
275 | 049181 | 239657 | 361194 | 865625 | 0:40623
300 | 047519 | 267901 | 3.85714 | 10.33333 | 0:32834
325 | 046192 | 298511 | 4:07229 | 1215625 | 0.26451
350 | 045115 | 331505 | 4:26087 | 1412500 | 0:21295
375 | 044231 | 3.66894 | 442623 | 1623958 | 0:.17166
400 | 043496 | 404688 | 457143 | 1850000 | 0:13876
425 | 042878 | 444801 | 4:69919 | 20190625 | 0:11256
450 | 042355 | 487500 | 4:81188 | 2345833 | 0:09170
475 | 041908 | 532544 | 491156 | 26.15625 | 0.07505
500 | 041523 | 580000 | 500000 | 29.00000 | 0:06172
525 | 041189 | 629878 | 507869 | 3198958 | 0:05100
550 | 040897 | 6:82180 | 5:14894 | 3512500 | 0:04236
575 | 040642 | 736906 | 521182 | 3840625 | 0:03536
6:00 | 040416 | 7:94050 | 526829 | 4183333 | 0:02965
625 | 040216 | 853637 | 531015 | 4540625 | 0.02498
650 | 040038 | 9:15643 | 5:36508 | 4912500 | 0:02115

135
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Table -6.1. The shock wave table for k = 1.4 (continue)

T, Y, P, P oy
Mx My i % Py Por
675 | 039879 | 9:80077 | 540667 | 5298958 | 0.01798
7:00 | 0:39736 | 1046939 | 5.44444 | 57:00000 | 0:01535
725 | 0:39607 | 1116229 | 547883 | 6115625 | 0.01316
750 | 0:39491 | 11:87948 | 551020 | 6545833 | 0.01133
775 | 0:39385 | 1262095 | 553890 | 69:.90625 | 0:00979
8:00 | 0:39289 | 1338672 | 556522 | 7450000 | 0:00849
825 | 0:39201 | 1417678 | 558939 | 79.23958 | 0:00739
850 | 0.39121 | 1499113 | 561165 | 8412500 | 0:00645
875 | 0:39048 | 1582978 | 563218 | 89.15625 | 0:00565
9:00 | 0:38980 | 1669273 | 565116 | 9433333 | 0.00496
925 | 0:38918 | 1757997 | 566874 | 99.65625 | 0:00437
950 | 0:38860 | 1849152 | 5:68504 10512500 | 0:00387
975 | 0:38807 | 1942736 | 570019 |11073958 | 0:00343
10,00 | 0:38758 | 2038750 | 571429 |11650000 | 0.00304

Table -6.2. Table for a Re°ective Shock from a suddenly closed end (k=1.4)

Ma | My MMy Fr e
1:006 | 0:99403| 0:01| 0.0 1:004 1:.014 1:00000
1:012 | 0:98812| 0:.02| 0.0 1:008 1:028 1:00000
1:018 | 0:98227| 0:03| 0.0 1:012 1:043 0:99999
1:024 | 0:97647| 0.04| 0.0 1:.016 1:.057 0:99998
1:030 | 0:97074| 0:05| 0.0 1:020 1:072 0:99997
1:037 | 0:96506| 0:06| 0.0 1:.024 1.087 0:99994
1:043 | 0:95944| 0:.07| 0.0 1:028 1:102 0:99991
1:049 | 0:95387| 0:.08| 0.0 1:032 1:118 0:99986
1:055 | 0:94836| 0:09| 0.0 1:036 1:133 0:99980
1:062 | 0:94291| 0:10| 0.0 1:040 1:149 0:99973
1:127 | 0:89128| 0:20| 0.0 1:082 1:316 0:99790
1:196 | 0:84463| 0:30| 0.0 1:126 1:502 0:99317
1:268 | 0:80251| 0:40| 0.0 1:171 1:710 0:98446
1:344 | 0:76452| 0:50| 0.0 1:219 1:941 0:97099
1:423 | 0:73029| 0:60| 0.0 1:269 2:195 0:95231
1:505 | 0:69946| 0:70| 0.0 1:323 2:475 0:92832
1:589 | 0:67171| 0:80| 0.0 1:381 2:780 0:89918
1:676 | 0:64673| 0:90| 0.0 1:442 3112 0:86537
1:766 | 0:62425| 1.00| 0.0 1:506 3:473 0:82755
1:858 | 0:60401| 1:.10| 0.0 1:576 3:862 0:78652
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Table -6.2. Table for Re°ective Shock from suddenly closed valve (end) (k=1.4)(continue)

M | My MMy - it
1:.952 | 0:58578| 1:20| 0.0 1:649 4:280 0:74316
2:048 | 0:56935| 1:30| 0.0 1.727 4:728 0:69834
2:146 | 0:55453| 1:40| 0.0 1:810 5:206 0:65290
2:245 | 0:54114| 1:50| 0.0 1:897 5:715 0:60761
2:346 | 0:52904| 1:.60| 0:0 1:990 6:256 0:56312
2:448 | 0:51808| 1:70| 0.0 2:087 6:827 0:51996
2:552 | 0:50814| 1:80| 0.0 2:189 7431 0:47855
2:656 | 0:49912| 1:.90| 0.0 2:297 8:066 0:43921
2:762 | 0:49092| 2:.00| 0.0 2:410 8:734 0:40213

3:859 | 0:43894| 3:.00| 0:0 3:831 1721 0:15637
5:000 | 0:41523| 4:00| 0:0 5:800 29.00 0:061716
6:162 | 0:40284| 5.00| 0:0 8:325 4414 0:026517

7:336 | 0:39566| 6:00| 0:0 | 1141 6262 0:012492

8517 | 0:39116| 7:00| 0:0 | 1505 84:47 0:00639

9:703 | 0:38817| 800| 00 | 1925 1:1E+2 | 0:00350
10:89 | 0:38608| 9:00| 0:0 | 2401 1:4E+2 | 0:00204
12208 | 0:38457 | 10.0 0.0 | 29:33 1:7E+2 | 0:00125

Table -6.3. Table for shock propagating from suddenlppened valve (k=1.4)

0 0 T P Po

v | omy wS M e |
1:006 | 0:99402 | 0.0 0:01 1:004 1:014 1:00000
1:012 | 0:98807 | 0:0 | 0:02 1:008 1:028 1:00000
1:018 | 0:98216 | 0.0 0:03 1:012 1:043 0:99999
1:024 | 0:97629 | 0.0 0:04 1:.016 1:058 0:99998
1:031 | 0:97045 | 0.0 0:05 1:020 1:073 0:99996
1:037 | 0:96465 | 0:0 | 0:06 1:024 1:088 0:99994
1:044 | 0:95888 | 0.0 0:07 1:029 1:104 0:99990
1:050 | 0:95315 | 0:0 0:08 1:033 1:120 0:99985
1:.057 | 0:94746 | 0:0 | 0:09 1.037 1:136 0:99979
1:063 | 0:94180 | 0:0 0:10 1:041 1:152 0:99971
1:133 | 0:88717 | 0:0 | 0:20 1.086 1:331 0:99763
1:210 | 0:83607 | 0:0 0:30 1:134 1:541 0:99181
1:295 | 0:78840 | 0:0 0:40 1:188 1:791 0:98019
1:390 | 0:74403 | 0:0 0:50 1:248 2:087 0:96069
1:495 | 0:70283 | 0:0 0:60 1:317 2:441 0:93133
1:613 | 0:66462 | 0:0 0:70 1:397 2:868 0:89039
1:745 | 0:62923 | 0:0 0:80 1:491 3:387 0:83661
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Table -6.3. Table for shock propagating from suddenlppened valve (k=1.4)

M | My M My - o
1:896 | 0:59649 | 0.0 0:90 1:604 4.025 0:76940
2:068 | 0:56619 | 0:0 1:00 1.744 4:823 0:68907
2:269 | 0:53817 | 0.0 1:100 | 1.919 5:840 0:59699
2:508 | 0:51223 | 0.0 1:200 | 2:145 7:171 0:49586
2:799 | 0:48823 | 0.0 1:300 | 2:450 8:975 0:38974
3:167 | 0:46599 | 0.0 1:400 | 2:881 |11:54 0:28412
3:658 | 0:44536 | 0.0 1.500 | 3:536 |1545 0:18575
4:368 | 0:42622 | 0.0 1:600 | 4:646 |22:09 0:10216
5:551 | 0:40843 | 0.0 1:700 | 6:931 |35.78 0:040812
8:293 | 0:39187 | 0:0 1:800 | 14:32 80:07 0:00721
8:821 | 0:39028 | 0.0 1:810 | 16.07 90:61 0:00544
9:457 | 0:38870 | 0:0 1:820 | 18:33 1:.0E +2 | 0:00395

1024 | 0:38713 | 0:0 1:830 | 21:35 1.2E +2 | 0:00272
11:25 | 0:38557 | 0.0 1:840 | 2557 1:5E +2 | 0:00175
1262 | 0:38402 | 0.0 1:850 | 31.92 1.9 +2 | 0:00101
14:62 | 0:38248 | 0.0 1:860 | 4253 2:5E +2 | 0:000497
17.99 | 0:38096 | 0:0 1:870 | 63:84 3:8E +2 | 0:000181
25.62 0:37944 | 0.0 1:880 | 1.3E+2 | 7.7TE+2 | 3:18E; 5
61:31 | 0:37822 | 0.0 1:888 | 7:3E+2 | 44E +3 | 0.0

6295 | 0:37821 | 0.0 1:888 | 7:7E+2 | 46E +3 | 0:0

6474 | 0:37820 | 0.0 1:888 | 82E+2 | 49E +3 | 0:0

6669 | 0:37818 | 0.0 1:888 | 87E+2 | 52E+3 | 0.0

6883 | 0:37817 | 0:0 1:888 | 9:2E+2 | 555E +3 | 0:0

71:18 | 0:37816 | 0.0 1:889 | 99E+2 | 59E +3 | 0:0

7380 | 0:37814 | 0.0 1:889 | 1.1E+3 | 6:4E +3 | 0:0

7672 | 0:37813 | 0.0 1:889 | 1.1E+3 | 69E +3 | 0.0

80:02 | 0:37812 | 0.0 1:889 | 1.2E+3 | 7.5E +3 | 0:0

8379 | 0:37810 | 0.0 1:889 | 1.4E+3 | 82E+3 | 0.0

Table -6.4. Table for shock propagating from a suddenlgpened valve (k=1.3)

M My [Mc | My | Fr e
1:0058 | 0:99427 | 0.0 | 0.010 | 1.003 | 1:013 | 1:00000
1.012 | 0.98857 | 0.0 | 0.020 | 1.006 | 1:026 | 1:00000
1,017 | 0:98290 | 0.0 | 0.030 | 1.009 | 1:.040 | 0:99999
1.023 | 097726 | 0.0 | 0.040 | 1.012 | 1:054 | 0.99998
1.029 | 0.97166 | 0.0 | 0.050 | 1.015 | 1.067 | 0.99997
1.035 | 0.96610 | 0.0 | 0.060 | 1.018 | 1:081 | 0.99995
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Table -6.4. Table for shock propagating from a suddenlgpened valve (k=1.3)

M My MMyt o e

1.042 | 0.96056 | 0.0 | 0.070 ] 1.021 | 1:096 | 0:99991
1.048 | 0.95506 | 0.0 | 0.080 | 1.024 | 1110 | 0:99987
1.054 | 0.94959 | 0.0 | 0.090 | 1.028 | 1125 | 0:99981
T.060 | 0:94415 | 0.0 | 0.100 | 1.031 | 1140 | 0:99975
1126 | 0:89159 | 0.0 | 0.200 | 1:063 | 1302 | 0.99792
1197 | 0:84227 | 0.0 | 0.300 | 1.098 | 1:489 | 0.99288
1.275 | 079611 | 0.0 | 0:400 | 1.136 | 1706 | 0:98290
1.359 | 0:75301 | 0.0 | 0:500 | 1177 | 1:959 | 0:96631
1452 | 071284 | 0.0 | 0:600 | 1.223 | 2252 | 0.:94156
1553 | 0:67546 | 0.0 | 0.700 | 1274 | 2595 | 0:90734
1663 | 0:64073 | 0.0 | 0.800 | 1.333 | 2997 | 0:86274
1785 | 0:60847 | 0.0 | 0.900 | 1400 | 3471 | 0:80734
1:919 | 057853 | 0.0 | 100 | 1.478 | 4034 | 0.74136
2069 | 055074 | 0.0 | 1:100 | 1570 | 4707 | 0:66575
2236 | 052495 | 0.0 | 1200 | 1.681 | 5522 | 0558223
2426 | 050100 | 0.0 | 1:300 | 1:815 | 65523 | 0.49333
2644 | 047875 | 0.0 | 1400 | 1.980 | 7772 | 0:40226
2:898 | 0.45807 | 0.0 | 1:500 | 2191 | 9:367 | 0.31281
3202 | 043882 | 0.0 | 1:600 | 2467 | 1146 | 0.22904
3576 | 042089 | 0.0 | 1:700 | 2842 | 1432 | 0.15495
4053 | 040418 | 0.0 | 1:800 | 3:381 | 1844 | 0.093988
4109 | 0.40257 | 0.0 | 1:810 | 3448 | 1895 | 0.088718
4166 | 040097 | 0.0 | 1:820 | 3510 | 1949 | 0.083607
4225 | 0.39938 | 0.0 | 1:830 | 3592 | 2005 | 0.078654
4286 | 0.39780 | 0.0 | 1:840 | 3660 | 2064 | 0.073863
47349 | 0.39624 | 0.0 | 1:850 | 3.749 | 2125 | 0.069233
4415 | 0.39468 | 0.0 | 1:860 | 3.834 | 21.90 | 0.064766
4482 | 0:39314 | 0.0 | 1:870 | 3923 | 2258 | 0:060462
4553 | 0.39160 | 0.0 | 1:880 | 4016 | 2330 | 0.056322
4611 | 0.39037 | 0.0 | 1:888 | 4096 | 2391 | 0.053088
4612 | 0.39035 | 0.0 | 1:888 | 4097 | 2391 | 0.053053
4613 | 0.39034 | 0.0 | 1:888 | 4098 | 2392 | 0.053018
4613 | 0.39033 | 0.0 | 1:888 | 4099 | 2393 | 0.052984
4614 | 0.39031 | 0.0 | 1:888 | 4099 | 2393 | 0.052949
4615 | 0.39030 | 0.0 | 1:889 | 4100 | 2394 | 0.052914
4615 | 0.39029 | 0.0 | 1:889 | 4101 | 2395 | 0.052879
4616 | 0.39027 | 0.0 | 1:889 | 4102 | 2395 | 0.052844
4616 | 0.39026 | 0.0 | 1:889 | 4103 | 2396 | 0.052809
4617 | 0.39025 | 0.0 | 1:889 | 4104 | 2397 | 0.052775
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CHAPTER 7

Normal Shock in Variable Duct
Areas

In the previous two chapters,

the °ow in a variable area L‘“\ R
duct and a normal shock (dis- M=
continuity) were discussed. A R —

discussion of the occurrences S ..
of shock in °ow in a variable W

is presented. As it is was pre-

sented before, the shock can

occur only in steady state

when there is a supersonic -
°ow. but also in steady state

cases when there is no super-

sonic °ow (in stationary co- ! Supersoic

ordinates). As it was shown 1 b

in Chapter6, the gas has to distance. x

pass through a converging{

diverging nozzle to obtain arig, -7.1. The °ow in the nozzle with di®erent back pressures.
supersonic °ow.

In the previous chapter, the °ow in a convergent{divergent nuzzle was presented
when the pressure ratio was above or below the special range. This Chapter will present
the °ow in this special range of pressure ratios. It is interesting to note that a normal
shock must occur in these situations (pressure ratios).

In Figure (7.1) the reduced pressure distribution in the converging{diverging
nozzle is shown in its whole range of pressure ratios. When the pressure Patids

Subsonic
\
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between point &" and point \ b" the °ow is di®erent from what was discussed before. In
this case, no continuous pressure possibly can exists. Only in one point WRherePy,
continuous pressure exist. If the back pressuPe, is smaller thanP,, a discontinuous
point (a shock) will occur. In conclusion, once the °ow becomes supersonic, only exact
geometry can achieve continuous pressure °ow.

In the literature, some refer to a nozzle with an area ratio such pdinas
above the back pressure and it is referred to as an under{expanded nozzle. In the
under{expanded case, the nozzle doesn't provide the maximum thrust possible. On
the other hand, when the nozzle exit area is too large a shock will occur and other
phenomenon such as plume will separate from the wall inside the nozzle. This nozzle
is called an over{expanded nozzle. In comparison of nozzle performance for rocket and
aviation, the over{expanded nozzle is worse than the under{expanded nozzle because
the nozzle's large exit area results in extra drag.

The location of the shock is determined by geometry to achieve the right back
pressure. Obviously if the back pressuRs, is lower than the critical value (the only
value that can achieve continuous pressure) a shock occurs outside of the nozzle. If the
back pressure is within the range 8f to Py, than the exact location determines that
after the shock the subsonic branch will match the back pressure.

The rst example is for
academic reasons. It has to be
recognized that the shock wave ’
isn't easily visible (see Mach's
photography techniques). There-
fore, this example provides a
demonstration of the calculations
required for the location even if it
isn't realistic. Nevertheless, this
example will provide the funda-
mentals to explain the usage of Fig. -7.2. A nozzle with normal shock
the tools (equations and tables)
that were developed so far.

troat

ASLSRSRAS]

exit
point "e"

TS
y

Example 7.1:

A large tank with compressed air is attached into a converging{diverging nozzle at
pressured[Bar] and temperature of 35C. Nozzle throat area is 8m?] and the exit
area is 9fm?] . The shock occurs in a location where the cross section areacisiq[

. Calculate the back pressure and the temperature of the °ow. (It should be noted
that the temperature of the surrounding is irrelevant in this case.) Also determine the
critical points for the back pressure (pointa" and point \ b").

Solution

Since the key word \large tank" was used that means that the stagnation temperature
and pressure are known and equal to the conditions in the tank.
First, the exit Mach number has to be determined. This Mach number can
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be calculated by utilizing the isentropic relationship from the large tank to the shock
(point \x" ). Then the relationship developed for the shock can be utilized to calculate
the Mach number after the shock, (pointy" ). From the Mach number after the
shock,My, the Mach number at the exit can be calculated by utilizing the isentropic
relationship.

It has to be realized that for a large tank, the inside conditions are essentially the
stagnation conditions (this statement is said without a proof, but can be shown that the
correction is negligible for a typical dimension ratio that is over 100. For example, in the
case of ratio of 100 the Mach number is 0.00587 and the error is less than %0.1). Thus,
the stagnation temperature and pressure are knolgn= 308K and Py = 4[Bar]. The
star area (the throat area) A", before the shock is known and given as well.

Ax 6

A® 3
With this ratio (A=A" = 2) utilizing the Table ¢.1) or equation 5.48) or the GDC{
Potto, the Mach numberM is about 2.197 as shown table below:

=2

M T Yo A P AEP
To % A7 Po ASEP,

2:1972 0:50877| 0:18463| 2:0000 0:09393| 0:18787

With this Mach number,M, = 2:1972the Mach numberM, can be obtained.
From equation 6.22) or from Table 5.2) My 2 0:54746 With these values, the
subsonic branch can be evaluated for the pressure and temperature ratios.

Ty Y Py Poy
MX My T« Y Px POx

2:1972 0:54743| 1:8544 2:9474 5:4656 0:62941

From Table 6.2) or from equation 6.11) the following Table for the isentropic
relationship is obtained

M I # A P AEP
To Y2 A7 Po AREPy
0:54743| 0:94345| 0:86457| 1:2588 | 0:81568| 1:0268

Again utilizing the isentropic relationship the exit conditions can be evaluated.
With known Mach number the new star area ratid,, =A" is known and the exit area
can be calculated as

Ae _ Ae . Ay 9
= —£ =1:2588£ - =1: 2
A=~ A, £ A 588 6 888
with this area ratio,,’i—s =1:8882 one can obtain using the isentropic relationship as
Y2
M % 73 AAi’) Ppio AA‘\’E Eo
0:32651| 0:97912| 0:94862| 1.8882 0:92882| 1:7538
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Since the stagnation pressure is constant as well the stagnation temperature, the
exit conditions can be calculated.

1 f il f
=) i = H I:)exit H PO H Py H IDx PO
exit — 5 5 5
P P, P P
0 u y ﬁ 0

=0:92882£ £ 5:1466£ 0:094£ 4

0:81568
2 2:34Bar]
The exit temperature is

1 1 1 1
uTexit H To H Ty H Tx

Texi — T

exit TO uTy 1.T|_x TO 0
=0:98133£ £ 1:854f£ O: £
0:98133; 0.951 854£ 0:509£ 308
22999K

For the \critical" points "a" and "b" are the points that the shock doesn't occur
and yet the °ow achieve Mach equal 1 at the throat. In that case we don't have to go
through that shock transition. Yet we have to pay attention that there two possible back
pressures that can \achieve" it or target. The area ratio for both casesA#A® = 3
In the subsonic branch (either using equation or the isentropic Table or GDC-Potto as

M I Ikl A P AEP
To % A7 Po AEP,

0:19745| 0:99226| 0:98077| 3:0000 0:97318| 2:9195
2:6374 0:41820| 0:11310| 3:0000 0:04730| 0:14190

wp 1
Pexit = ;XO“ Po = 0:99226£ 4 23:97[Bar]

For the supersonic sonic branch

Po = 0:41820£ 4 2 1:6728Bar ]

It should be noted that the °ow rate is constant and maximum for any point beyond
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the point "a" even if the shock is exist. The °ow rate is expressed as following

zf{M- %§§ :

al e
m=%A"U= —AcM = —0— 1A kRTn =3 "A kR=—To
RT“ R I T To
TD To O
RBr T
I ? z-}
The temperature and pressure at the throat are:
o 1

T = T Tp = 0:833£ 308 = 256:7K
0
The temperature at the throat reads
Moo
P"= B Po =0:5283£ 4 =2:113Bar]
0

The speed of sound is
_b

1.4 £ 287£ 2567 = 321:12]m=se(
And the mass °ow rate reads

410

i 4 19 = (- -
s57g 2573 E 10 * £ 321112 = 0:13kg=seq

m =
It is interesting to note that in this case the choking condition is obtainéd & 1) when
the back pressure just reduced to less than 5% than original pressure (the pressure in the
tank). While the pressure to achieve full supersonic °ow through the nozzle the pressure
has to be below the 42% the original value. Thus, over 50% of the range of pressure a
shock occores some where in the nozzle. In fact in many industrial applications, these
kind situations exist. In these applications a small pressure di®erence can produce a
shock wave and a chock °ow.

End solution

For more practical examptefrom industrial application point of view.

Example 7.2:
In the data from the above exampl€/.1l) where would be shock's location when the
back pressure i2[Bar ]?

1The meaning of the word practical is that in reality the engineer does not given the opportunity to
determine the location of the shock but rather information such as pressures and temperature.
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Solution

The solution procedure is similar to what was shown in previous Exampl®.( The
solution process starts at the nozzle's exit and progress to the entrance.

The conditions in the tank are again the stagnation conditions. Thus, the exit
pressure is between point \a" and point \b". It follows that there must exist a shock
in the nozzle. Mathematically, there are two main possible ways to obtain the solution.
In the "rst method, the previous example information used and expanded. In fact,
it requires some iterations by \smart" guessing the di®erent shock locations. The
area (location) that the previous example did not \produce" the \right" solution (the
exit pressure wag:113Bar]. Here, the needed pressure is or@fBar] which means
that the next guess for the shock location should be with a larger &reBhe second
(recommended) method is noticing that the °ow is adiabatic and the mass °ow rate
is constant which means that the ratio of th®y £ A" = Py £ A"j@y (upstream
conditions are known, see also equatidh (1)).

Pexit Aexit — Pexit Aexit — 2£9
Pxof£ A" Py, EAS" 4£3

= 1:5[unitless ]

With the knowledge of the ratio% which was calculated and determines the exit

Mach number. Utilizing the Tableo?g.Z) or the GDC-Potto provides the following table
is obtained

M I ] A P AEP F
To % A7 Po ATEP, Fe

0:38034 0:9718§ 0:93118 1:6575 | 0:90500 1:5000 | 0:7515§

With these values the relationship between the stagnation pressures of the shock
are obtainable e.g. the exit Mach numbey]y, is known. The exit total pressure can
be obtained (if needed). More importantly the pressure ratio exit is known. The ratio
of the ratio of stagnation pressure obtained by

for exit

AN T
Poy _ Poy Peit = _ 1 c 2:0_5525
Pox Pexit Pox 0:905~ 4

Looking up in the Table %.2) or utilizing the GDC-Potto provides

Ty 1/31 Py PDy
M My ™ % [ Poy

2:3709 0:52628 | 2:0128 3:1755 6:3914 0:55250

With the information of Mach number (eitheM, or My) the area where the
shock (location) occurs can be found. First, utilizing the isentropic TatBe2).

20f course, the computer can be use to carry this calculations in a sophisticate way.
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M I % A P ALP
To % A7 Po ASEP,
2:3709 0:47076| 0:15205| 2:3396 0:07158| 0:16747

Approaching the shock location from the upstream (entrance) yields
A= %A” =2:3396£ 32 7:0188fm?]

Note, as \simple" check this value is larger than the value in the previous example.

End solution

7.1 Nozzle exciency

Obviously nozzles are not perfectly excient and there are several ways to de ne the
nozzleetciency. One of the e®ective way is to de ne the exciency as the ratio of the
energy converted to kinetic energy and the total potential energy could be converted to
kinetic energy. The total energy that can be converted is during isentropic process is

E = hoi Nexits (7.1)

where heit s IS the enthalpy if the °ow was isentropic. The actual energy that was
used is

E = hoj hexit (7.2)
The exciency can be de ned as

_ hoi hexit _ (Yactal )?
hoi hexit s (Uideal )2

(7.3)

The typical exciency of nozzle is ranged between 0.9 to 0.99. In the literature some
de ne also velocity coezcient as the ratio of the actual velocity to the ideal velocity,
Ve
S —
V. = pf_ (Uactual )
¢~ TR
(Videar )

There is another less used de nition which referred as the coezcient of discharge as
the ratio of the actual mass rate to the ideal mass °ow rate.

(7.4)

Mactual
Cq= = 7.5
‘ Mideal ( )

7.2 Di®user Exciency
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The ezciency of the di®user is de ned as
the ratio of the enthalpy change that oc-
curred between the entrance to exit stag-
nation pressure to the kinetic energy.

o~ 2Msi hy) _ hsi

7.6
U, hori h1 (7.:6)

For perfect gas equation7(6) can be con-

verted to pp—
o _ 2G(Tsi Ty) 7.7) Fig. -7.3. Description to clarify the denition
U,? ' of di®user exciency
And further expanding equation7(7) results in
3 ’ 3 ’ ~
A . !
k Ts . 2 T . .
T i1l & Bl 5 HTsﬂkk—l_l 79
& ?M,? M? M®(ki 1) Ta ! .

Example 7.3:

A wind tunnel combined from
a nozzle and a di®user (actu- nozzle Diffuser

ally two nozzles connected by a ﬁﬁ/—\/\
constant area see Figuré¢7.4)) 2 3 4
the required condition at point \

3 are: M = 3:0 and pressure

of 0:7[Bar] and temperature of
250K . The cross section in area
between the nuzzle and di®user Compressor
is 0:02m?]. What is area of

nozzle's throat and what is area t‘/ m

capacitor

of the di®user's throat to main-

tain chocked di®user with sub-

sonic °ow in the expansion sec- ' /?Zat ‘
ut

tion. k = 1:4 can be assumed.
Assume that a shock occurs in the
test section. Fig. -7.4. Schematic of a supersonic tunnel in a contin-

uous region (and also for examplé7.3)
Solution _

The condition atM = 3 is summarized in following table

M T I A P AEP F
To % A7 Po ATEP, Fe

3:0000 | 0:35714 0:07623 4:2346 | 0:02722 0:11528 0:65324
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The nozzle area can be calculated by

A?

A%y = o

A = 0:02=4:2346 = 0:0047[n?]

In this case,PpA” is constant (constant mass °ow). First the stagnation behind the
shock will be

Ty 1/@ Py POy
M x My i % Py Pox

3:0000 0:47519| 2:6790 3:8571 | 10:3333 0:32834

POn o 1 3
A ————0:0047» 0:014
Pog n» 0:328340 0047» 0:0143m~]

End solution

Aud =

Example 7.4:
A shock is moving at 200 [m/sec] in pipe with gas wikh= 1:3, pressure of 2[Bar] and
temperature of35K . Calculate the conditions after the shock.

Solution

This is a case of completely and suddenly open valve with the shock velocity, temper-
ature and pressure \upstream" known. In this case Potto{GDC provides the following
table

0 0 T P Po
_y By foy
M x My M x My Tx Px Pox

5:5346 | 0:37554 0.0 1:989 | 5:479 |34:50 0:021717

The calculations were carried as following: First calculate Mg as
p
Mx = Us= kr287 0Ty

Then calculate theMy by using Potto-GDC or utilize the Tables. For example Potto-
GDC (this code was produce by the program)

Ty 1/:y Py POy
M My i % P Pox

5:5346 0:37554 | 5:4789 6:2963 | 34:4968 0:02172

The calculation of the temperature and pressure ratio also can be obtain by the same
manner. The \downstream" shock number is
U
Mgy = ¥ S 3 » 2:09668

ko287.aT, o I—i
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Finally utilizing the equation to calculate the following
My0 = Mgy | My =2:09668; 0:41087» 1:989

End solution

Example 7.5:

An inventor interested in a design of tube and piston so that the pressure is doubled in
the cylinder when the piston is moving suddenly. The propagating piston is assumed to
move into media with temperature 00K and atmospheric pressure &fBar]. If the
steady state is achieved, what will be the piston velocity?

Solution

This is an open valve case in which the pressure ratio is given. For this pressure ratio
of Py=Px =2 the following table can be obtained or by using Potto{GDC

Ty 2 Py Poy
MX My Tx Ya Py POx

1:3628 0:75593| 1:2308 1:6250 2:0000 0:96697

The temperature ratio and the Mach numbers for the velocity of the air (and the piston)
can be calculated. The temperature at \downstream" (close to the piston) is

T
Ty = Te> =300 £ 1:2308 = 36924[°C]

X

The velocity of the piston is then

p
Uy = My g, =0:75593n 1:40287136924» 291:16[m=sed

End solution

Example 7.6:

A °ow of gas is brought into a sudden stop. The mass °ow rate of the gas is 2 [kg/sec]
and cross section A = 0.00i3]. The imaginary gas conditions are temperaturB0K

and pressure i€[Bar] and R = 143[j=kg K ] andk = 1:091 (Butane?). Calculate the
conditions behind the shock wave.

Solution

This is the case of a closed valve in which mass °ow rate with the area given. Thus,
the \upstream" Mach is given.

o m _ mRT _ 2£ 287£ 350

U= o MR 50225[m=
x = AT PA 200000 0:002 m=seq
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Thus the static Mach numbeerD is

0
Moo Yl 50225

p » 2:15
Cx 1:.091£ 143£ 350

With this value for the Mach number Potto-GDC provides

0 0 T P Po
y y y
M My M My T . Boy

2:9222 | 0:47996 2:1500 | 0:0 2:589 | 9:796 | 0:35101

This table was obtained by using the procedure described in this book. The iteration
of the procedure are

M M, s L M,
31500 | 0.46689| 2:8598 | 114096 | 0.0
2940 | 0.47886| 2609 | 9914 | 00
2923 | 0.47988| 2590 | 9:804 | 00
2922 | 047995 2589 | 9796 | 0.0
2922 | 0:47996| 2589 | 9796 | 00
2922 | 0.47996| 2589 | 9796 | 00

QW N PO —

End solution
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